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1. Introduction

Given a C'*°—submersion ¢ from a (semi)-Riemannian manifold (N, gn) onto a (semi)-
Riemannian manifold (B, gp), according to the circumstances on the map ¢ : (N, gn) —
(B,gB), we get the following: a (semi)-Riemannian submersion ([3,8,14,20]), an almost
Hermitian submersion ([27]), a paracontact submersion ([9]), a paracontact paracom-
plex submersion ([10]), a (para) quaternionic submersion ([6,17]), a slant submersion
([12,19,22,23]), an anti-invariant submersion ([11,24]), a conformal semi-slant submer-
sion ([1,13]), a conformal anti-invariant submersion ([2]), a hemi-slant submersion ([25]),
etc. As we know, Riemannian submersions were severally introduced by B. O’Neill ([20])
and A. Gray ([14]) in 1960s. In particular, by using the concept of almost Hermitian
submersions, B. Watson ([27]) gave some differential geometric properties among fibers,
base manifolds, and total manifolds. After that, there are lots of results on this issue. It
is well-known that Riemannian submersions are associated with physics and have their
applications in the Yang-Mills theory ([5]), Kaluza-Klein theory ([4,15]), supergravity and
superstring theories ([16]), etc.

The paper is organized as follows. In Section 2, we remind some concepts, which are
needed in the following part. In Section 3, we study some geometric properties of three
types of proper slant submersions from an almost paracontact metric manifold onto a
semi-Riemannian manifold. We present examples, investigate the geometry of leaves of
distributions. We obtain a necessary and sufficient circumstance for such submersions to
be totally geodesic map, as well.
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2. Preliminaries
2.1. Semi-Riemannian submersions

A C°°— submersion 1) : N — B between two pseudo-Riemannian manifolds (N, gn)
and (B, gp) is called a semi-Riemannian submersion if it satisfies circumstances:
(i) the fibers ¢»~1(b), b € B, are r— dimensional pseudo-Riemannian submanifolds of N,
where r = dim(N) — dim(B).
(ii) 1. preserves scalar products of vectors normal to fibres.
The tangent bundle T'N of the total space N has an orthogonal decomposition

TN = ker, @ (kerib,)*,

where keri, is the vertical distribution while (kert,)® designates the horizontal one.
In ([20]), O’Neill has defined two configuration tensors T and A, of the total space of a
semi-Riemannian submersion by setting

‘.TXIXQ = hvaIUXQ + vaxthg (2.1)
and
Ax, Xo = vVipx, hXs + hVx,vXo (2.2)

for any Xi, Xy € x(IV), here v and h are the vertical and horizontal projections respec-
tively.
Using (2.1) and (2.2), we get

Vx, Xo = Tx, Xo 4+ Vi, Xo; (2.3)
Vx, X3 = Tx, X3 4+ h(Vx, X3); (2.4)
Vx, X1 = Ax, X1 +0(Vx, X1), (2.5)
Vi, X4 = Ax, X4 + h(Vx, X4), (2.6)

for any X3, X4 € T'((ker)t), X1,Xo € T(kery,). In addition, if X3 is basic then
h(Vx, X5) = h(Vx, X1) = Ax, X1.

The fundamental tensor fields T, A satisfy:

Tx, Xo = Tx, X1, X1, Xy € T(kery,); (2.7)
1
Axy Xa = —Ax, X3 = Sv[X3, Xu], X3, X4 € D ((kertp,)b). (2.8)

Lemma 2.1. If¢ : (N,gn) — (B,gB) is a (semi-)Riemannian submersion and X3, X4
fundamental vector fields on N, Y—related to X.3 and X4 vector fields on base manifold
B, at that time we obtain the following features
(1) h[X3,X4] is a fundamental vector field and 1.h[Xs, X4] = [Xss, Xsa] 0 ¢;
(2) M(Vx;Xy4) is a fundamental vector field p—related to (Vi ,Xus), here V and V*
are the Riemannian connection on N and B;
(3) [E, X1] € T'(keriy), for any X1 € T'(keryy) and for any fundamental vector field
E([s, 21]).

Let (N, gn) and (B, gg) be (semi-)Riemannian manifolds and ¢ : (N, gn) — (B, gB) is
a differentiable map. At that time, the second fundamental form of ¢ is given by

(Vih) (X1, X2) = Vi 1 Xn — u(Vx, X2) (2.9)

for X1, X2 € I'(N), here we show conveniently by V the Riemannian connections of the
metrics gy and gp. Recall that 1 is said to be harmonic if trace(Vip,) = 0 and ) is called
a totally geodesic map if (Vip,) (X1, X2) = 0 for X1, Xo € T(T'N), [18].
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2.2. Almost paracontact metric manifolds

Let N be a differentiable manifold of dimensional (2n + 1). An almost paracontact
structure on N is a triple (¢, &, n), where:
(1) £ is a Reeb vector field,
(2) n is a one-form such that n(§) = 1, and
(3) ¢ is a tensor field of type (1,1) satisfying

p’=1d—n®¢E nop=0, p(¢)=0. (2.10)
If N is equipped with a pseudo-Riemannian metric gy such that
gN (X1, pX2) = —gn (X1, X2) +n(X1)n(X2), X1, X2 € X(N), (2.11)

then (p,&,n,gn) is an almost paracontact metric structure. So, the quintuple

(N2 o ¢ m, gn) is an almost paracontact metric manifold ([26,28]).

Observe that, since (2.11) holds, any compatible with metric gy has got sign (n + 1,n)
and by (2.10) and (2.11) we have n(X1) = gn(§, X1). Furthermore, we can determine an
anti-symmetric two-form ® by ®(X71, Xo) = gn (X1, pX2), which is called the fundamental
2-form corresponding to the structure.

An almost paracontact metric structure (¢, &, 7, gn) is said to be paracosymplectic, if
Vn =0 and V® = 0 are closed ([7]), and the structure equation of a paracosymplectic
manifold is given by

(Vx,p)X2 =0, X1,X2 € x(N), (2.12)

where V denotes the Riemannian connection of the metric gy on N. Moreover, for a
paracosymplectic manifold, we know that

Vi, & =0. (2.13)

3. Proper slant submersions

Let ¥ be a semi-Riemannian submersion from an almost paracontact metric manifold
N with the structure (¢,&,n,gn) onto a semi-Riemannian manifold (B, gp). Then for
Xy € I'(keriy), we write

pX1 =aXq + pX1, (31)

where X7 and X are vertical and horizontal parts of ¢.X7.

In addition to for Xy € T'((keriy)’), we get
pXo =tXo +1rXo, (32)

where t X5 and r X5 are vertical and horizontal components of ¢ Xos.

If for any spacelike or timelike vertical vector field X; € kery, — {£}, the quotient
gn (aXq,aX1)
9N (pX1,0X1)
of the spacelike or timelike vertical vector field X; in keri, — {£}, at that time we call

that ¢ is a slant submersion. In this case, the angle w is called the slant angle of the slant
submersion.
We note that Reeb vector field £ is a spacelike vertical vector field.

is constant, i.e. it is independent of the choice of the point p € N and choice

Let {E1, E2, &} be a local orthonormal frame of vertical vector fields with gy (E1, E1) =
1, i.e., such that Fj is spacelike (if both E; and FEj are timelike, the situation would be
similar). From (2.11) and (3.1), we have

—1 =gn(pE1, oE1) = gn(aEr, aFr) + gy (BEL, BEL).
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On the other hand, aF1 = pF,. Let us suppose p # 0,+1; these conditions would cor-
respond to invariant ([9]) and anti-invariant submersions . Clearly, aE; and Es have the
same causal character. Depending on it and the value of p, we can separate the following
three conditions:

(1) If aE; is a timelike and ||p|| > 1, at that time gy (BE1, BE1) = —1 + p? and so BE; is
spacelike.

(2) If aEy is a timelike and ||p|| < 1, at that time gy (BE1, BE1) = —1+ p? and so BE; is
timelike.

(3) If aF; is a spacelike, gn(BE1, BE1) = —1 — p?, and BE; is a timelike vector field.

These three conditions will correspond to three different types of proper slant submer-
sions.

Definition 3.1. Let ¥ be a proper slant submersion from an almost paracontact manifold
N with the structure (¢, &, 1, gn) onto a semi-Riemannian manifold (B, gg). We say that
it is of

type 1 if for any spacelike (timelike) vertical vector field X; € I'(keri,), aX; is timelike

laX4]|
lexal > 1

type 2 if for any spacelike (timelike) vertical vector field X; € I'(keri,), aX; is timelike

loXa] _ 4
lexa] <

type 3 if for any spacelike (timelike) vertical vector field X; € T'(keriy), aX; is timelike
(spacelike).

(spacelike), and

(spacelike), and

It is known that the distribution (ker,) is integrable for a semi-Riemannian submer-
sion between semi-Riemannian manifolds. In fact, its leaves are ¢»~1(b),b € B, i.e., fibres.
Thus it follows from above definition that the fibers of a slant submersion are slant sub-
manifolds of N.

Theorem 3.2. Let ¥ be a proper slant submersion from an almost paracontact manifold
N with the structure (p,&,n,gn) onto a semi-Riemannian manifold (B, gp). Then,
(i) 1 is slant submersion of type 1 if and only if for any spacelike (timelike) vector field
X1 € T(kery), aXy is timelike (spacelike), and there exists a constant p € (1,00) such
that

a? X1 = p(X1 = n(X1)). (33)

If v is a proper slant submersion of type 1, then u = cosh?®w, with w > 0.
(ii) ¢ is a proper slant submersion of type 2 if and only if for any spacelike (timelike) vector
field X1 € T'(keri,), aXy is timelike (spacelike), and there exists a constant p € (0,1)
such that

o’ X1 = p(X1 — n(X1)8). (3.4)

If 1 is a proper slant submersion of type 2, then p = cos®w, with 0 < w < 2.

(iii) ¢ is slant submersion of type 3 if and only if for any spacelike (timelike) vector field
X1 € T'(keriy), aXy is timelike (spacelike), and there exists a constant u € (—o0,0) such
that

o’ X1 = p(X1 — n(X1)€). (3.5)

If ) is a proper slant submersion of type 3, then p = — sinh? w, with w > 0.
In every case, the angle w is called the slant angle of the slant submersion.

Proof. (i) If ¢ is slant submersion of type 1, for any spacelike vertical vector field X; €
['(kery), aX; is timelike, and, by virtue of (2.11), X, is timelike. Furthermore, they
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satisfy Hg;” > 1. So, there exists w > 0 such that
coshw = o X, = \/_gN(aXl’aXl). (3.6)
leXall =g (pX1, 9 X1)
By using (2.10), (2.11, (3.1)) and (3.6) we obtain
gn(?X1, X)) = —gn(aXy,aX))
= —cosh?wgn(pX1, pX1)
= cosh?wgn(p?X1, X))
cosh? wgn (X1 — n(X1)E, X1) (3.7)
for all X; € I'(keryy). Since gy is a semi-Riemannian metric, from (3.7) we get
o?X| = cosh? w(X1 — n(X1)€), X; € T(keriy). (3.8)

Let y = cosh?w. Then it is obvious that u € (1,00) and o = u(I —n ® &).
Everything works in a similar way for any timelike vector field Xy € I'(keri,), but now,
aXs and p X, are spacelike and hence, instead of (3.6) we can write:

loXa| _ Vgn(aXs, aXs)

leXoll — Voan(pX1,9X1)

Since a?X; = u(X; — n(X1)¢), for any spacelike or timelike X; we have that o? =
u(I —n® ¢&). The converse is just a easy computation.
(ii) is obtained in a similar way.

coshw =

(iii) If ¢ is proper slant submersion of type 3, for any spacelike vector field X; €
[(keriy), aX; is spacelike,as well and hence, there exists w > 0 such that
leXall _ Von(aXy, aXy)
leXall  =gn(pX1, 9X1)
Once more, we can demonstrate that gy (a?Xy, X;) = —sinh? wgn (X1 — n(X1)€, X1). Let

1 = —sinh?w. At that time it is clear that 4 € (—00,0) and o = u(I —n ® £).
The converse is just a easy computation. ]

sinhw =

For slant submersion of type 2, the slant angle coincides with the Wirtinger angle, i.e.,
the slant angle between pX; and aXj.

Theorem 3.3. Let v be a proper slant submersion from an almost paracontact manifold
N with the structure (p,&,m,gn) onto a semi-Riemannian manifold (B, gg). Then,

(i) v is slant submersion of type 1 if and only if &*X; = cosh? w(X; — n(X1)€) for every
spacelike vector field X1 € T'(keriy).

(ii) v is slant submersion of type 2 if and only if a>X1 = cos? w(X1 — n(X1)€) for every
spacelike vector field X1 € T'(keriy).

Proof. (i) For every timelike vector field Xy € I'(keri,), there exists a spacelike vector
field X; € I'(keryy) such as X7 = Xs. Then:

o’ Xy = a’aX) = aa’X; = cosh? w(aX] — n(aX1)E) = cosh? w(X, — n(X)E).
The same proof is valid for (ii), but a?X; = cos? w(X1 — n(X1)E). O
Theorem 3.4. Let ¢ be a proper slant submersion from an almost paracontact manifold
N with the structure (¢,&,n,9n) onto a semi-Riemannian manifold (B, gg). Then 1 is

slant submersion of
type 1 if and only if tX, = —sinh? w(X1 — n(X1)&) for every spacelike (timelike) vertical
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vector field X1 € I'(keriyy).
type 2 if and only if tBX1 = sin?w(X1 — n(X1)€) for every spacelike (timelike) vertical
vector field X1 € I'(keriyy).
type 3 if and only if tBX1 = cosh? w(X| — n(X1)&) for every spacelike (timelike) vertical
vector field X1 € I'(keri,).
Proof. For any vertical vector field X; € I'(keri,), it holds
X1 —n(X1)€ = ¢’ X1 = X1 + BaXy + tBX1 + rBX1.

Equalizing the vertical and the horizontal parts of the above equation, we obtain:

X1+ t8X1 = X1 —n(X1)¢, BaXi+rpX1 =0. (3.9)
Hence, for a slant submersion of type 1,

t6X1 = X1 — n(X1)¢ — a®X1 = (1 - cosh?w) (X1 — 1(X1)€) = —sinh® w(X; — n(X1)§),
while for a slant submersion of type 2,
tBX1 = X1 —n(X1)€ — a?X1 = (1 — cos? w) (X1 — n(X1)€) = sin® w(X1 — n(X1)E),
and, for a slant submersion of type 3,
tBX1 = X1 — n(X1)€ — a? X1 = (1 +sinh? w) (X1 — n(X1)€) = cosh? w(X; — 7n(X1)E).

The converse results are deduced from the same equations. ]
Theorem 3.5. Let v be a semi-Riemannian submersion from an almost paracontact met-
ric manifold (Nfg“,cp,n,{,g]\/) onto a semi-Riemannian manifold (B2",gg). Then 1 is
a slant submersion of
type 1 if and only if 1> Xy = cosh? wXy for every spacelike (timelike) horizontal vector field
Xy € T((kery)™h).
type 2 if and only if r> Xy = cos? wXs for every spacelike (timelike) horizontal vector field
Xy € T((kery)™h).

Proof. In the case of a slant submersion of

type 1, for every horizontal timelike (spacelike) vector field Xy € I'((kert,)=,), there exists
a spacelike (timelike) vertical vector field X; € I'(kery,) such as fX; = Xo. From (3.9),
we obtain

X, = 28X = —rfaX; = Ba’X; = f(cosh? w(X; — n(X1)E)). (3.10)

From (3.10), we get 72X = cosh? w(8X; —n(BX1)¢). Since BX; L, we obtain n(fX1) =0
and thus 12X, == cosh? wXs.

In the case of a slant submersion of
type 2, in a similar way, we get

7“2X2 = cos® wXos.
The converse results follow from the fact that ¢t((keriy,)t) = (keri,)® < & > . O

Theorem 3.6. Let 1) be a semi-Riemannian submersion from an almost paracontact met-
ric manifold (Nﬁg“, ©,n, &, gn) onto a semi-Riemannian manifold (B%;L,gB)(O < j<n).

At that time, v is a slant submersion of type 3 if and only if r>Xo = — sinh? wXy for every
horizontal vector field Xo € T'((keri,)t).

Proof. 1f X; is a spacelike (timelike) vertical vector field, aX; is also spacelike (timelike)
and X is timelike (spacelike). Therefore, given that the dimension of B is half the
dimension of N, if Xs is a timelike (spacelike) horizontal vector field, then there exists
a vertical vector field X; € T'(keri,) such that 5X; = Xs. Then, from (3.10) we have
2 Xy = f(—sinh? w(X; — n(X1)€)) = —sinh? wX,. The converse results follow from the
fact that t((keriy)t) = (kerib)® < € > . O
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From Theorem 3.2, (2.11) and (3.1) we obtain the following result.

Lemma 3.7. Let i be a semi-Riemannian submersion from an almost paracontact metric
manifold (N, ¢,n,&,gn) onto a semi-Riemannian manifold (B, gpg).

If v is a proper slant submersion of type 1, then, for any spacelike (timelike) vector fields
X1, Xy € T'(keri,), we have

gy (aXi,aXy) = coshzw(—gN(Xl,Xg)+77(X1)77(X2)) (3.11)
gN(BX1,BXy) = —sinh®w(—gn (X1, X2) +n(X1)n(X2)) (3.12)

If 1 is a proper slant submersion of type 2, then, for any spacelike (timelike) vector fields
X1, Xy € T'(kery,.), we have

gr(aXi,aXs) = cosQw(—gN(Xl,Xg)+77(X1)77(X2)) (3.13)
gn(BX1,8Xs) = sin®w(—gn(X1, X2) + n(X1)n(X2)). (3.14)

If 1 is a proper slant submersion of type 3, then, for any spacelike (timelike) vector fields
X1, X2 € I'(keriy), we have

gy(aX1,aXs) = —sinh?w(—gn (X1, X2) 4+ n(X1)n(Xy)) (3.15)
gn(BX1,8X2) = cosh®w(—gn (X1, Xa) + n(X1)n(X2)). (3.16)

Note that given a semi-Euclidean space R2"! with coordinates (1, ..., Ton, z) on R2F1,
we can naturally choose an almost paracontact structure (p,&,n) on R2"t1 as follows:

0 0 0 0 0
= d , p— 7’ = 5 = 5 p— 0
n=dz ¢ 0z 90(35621‘ 0x9i—1 4 O0x9i—1 Oxa; #(8)
where ¢ = 1,...,n. Let R%"H be a semi-Euclidean space of signature (+,-,4+,-,...,4) with
respect to the canonical basis (8%1, e %, %).
Now, we can present four examples of proper slant submersions.
Example 3.8. Determine a map 1 : R} — R? by
Tl — T3
T1,X2,X3,T4,2) = ,T9).
Y(w1, w2, 3, 34, 2) = ( 7 2)
At that time, by direct calculations we obtain
0 0 0 0
k P U = — -, U = —, U = = —
€’I“¢ span{ ! a$1 + 81'3 2 81’4 3 5 aZ
and
0 0 0
(kerp, )t = span{X; = — — —, Xy = —}.

ox1 89&3’ 2 O0xa

Thus, the map 1 is a slant submersion of type 2 with the slant angle w with cos™'(-=:).

S

Example 3.9. Define a map 1 : R} — R? by
Y(x1,x2, 3,24, 2) = (z2sinh x + 3 cosh x, z1 sinh y + x4 cosh ),
any for z,y € R. Then, by direct calculations we get
0 0 0 0 0
keriy, = span{U; = cosh x@T@ — sinh xa—xg, U; = cosh ya—x1 — sinh ya—m, Us=¢= &}

and

(kerip, )t = span{X; = —sinh azaiz + cosh xaig, X5 = sinh yail — cosh y£“4 .

Thus,the map 1 is a slant submersion of type 1 with the slant angle cosh w = cosh(z — ).
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Example 3.10. Define a map v : RS — R? by

(a1, x9,x3,24,2) = (x18inT + 23 COS T, Lo SiNY + T4 COSY),
for any z,y € R. The map v is a slant submersion of type 2 with the slant angle cosw =
cos(z — y).
Example 3.11. Define a map v : R — R? by

(a1, 9,23, 24, 2) = (w9 coshx 4+ x3sinhx, x4),

for an}Qf x € RT. The map 4 is a slant submersion of type 3 with the slant angle o =
—sinh” .

Let ¢ be proper slant submersions of type 1,2 and 3 from a paracosymplectic manifold N
with the structure (gn, ¢, 17, ) onto a semi-Riemannian manifold (B, gp). From (2.11),(3.1)
and (3.2), one can simply see that

gN(Xl,aXZ) = —gN(OéXl,XQ) (317)

and

gN(BX1, X3) = —gn (X1, X3), (3.18)
for spacelike (timelike) vector fields X1, Xo € I'(kerty), X3 € T'((kery,)b).

Using (2.3),(2.5) and (2.13) we have
Tx§=0, Ax;§=0 (3.19)
for spacelike (timelike) vector fields X7 € I'(keri.), X3 € I'(keriy)*t.

We determine the covariant derivatives of «v and (8 as follows
(Vx, )Xz = Vy,aXs — aVy, Xo (3.20)
and A
(Vx,8)Y = hVx,8Xs — BV x, X2 (3.21)

for spacelike (timelike) vector fields X1, Xo € I'(kerF,), where Vx, X3 = vVx, X5. Then
we easily have

Lemma 3.12. Let (N, gn,p,n,&) be a paracosymplectic manifold and (B,gp) a semi-
Riemannian manifold. Let ¢ : N — B be proper slant submersions of type 1, 2 and 3.
Then, we have

@XlaXZ_‘_(-TXlﬁXQ = OZ@XlXQ +t(‘TX1X2
Tx,aXe +hVx, Xy = [V Xo+7Tx, Xo
for any spacelike(timelike Jvector fields X1, Xo € T'(keriy).

We say that [ is parallel with respect to the Riemannian connection V on (keri,) if
its covariant derivative with respect to V vanishes, i.e., we get

(VXIIB)X2 - th1ﬁX2 - 6?X1X2 =0 (322)
for any spacelike (timelike) vertical vector fields X, Xo € I'(keri,).

Theorem 3.13. Let 1) be a proper slant submersions of type 1,2 and 3 from a paracosym-
plectic manifold (N, gn,v,n,&) onto a semi-Riemannian manifold (B, gg). At that time,
the fibres are not proper totally umbilical.

Proof. See [19]. O

We now indicate the orthogonal complementary distribution to B(kerty) in (kery,)*
by 7. At that time, we obtain the following.
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Theorem 3.14. Let ¢ : (N,gn,¢,n,&) — (B,gB) be a proper slant submersions of type
of 1,2 and 3. If N is a paracosymplectic manifold, then T is an invariant distribution of
(kerp,) ™, with respect to .

Proof. For X, € T'(7), using (2.11) and (3.1), we get
gn(9X2,8X1) = —gn(X2, X1) — gn(pXa, aXy) +n(X1)n(X>)
= —gn(pX2,aXy)
= gn(X2,paXy)=0
for any spacelike (timelike) vector field X7 € T'(keriy).
In a similar way, we have gn(p X2, X3) = —gn (X2, 9 X3) = 0 due to ¢ X3 € T'((keryy) ®

B(ker,)) for any spacelike (timelike) vector field Xy € T'(7) and X3 € T'(keri,). Hence,
proof is complete. O

Corollary 3.15. Let ¢ : (Ngg“,gN,np, n,&) — (B%;l,gg)(o < j < n) be a proper slant
submersion of type 3. If N is a paracosymplectic manifold and {E1, ..., Eopn, £}is a local or-
thonormal basis of (keriy), at that time {ﬁﬂEl, ey ﬁﬁEgn} is a local orthonormal
basis of B(keriy).

Proof. It will be enough to demonstrate that gN(ﬁﬁEi, ﬁﬂEj) = €05, for any
i,7 € {1,...,n}, where ¢, = sgn(gn(E1, F1)) = £1. By using (3.16), we get

1 1 1
E; E;) = (——)*cosh? E; E) = €0
gN(coshwﬁ ’coshwﬁ 3) <coshw) cosh” wyn (i, j) = €dij,
which proves the assertion. 0

In a similar way, we get the following.

Lemma 3.16. Let 9 : (N§g+1,gN,cp,n,§) — (B%;-L,QB)(O < j < mn) be a proper slant
submersion of type 3. If N is a paracosymplectic manifold and E1, ..., Ey, & are orthogonal
unit vector fields in (keri,), then

1
albsy, ... B, ——ak,, f}
S

1 1
E Fi, FE
{ 1’Sinhw& =2 inh w

sinh w
is a local orthonormal basis of (keri,).

Let @ be a proper slant submersion of type 3 from a paracosymplectic manifold
(N4 gn, 0,1, €) onto a semi-Riemannian manifold (B?", gg). We call such an orthonor-
mal frame

1 1 1 1 1
{E, sinhw "V Ginhw Y2 I G P COSth
an adapted slant frame for proper slant submersion of type 3.

5E2n}

Ty eee
7 coshw

Proposition 3.17. Let ¢ : (N, gn, ¢, n,§) — (B, gB) be a proper slant submersion of type
1. If N is a paracosymplectic manifold and B is parallel with respect to ¥V on (keri), then
we have

Tax,aX1 = cosh? wTx, X1 (3.23)
for any spacelike (timelike) vector field X1 € T'(keri,).

Proof. 1f 3 is parallel, at that time from Lemma 3.12 we get rTx, X2 = Tx, aX> for any
spacelike (timelike) vector fields X1, Xy € I'(kert,). Interchanging the role of X; and Xo,
we get rTx, X1 = Tx,aX;. Thus we have

TTXlXQ — ’r‘(.TXQXl = ‘.TXlong — TXQQXl

Since 7T is symmetric, we derive Tx, a X2 = Tx,aX;. Then substituting Xo by aX; we get
Tx, 02X = Tox,aX;. Using (3.3) and (3.19) we obtain (3.23). O

In a similar way, we obtain the following.
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Corollary 3.18. Let ¢ : (N,gn,,n,&) — (B,gp) be a proper slant submersion of type
2. If N is a paracosymplectic manifold and [ is parallel with respect to V on (keri,), then
we have

Tox, X1 = cos® wTy, X3 (3.24)
for any spacelike (timelike) vector field X1 € T'(keriy.).

Corollary 3.19. Let ¢ : (N, gn,,n,&) — (B,gp) be a proper slant submersion of type
3. If N is a paracosymplectic manifold and B is parallel with respect to ¥V on (keriy), then
we have

Tax, X1 = — sinh? wTx, X1 (3.25)

for any spacelike (timelike) vector field X1 € T'(keri,).

Theorem 3.20. Let 1 : (Nél,’fﬂ,g]v,cp,n,ﬁ) — (B%;-L,QB)(O < j < n) be a proper slant
submersion of type 3. If N is a paracosymplectic manifold and B is parallel with respect to
V on (keriy), at that time v is a harmonic map.

Proof. Using (2.9), we obtain

(Vihs) (X3, X4) =0
for any spacelike (timelike) vector fields X3, X € (keriy,)*. A proper slant submersion of
type 3 ¢ is harmonic if and only if 2" (V) (E}, Ef) = Z?gl(vw*)(‘IE;«E;‘) = 0, here
{E? ?21 is an orthonormal basis of (keri,). Hence, using Lemma 3.16 we should write

K = _Zd}*(“TEzEZ +T 1 aE

" sinh w
=1

OéEl) - Tgf

isinh w

From (3.19), we have

n

1
= — «Te B+ ———Tog aF;).
R ;w ( E; L sinh2<p aF; z)

Then using (3.25) we have

n

k==Y (TgEi—Tg,E) =0
=1

which shows that 1 is harmonic. ]
Putting 6 = o2, we define V@ by
(Vx,0) X2 = vV x,0Xs — 0V x, Xo (3.26)
for any spacelike(timelike) vector fields X1, Xo € T'(kert,).

Theorem 3.21. Let ¢ : (N,gn,¢,n,&) — (B,gB) be a proper slant submersion of type 1.
If N is a paracosymplectic manifold, then V8 = 0.

Proof. Using (3.3),we have
OV x, X = cosh® w(Vx, Xo — n(Vix, X2)¢) (3.27)

for all spacelike(timelike) vector fields X, X2 € I'(keryy). On the other hand, from (3.3)
and (2.13) we obtain

v(Vx,0X3) = cosh?w(Vx, Xo— (Vx,n(X2))€)
= coshzw(@xng - n(@XIXg) —gn(X2,Vx,8))
= cosh?w(Vx, Xo — n(Vx, Xa). (3.28)
Using (3.27) and (3.28), we get (Vx,0)X2 = 0. O

Now, we examine the geometry of the leaves of the distributions (kert.) and (keri,)*.
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Theorem 3.22. Let ¢ : (N, gn,p,n,§) — (B, gB) be a proper slant submersion of type 1.
If N is a paracosymplectic manifold, then the distribution (keri,) defines a totally geodesic
foliation on N if and only if

9N (hV x, BaXa, X3) = gy (hV x, X2, 7X3) + gn(Tx, 5 X2, tX3) (3.29)
for spacelike (timelike) vector fields X1, Xo € T'(kerip,) and X3z € T'((keri,)™).

Proof. For spacelike (timelike) vector fields X1, Xo € I'(kery,) and X3 € I'((keryy)t),
since (2.10) and (2.12) we obtain

gn(Vx, X2, X3) = gn (0 Vx,0X2, X3) + gn (Vx, Xo, §n(X3)
Using (3.1) and (3.2) we get

gn(Vx, X2, X3) = gn(Vx,0®Xs, X3) + gn(Vx, BaXs, X3)

— gn(Vx, BX2,tX3) — gn(Vx, fX2,7X3).
Then from (2.4),(2.13) and (3.3) we obtain
gN(VXlXQ,X3) = cosh? ng(VXIXQ,Xg) + gN(hVXlﬁan,Xg)
gN(iTXUBXQ,th) — gN(hVXlﬁXQ,TXg).
Hence we have
—sinh? wgn (Vx, Xo, X3) = gn(hVx,BaXs, X3)
— gN(Tx,6X2,tX3) — gn(hVx, X2, 7 X3)

which proves assertion. ]

Theorem 3.23. Let 1) : (N,gn,¢,m,&) — (B,gB) be a proper slant submersion of type
1. If N is a paracosymplectic manifold, then the distribution (keri,)® defines a totally
geodesic foliation on N if and only if

gN(hVXlXQ, /Ban) = gN(.AxltXQ + hVx,rXa, ﬂXg) (330)
for any spacelike (timelike)vector fields X3 € T'(kertby) and X1, Xo € T'((kerip,)*b).
Proof. For X3 € I'(kery,) and X1, Xo € T'((kert,)t), from (2.12) and (3.1) we obtain

gn(Vx, X2, X3) = —gn(Vx,0X2,0X3) + gn(Vx, X2, §)n(X3)
= —gn(pVx, Xo,aX3) — gn(Vx, X2, X3)
+ v (Vx, X2,8)n(X3). (3.31)

Using (3.1) in (3.31), we get
IN(Vx, X2, X3) = gn(Vx, X2,0?X3) + gn(Vx, Xo, BaXs)
— gn(Vx,0Xo, BX3) + gn(Vix, X2, §)n(X3). (3.32)
Using (3.2) and (3.3) we get
gN(VXlXQ, Xg) = COSh2 ng(leXQ, Xg) — COSh2 WT](VXlXQ)n(Xg,)

+ gn(Vx, X2, BaX3) — gy (Vx, t X2, BX3)

— gn(Vx,r X2, BX3) + gy (Vx, X2, §)n(X3). (3.33)
Using (2.5),(2.6) and (2.13) in (3.33), we get

—sinh? wgn (Vx, X2, X3) = gn(hV x, X2, BaX3) — gn(Ax, t X2 + hV x,7 X2, BX3).

Thus, we have (3.30). O

Now, we show necessary and sufficient conditions for a proper slant submersion of
type 1 to be totally geodesic. Recall that a smooth map 1 between (semi-) Riemannian
manifolds (N, gn) and (B, gp) is called a totally geodesic map if (Vi),)(X1, X2) = 0 for
all Xl,XQ S F(TN).
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Theorem 3.24. Let ¢ : (N, gn,p,n,§) — (B, gB) be a proper slant submersion of type 1.
If N is a paracosymplectic manifold, at that time v is totally geodesic if and only if

gn(hVx,BaXs, X3) = gn(hVx, BX2,7X3) + gn(Tx, 6X2,1X3) (3.34)

and
gn(WV x, BaXy, X5) = —gn(Ax,tX5 + AV x,7 X5, 8X1) (3.35)
for any spacelike (timelike) vector fields X3, X4, X5 € T'((keri,)*) and X1, Xo € T'(kert,).
Proof. First of all, since v is a semi-Riemannian submersion we get
(VF,)(Xy,X5) =0

for sapacelike (timelike) vector fields X4, X4 € T'((kertb,)™b).
For sapacelike (timelike) vector fields X1, Xo € T'(kert,) and X3, X4, X5 € T'((kery,)t),
from (2.10) and (2.12) we have

Vx, X2 = ¢Vix,0Xo +1n(Vx, X2)¢. (3.36)

Using (2.9),(3.1) and (3.36) we get

9B((Ve) (X1, X2), 9. X3) = —gn (Vx,0aX2, X3) + gn(Vx, X2, 0 X3).
Using (3.1) and (3.2) we get

98((V) (X1, X2), 1. X3) = —gn(Vx,a®X2, X3) — gn(Vix, BaXa, X3)

+ gn(Vx,BX2,tX3) + gn(Vx, 8X2,7X3).
Using (2.3), (2.4) and (3.3) we have
95((Vih) (X1, X2), 9 X3) = —cosh®wgn(Vx, X2, X3) — gn(hV x, BaXa, X3)
+ gN(Tx,6X2,tX3) + gy (RV x, X2, rX3).

Hence we obtain

—sinh® wgp((Vih) (X1, X2),1.X3) = —gn(hVx,BaXs, X3) + gn(Tx, BX2,1X3)
+ gn(hVx,0X2,7X3). (3.37)
Similarly, we get
—sinh® wgp (V) (X1, X4), 9. X5) = —gn(Ax,tX5 +hVx,rXs, X))
gn(hVx,faX1, X5). (3.38)
Thus from (3.37) and (3.38), we get (3.34) and (3.35). O
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