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ABSTRACT

In this research, the direct products of the rough approximations and rough subgroups in a group by direct product of normal
subgroups are studied. In addition, some basic properties and homomorphic images of these structures are examined.
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1. INTRODUCTION

Z. Pawlak [1] first defined the theory of rough set as a significant mathematical instrument for forming
and transaction the unfinished data in [1]. Since it was defined, the rough set theory evolved in various
ways and was applied in different areas [2-4]. Some authors examined algebraic properties of rough
sets, for example, Bonikowski [5], Pomykala and Pomykala [6] and Iwinski [7]. In [8], Kuroki and
Wang studied the fundamental features of the rough approximations according to the normal
subgroups. In recent years, many authors have studied the features of the rough approximations and
subgroups according to the normal subgroups [9-14]. On the other hand, Biswas and Nanda [15]
introduced a new definition of the notions of rough group. which were based only on the upper
approximation. After this, Miao et al. [16] developed these concepts and proved their some new
features. In addition, Bagirmaz and Ozcan [17] gave new definition of rough semigroups groups on
rough approximation spaces.

This study was configured in five sections. In section 2, the fundamental notions and results to be
referred throughout the article were included. In section 3, the direct product of the rough
approximations in a group was defined. We also gave some examples and examined their properties.
In section 4, the direct product of the rough subgroups in a group was defined and some characteristics
were given. Finally, in section 5 we examined the homomorphic images of the direct product of the
rough subgroups.

2. PRELIMINARIES
In this section, we remember a few fundamental definitions and properties about rough
approximations and direct product of groups to be used in this study. Throughout the study, G

indicates a finite group with identity e.

Definition 1 [8] Let N be a normal subgroup of G and A a non-empty subset of G. Let
NA) ={x€G:xNNA# @}, N(A) ={x€G:xN c A}.

Then N(A) and N(A) are called upper and lower approximations of A with respect to the normal
subgroup N, respectively.
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Definition 2 [8] Let N be a normal subgroup of a group G and A a non-empty subset of G. Then A is

called an upper rough subgroup (respectively, normal subgroup) of G if N(A) is a subgroup
(respectively, normal subgroup) of G. Similarly, A is called a lower rough subgroup (respectively,
normal subgroup) of G if N(A) is a subgroup (respectively, normal subgroup) of G.

Theorem 3 [11] Let N be a normal subgroup of a group G and A a non-empty subset of G. Then
N(A) = AN.

Theorem 4 [11] Let N be a normal subgroup of a group G and A a subgroup of G. If N& A, then
N(A) = @;if N € A, then N(A) = A.

Theorem 5 [11] Let G; and G, be two groups. Let f be an epimorphism from G; to G,, N a normal
subgroup of G; and A a subgroup of G;. Then

1) f @A) = f N (A),
) f (N(A) = (F W) (A)).

Theorem 6 [11] Let G, and G, be two groups. Let f be an epimorphism from G, to G,, N' a normal
subgroup of G, and A" a subgroup of G,. Then

(D WA = N EHAD),

(2) A NT(AD) = FHIND(FHAD).

Theorem 7 [11] Let G, and G, be two groups. Let f be an epimorphism from G, to G,, N and A
normal subgroups of G,. Then

(1) If kerf S N € A, then G1/N(A) = Go/f (N)(f(A)),
(2) If kerf S N, then G1/N(A) = G,/f(N)(f(A)).

Theorem 8 [19] Let N; and N be normal subgroups of groups G, and G, respectively. Then
N1 X N, normal subgroups of groups G, X G, and Gy X G,/N1 X N, = G1/N1 X G3/N,.

3. DIRECT PRODUCT OF ROUGH APPROXIMATIONS

In this section, we will present direct product of rough approximations in a group according to the
direct product of normal subgroups.

Definition 9 Let N; and N be normal subgroups of groups G, and G, respectively. Let A; and A, be
non-empty subsets of G, and G, respectively. Let

(Ny X N2)(A1 X A2) ={(g1,92) € G1 X G2:(g1,92)(N1 X N2) N (A1 X A3) # 0},

(N1 X N2)(A1 X A2) = {(g1,g2) € G1 X Ga: (g1, g2) (N1 X N») € (A1 X A)).

Then (N; X N;)(A1 X A;) and (N1 X N,)(A;1 X A,) are called upper and lower approximations of
A1 X A, € G4 X G, according to the normal subgroup N; X N, of Gy X G, respectively.
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Let’s explain this definition with the example below.

Example 10 Consider the groups G, = Ss = {e, (12),(13),(23),(123),(132)} and G, = (Z4,P) =
{0,1,2,3}. Let N1 = {e,(123),(132)} and N, = {0,2}. Then N; and N are normal subgroups of G,
and G, respectively. A classification of G; X G, with respect to the normal subgroup N, X N, given
below:

(e,0) (N1 X N2) ={(e, 0), (e, 2),((123),0), ((123),2), ((132),0), ((132),2)},
(e, D(N1 X Nz) ={(e,1),(e,3),((123),1),((123),3), ((132),1), ((132),3)},
((12),0)(N1 x N2) = {((12),0), ((12),2), ((13),0), ((13),2), ((23),0), ((23),2)},
((12), (N1 x N2) = {((12),1),((12),3), ((13),1), ((13),3), ((23),1), ((23),3)}.

Let A; = {e, (12),(123),(132)} be a subset of G, and A, = {0,2,3} be a subset of G,. Thus

(N1 X N2)(A1 X Az) = {(e,0), (e,2), ((123),0), (123),2), ((132),0), ((132),2)}
and
(N1 X N3)(A1 X A3) = G X Ga.

Using the definition of direct product of the rough approximations in a group, we can list several key
features of direct product of the rough approximations in a group which are similar to properties of
the rough approximations [8]. The proofs of these properties are all straightforward.

Proposition 11 Let N; and N be normal subgroups of groups G; and G_, respectively. Let A; and B;
be non-empty subsets of G; and A, and B, be non-empty subsets of G,. Let A=A, X A,and B =
B1 X B,. Then

1 (N1 X N2)(A) € A € (N, X No)(A),
2 (N1 X Nz2)(ANB) = (N1XNz)(A) N (N1 X N2)(B),

3 (N1 X N2)(A U B) = (N1 X N2)(A) U (N1 X N2)(B),
4AC B = (NyxN,)(A) S (N1 X N,)(B),

5A4C B = (N1 x Np)(A) S (N, x N)(B),
6 (N1 X N2)(AU B) 2 (N1 X N2)(A) U (N1 X N,)(B),

7 (N1 X Nz2)(ANB) S (N1 X Nz)(4) N (N1 X N2)(B).

Proposition 12 Let N; and N be normal subgroups of groups G; and G_, respectively. Let A; and A,
be non-empty subsets of G; and G, respectively. Then

(Nl X Nz)(Al X Az) = &(Al) X &(Az)
Proof. For any (g1, g2) € (N1 X N3)(A;1 X A;), we have

(N1 X Nz)(A1 X Az) = {(gl, gz) € G1 X Gz: (gl:gZ)(Nl X Nz) c A1 X Az}
{(91,92) € G1 X G2: (g1N1) X (g2Nz) S A1 X Az}
{91 € Gl:glNl c Al} X {gz € Gz:gzNz c Az}
N1(A1) X Nz(Az).

The proposition above shows that the lower approximation of the direct products of two sets is equal
to the direct products of their lower approximations.
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Example 13 From Example 10, we obtain (N1)(4.) = {e, (123), (132)} and (N2)(A) = {0,2}. Then
(N1 X N2)(Ay X Az) = (N1) (A1) X (N2)(A2).

Proposition 14 Let N; and N be normal subgroups of groups G; and G_, respectively. Let A; and A,
be non-empty subsets of G; and G, respectively. Then

(N1 X N3)(A1 X A2) = (N1)(A1) X (N2)(Ay).
Proof. For any (g1, 92) € (N1 X N;)(A1 X A3), we have

(N1 X N3)(A1 X A2) ={(g1,92) € G1 X G2: (g1, 92)(N1 X N3) N (A1 X Ay) + 0}
={(g1,92) € G1 X G2:(g1N1 X g2N3) N (A1 X Ay) # O}
={(g1, 92) € G1 X G2: (g1N1 N A;) X (g2N, N A,) # @}
={g1 € G1:g1N1 N A1 # B} X {g2 € G2: g2N, N A, #+ B}

= (N1)(A1) X (N2)(A2).

The above proposition shows that the upper approximation of the direct products of two sets is equal
to the direct products of their upper approximations.

4. DIRECT PRODUCT OF ROUGH SUBGROUPS

Now, we will present the direct product of rough subgroups in a group according to the direct product
of normal subgroups. For this purpose, we give some of their properties.

Definition 15 Let N; and N be normal subgroups of groups G, and G, respectively. Let A; and A,

be non-empty subsets of G, and G, respectively. If (N1 X N)(A1 X A3) is a subgroup ( normal
subgroup ) of G, X G, then A; X A, is called a upper rough subgroup ( normal subgroup ) of G, X
G». Similarly, if (Ny X N3)(A; X A) is a subgroup ( normal subgroup ) of G1 X G,, then A; X A, is

called a lower rough subgroup ( normal subgroup ) of G, X G-.

Proposition 16 Let N; and N be normal subgroups of groups G; and G_, respectively. Let A; and A,
be subgroups of G; and G, respectively. If N; X N, € A; X A,, then A; X A, is a lower rough
subgroup of G1 X G..

Proof. Let (eq, e;) be the identity of Gy X G,. Since (e, ez)(N1 X N) = Ny X N, € A; X A,, then
(e, e2) € (N1 X N3)(A; X Ay). Let (ay,a,) and (b, by) be any elements of (N1 X N3)(A1 X Ay).

Then (aq, az)(N1 X N;) € Ay X Ay and (by, b2)(N1 X N3) € A1 X A,. It is well known that N, X N, is
a normal subgroup and A; X A, is a subgroup of G; X G,. Then, we have

(aibs, azb;)(N1 X N3) = (@, az)(by, b2)(N1 X N»)
= ((a1, az) (N1 X N2) (b1, b2)(N1 X N3)) € (A1 X A2)(A1 X Az) € Ay X As.

This implies that
(albl, azbz) € (Nl X Nz)(Al X Az)

Let (a4, a;) be an arbitrary element of (N, X N;)(4; X A,). Therefore
(ay, az) = (aieq, azez) = (a1, az)(es, €2) € (as, az)(Ny X Nz) € Ay X As.

Since A; X A, is a subgroup of G; X G,, we have (a; ™%, a;™") € A; X A,.
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Thus we have
(a;™h a7 (N1 X N3) € (Ay X A2)(Ay X Ay) € Ay X A,

This Imp|les that (a1_1, az_l) € (N1 X Nz)(Al X Az)
Hence (N1 X N;)(A1 X A;) isasubgroup of G1 X G».

Proposition 17 Let N; and N be normal subgroups of groups G, and G, respectively. Let A; and A,
be normal subgroups of G; and G,, respectively. If Ny X N, € A; X A,, then A; X A, is a lower
normal subgroup of G, X G.

Proof. By Proposition 16, we showed that A; X A, was a lower rough subgroup G; X G. It is enough
to show that (N; X N;)(A;1 X A,) is normal subgroup of G, X G,. Let (a,a;) and (g1, 92) be

arbitrary elemens of (N, X N;)(A;1 X A,) and G, X G, respectively. Therefore, (a1, a;)(N1 X N;) S

A1 X A,. Itis well known that N; X N, and A; X A, are normal subgroups of G, X G,. Therefore, we
have

(91219171 920292 ) (N1 X N2) = (g1, g2)(a1,a2)(g1" g2~ ) (N1 X N7)
= (91 92)(a1,a2)(g1, g2) *(N1 X N3)
= (91, 92)((a1,a2)(N1 X N2))(g1,92)"
€ (91,92)(A1 X A2)(g1,92) " € A1 X A,.

This Imp|les that (glalgl_l, gzazgz_l) € (N1 X Nz)(Al X Az)
Hence (N1 X N2)(A; X A,) is a normal subgroup of G, X G».

Proposition 18 Let N; and N be normal subgroups of groups G, and G, respectively. Let A; and A,
be subgroups of G, and G, respectively. Then A; x A, is a upper rough subgroup of G1 X G».

Proof. Let (e, e2) be the identity of G; X G,. Since N; X N, and A; X A, are subgroups G, X G,, we
have (e1,e;) € A; X A, and (eq, e2) € (e1,€2)(N1 X N3). Thus

(e1,€2) € (e1,€2)(N1 X N2) N A1 X Aa.
This implies that (eq, e;) € (N1 X N3)(A41 X A3).

Let (a4, a2) and (b4, b;) be arbitrary elements of (N1 X N,)(A;1 X A,). Therefore, there are the
elements (g4, g2) and (h4, hy) in G1 X G, such that

(g1, 92) € (a1,a2)(Ny X N3) N (A1 X Az)

and
(h1, hz) € (b1, b2)(N1 X N2) N (A1 X Ap).
Thus
(91, g2) € (a1,a2)(N1 X N3), (hy, hz) € (b1, b2)(N1 X N3),

(91, 92) € A1 X A; and (hy, h;) € Ay X A,
Then

(91, 92)(ha, hz) = (g1h4, g2h2) € A1 X A,
and
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(g1, 92)(ha, hz) € ((a1, az)(N1 X N2))((D1, b2)(N1 X N2)).

Since Ny X N, is a normal subgroup of G1 X G, and (g1, g2)(h1, h2) = (g1h1, g2h2), then
(g1h1, g2h2) € ((a1,az2)(b1, b2))(N1 X N3) = (a1by, azbz)(N1 X N3).

Thus (g1h1, gzhz) € (a1b1, azbz)(Nl X Nz) N (A1 X Az) This Imp|IeS that
(a1by,azb;) € (N1 X N3) (A1 X A).
Let (a4, az) be any element of (N1 X N;)(A1 X Az). Then

(g1, g2) € (a1,a2)(N1 X Nz) N (A1 X Az)

for some (91; gz) € Gl X Gz, that iS, (91,92) € (al, az)(N1 X Nz), (91, gz) € A1 X Az. ThUS
(91, 92)" = (9171 927" € Ay X A, and (g4, g2) = (a4, az)(ny, ny) for some (ny,n;) € Ny X No, and
S0 (ny,n2)"t = (ny ', nyt) € Ny X N,. Since Ny X N, is a normal subgroup of G, X G, we have

(91.92)"" = ((ar, az)(ny,nz)) ™"
= (ny,nz) Nay, az)™ € (Ny X Np)(a ™t az™)
= (a;7Y az7) (N1 X Ny).
Thus
(g1, g2)™* € (a1, a2) (N1 X N3) N (41 X A),
and so

(al, az)_l € (Nl X Nz)(Al X Az)
Hence (N1 X N2)(A; X A,) is a subgroup of G1 X G..

Proposition 19 Let N; and N be normal subgroups of groups G, and G, respectively. Let A; and A,
be normal subgroups of G; and G, respectively. Then A; X A, is an upper rough normal subgroup of
G1 X Gy

Proof. It is enough to show that (N; X N;)(A; X A,) is normal subgroup of G; X G,. Let (a4, az)

and (g1, g2) be an arbitrary element of (N; X N;)(A1 X A;) and G; X G, respectively. Therefore,
there is an element (hq, hy) in Gy X G, such that (hq, h;) € (ag,a2)(N1 X N3) N (A1 X Az). Then
(h1, hy) € (aq,a2)(Ny X N3) and (hy, hy) € (A1 X Az). Since N1 X N, is normal,

(g1h1917", g2hag2™") = (91, g2) (R, h2) (g1, 92) " € (g1, 92) (@1, @) (N1 X N2)) (g1, g2) ™
= ((91 92)(a1,a2)) (N1 X N2)(g1, 92)™)
= ((91 92)(a1,a2))((g1, g2) ' (N1 X N3))
= (91 92)(a1,a2)(g1, g2) (N1 X Ny)
= (.91(1191_1. gzazgz_l)(l\h X N3).

Since (4; X A,) is normal,
(91h1917" 92h292"") = (91, 92) (h1, h2) (91, 92) " € (91, 92) (A1 X A2)(g1, 92) " € Ay X Az
Thus

(g1h1g17h g2h292"") € (91019171 92a292"") (N1 X N3) N (A1 X Ay),

312



Bagirmaz / Eskisehir Tech. Univ. J. of Sci. and Technology A — Appl. Sci. and Eng. 20 (3) — 2019

and so
(91019171 920292"") € (N1 X N3)(A1 X Ay).

Hence (N1 X N,)(A; X A3) is a normal subgroup of G X G..
The following propositions give the characterization of the upper and lower approximations.

Proposition 20 Let N; and N be normal subgroups of groups G, and G, respectively. Let A; and A,
be normal subgroups of G, and G, respectively. If Ny X N, € A; X A,, then

(N1 X Nz)(Al XAz) = A1 X Az.

Proof. This can be easily got from Proposition 12 and Theorem 4.

Proposition 21 Let N; and N be normal subgroups of groups G, and G, respectively. Let A; and A,
be non-empty subsets of G, and G-, respectively. Then

(Nl X Nz)(Al X Az) = AlNl X A2N2.
Proof. This can be easily got from Proposition 14 and Theorem 3.
HOMOMORPHIC IMAGE OF DIRECT PRODUCTS OF ROUGH SUBGROUPS

This last section is reserved into properties of the direct products of the rough approximations of a
subgroup in a group under homomorphisms between the two groups.

Let ¢;: G; = H; be group homomorphisms ( i=1,2). Define o by

0'361XGZ—>H1XH2
(g1, 92) P~ (91(91), 92(92))-

Then o is a homomorphism and Kero = Kerg, X Kerg,, Imo = Im@, X Img,. If ¢;: G; — H; is an
isomorphism (i=1,2), then o: G, X G, = H; X H, is an isomorphism.

Proposition 22 Let N; and N be normal subgroups of groups G, and G-, respectively. Let A, and A,
be normal subgroups of G, and G, respectively. Then

(1)G1 X G2/(N1 X N2)(Ay X Az) = G1/N1(A1) X G2/N3(Ay),
(2)G1 X G2/(N1 X N2)(A1 X Az) = G1/N1(A1) X G2/N2(42).
Proof. (1) By the Proposition 14,we get (N1 X N2)(A41 X 4,) = (N1)(41) X (N2)(4,). Since A; and

A, are normal subgroups of G, and G,, respectively, by Theorem 3 it follows that (N1)(4;) and
(N3)(A3) are normal subgroups of G, and G, respectively. Then

G1 X Gz/(Ny X N3)(Ay X Az) = G1 X Gz/(m(Al) X m(l‘lz))
By Theorem 8, we get
Gy X G/(N1 X N2)(A1 X A3) = G1/N1(A1) X G2/N3(A7),
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(2) By the Proposition 12, we get (N; X N;)(A;1 X A2) = N1(A1) X Nz(Az). Since A; and A, are
normal subgroups of G, and G, respectively, by Theorem 4 it follows that Ni(A1) and N3 (4) are
normal subgroups of G, and G, respectively. Then

Gl X Gz/(Nl X Nz)(A1 X Az) = G1 X Gz/(&(A1) X &(Az))
By the Theorem 8, we get

G1 X G2/(N1 X N2)(A1 X Az) = G1/N1(A1) X G2/N2(4z).

Proposition 22 Let ¢;: G; = H; be group epimorphisms (i=1,2). Let N; and N be normal subgroups
and A; and A, be subgroups of G; and G, respectively. Then ¢:G1 X G, » H1 X H, is an
epimorphism and

(1) a((N1 X N3)(A1 X A2)) = 0(N1 X N3)(0(A1 X Az)),

(2) 0((N1 X N2)(A1 X A2)) = 0(N1 X N2)(0(41 X A2)).
Proof. Let ¢;: G; = H; be group epimorphism ( i=1,2). Define o by

0:G1 X G, > Hi X Hy, (91,92) = (91(91), 92(92)).
Then o is an epimorphism.
(1) Since 0:G1 X G, —» H1 X H; is an epimorphism, N; and N are normal subgroups and A; and A,
are subgroups of G, and G, respectively, we obtain ¢,(N;) and ¢,(N,) are normal subgroups and
0:(A;) and ¢(A;) are subgroups of H; and H, respectively. Thus ¢1(N1) X ¢@2(N,) is a normal
subgroup and ¢41(A1) X @2(A3) is a subgroup of H; X H,, respectively. Then

o((N1 X N2)(A1 X A3)) = 0((N1(A1) X Nz(Az)), by Proposition 12 on G, X G,
= @1(N1(A1)) X @2(N2(42))
= ¢1(N1)(@1(41)) X @2(N2)(92(42)), by Theorem 5 (1),
= (p1(N1) X 92(N2))(p1(A1) X @2(A42)), by Proposition 12 on H,; X H,,
= d(N1 X N2)(0(A1 X Az)).

(2) Similar to the proof of (1).

Proposition 23 Let ¢;: G; - H; be group epimorphisms ( i=1,2). Let N;' and N, be normal
subgroups and A;' and A;' be subgroups of H; and H, respectively. Then : G, X G, - Hy X H; is
an epimorphism and

(1) 67 (N1’ X N5")(A1' X 457)) = 072 (N1’ X N5') (072 (A1' % A45))),

(2) a7 ((N1' X N2")(A1 X A5")) = 07 (N,' X N,) (07 (AL X A)N).
Proof. Similar to the proof of Proposition 22.

Proposition 24 Let ¢;: G; > H; be group epimorphisms (i=1,2 ). Let N;, A; be normal subgroups of
G; (i=1,2). Then

(1) If kerp; S N; € A;, then
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G1/N1(A1) X G2/N2(Az2) = H1/@1(N1)(91(A1)) X Hz2/P2(N2)(@2(A4z2)),

(2)If kergp; < N;, then_
G1/N1(A1) X G2/N2(Az) = H1/91(N1)(91(A1)) X Hz/92(N2)(92(42)).

Proof. (1) By the Theorem 7 (1) we get

G1/N1(A1) = Hi/91(N1)(91(A1)) and Gz/N2(Az) = Hz/P2(N2)(¢2(42)).
Hence
G1/N1(A1) X G2/N2(Az2) = H1/@1(N1)(91(A1)) X Hz2/P2(N2)(@2(A42)).

(2) By the Theorem 7 (2) we get

G1/N1(A1) = Hi/9:1(N1)(91(41)) and GZ/N_Z(AZ) = Hy/@2(N2)(92(42)).
Hence

G1/N1(A1) X G2/N2(A2) = H1/9:1(N1)(91(A1)) X Ha/92(N2) (92(A2)).
4. CONCLUSION
In this study, we showed that it was possible to apply the rough sets theory to the area of direct
products of groups. Then, the concepts of direct product of rough approximations and subgroups in a
group were first defined and some of their basic properties were proven. We also showed that for two
sets the rough approximations of their direct product were equal to the direct product of their rough
approximations. Furthermore, we discussed the structure of direct product of rough approximations of
subgroups under homomorphisms between two groups.
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