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Abstract

This paper deals with the construction of the Stancu type modification of the Baskakov operators by using (p, q)
-integers. The rate of convergence of these operators are obtained by using Peetre's K-functional and modulus of
continuity. In addition, the pointwise estimation of the newly constructed operators are examined for functions
belong to a Lipschitz space. Finally, the convergence of the constructed operators to some functions is shown with
the help of MATLAB.

Keywords: (p,q) -Baskakov-Stancu Operators, Modulus of Continuity, Weighted Korovkin Theorem.

Stancu Tipli (p,q) -Baskakov Operatorlerinin Yaklasim Ozellikleri

Oz
Bu makale (p, () -tamsayilar kullanilarak olusturulan Baskakov operatdrlerinin Stancu tipli modifikasyonunun

ingas1 ile ilgilenmektedir. Bu operatérlerin yaklagim derecesi Peetre-K fonksiyonelleri ve siireklilik modiilii
kullanilarak elde edilmistir. Buna ek olarak yeni olusturulan operatérlerin noktasal yaklagimi bir Lipschitz uzayina
ait fonksiyonlar ile incelenmistir. Sonug olarak, iiretilen operatorlerin bazi fonksiyonlara yakinsakligt MATLAB
yardimiyla elde edilen grafiklerle gosterilmistir.

Anahtar kelimeler: (p, q) -Baskakov-Stancu Operatorleri, Siireklilik Modiilii, Agirlikli Korovkin Teoremi.

1. Introduction

Approximation theory has an extensive research area in mathematics. Varied generalizations of some
linear positive operators to the quantum calculus ( q -calculus) and their approximation results have been

extensively investigated for three decades. Some generalizations of Baskakov operators based on q -

integers can be read from [1-3]. Further, quantum calculus is extended to post-quantum calculus,
displayed by (p, q) -calculus. The new parameter gives flexibility to the approximation. (p,q) -calculus

is used effectively in such areas as neural network, field theory, hypergeometric series, Lie group, and
differential equations. In 2015, Mursaleen et al. [4] pioneered (p, q) -calculus in approximation theory.

Due to its comprehensive applications, the approximation behaviors of linear positive operators in
(p,q) -calculus have been studied actively by different authors [5-10]. Most recently, Aral and Gupta

[11] have initiated the (p,q) -analogue of the Baskakov operators.
(p,q) -calculus can be illustrated by some essential notations and definitions. The (p,q) -
integer of m s described by

*Sorumlu yazar: kadir.kanat@hbv.edu.tr
Gelis Tarihi: 25.06.2019, Kabul Tarihi: 17.07.2019

889


mailto:kadir.kanat@hbv.edu.tr

K. Kanat, M. Sofyalioglu / BEU Fen Bilimleri Dergisi 8 (3), 889-902, 2019

P -q" p=q=l
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[M], =P "+ p " °q+..+ pg"* +q" =amp™" ,p=q=l
[m], .p=1
m ,p=0g=1

where p and g are non-negative numbers and [m]q shows q-integers for m=0,1,2,... Itis seen

that [m]p'q = pm’l[m]q/p. The (p,q) -factorial is given by

m

[m],, !=1_[[j]p’q m>1,

=1

are the (P, q) -binomial coefficients. The (p,q) -power basis is explained as

(x@y)" =(x+y)(px+ay)(px+a°y)...(p"x+q"y).
Further details about (p, () -calculus are given in [12] and [13]. The (p,q) -analogue of Baskakov
operators are introduced by Aral and Gupta [11]

> m+s-—1 s+m(m-: s(s— X° pm_l[s]
Boog ( f: X) - Z|: } p ( 1)/2q (s-1)12 f £qs-1 [m]p,q } )
P.g P.g

oL S (1®x)

where 0<q< p<1,and x€[0,).
In the following lemma, we present the moments of (p, q) -Baskakov operators.
Lemma 1. [11] For X e[O oo)and 0<g< p<1, the (p,q)-analogue of Baskakov operators
B, p.q () satisfy the following equalities:

B, (LXx)=1
B.o. (t;x)=x,
m-1
B, .. (t5x)=x"+ P X[1+£xj.
,PvQ( ) [m]p’q q

In section 2, we will extend the operators given by (1) for 0<a <, Xe [O,oo) and 0<g< p<l.

Then we will calculate the moments of the newly constructed operators. In addition, we will present the
convergence of the operators according to the weighted Korovkin theorem.

2. Construction of the operators

Definition 1. For any X e[ ) 0<q<p<l, 0<a<p, we construct the (p,q) -analogue of
Stancu type Baskakov operators by

pm 1ql S [ ] +a
B b ( ’ @
S [ ], 5
where
b p.q (X) — |:m +S _l:| ps+m(m—l)/2qs(sfl)/2 Xs . (3)
' S (1@x)"

890



K. Kanat, M. Sofyalioglu / BEU Fen Bilimleri Dergisi 8 (3), 889-902, 2019

We will give the next lemma to present the moments of the operators (2).
Lemma 2. Let B2 (.;.) be defined by (2) and (3). Then we obtain the following equalities

B (LX) =1, (4)
[m] a
a.p _ p.9q
Bm pq( )_[m]p,q"'ﬂx-’_[m]p,q"'ﬂ, ()
Bt (t:%) = [, 2[1+ i Jx2+ [™],. 7(p" +2a)
[m]pvq+’8) q[m]p‘q ([m]p,quﬁ (6)

((m0,,+5)

Proof. First of all, by using the definition of the operators (2), we can check the first moment (4) as

follows
B30 (1) = 2 028 (x) =1

Secondly, we have the following equality for the second moment by the definition of the operators (2)
m-1.1-s

p q—°[s] +a
Bgﬁ bpq p.q
pq Z [ ]p’q_,r_ﬂ

m © pm—l [S] N )
P ¥ "
[m]p'q +ﬂ§ s (%) qs—l[m]p‘q + [m]p,q +,3§ P3(x)

- g (t;X)‘i‘[rn]L_}_ﬂBm,p,q (L)

as we see in equality (5).
Lastly, we obtain the third moment B"‘ﬂ ( t2; ) as follows

2 N p.q pm 1ql ] S p.9q + 2
Pt “*?’“(X)( ey aJ
[m]’ 2"”[] 2[m], @ & p""[s] @3
sz T 2 R (X) 7200 (%)
R e U R e O
[T, 2

2[m] @« o
N PP L F P R P
R
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_ [m], [1+ p" }X2+ [m],. oty 9\
R i e

2
(24

(Im],,+8)

Remark 1. (Central Moments)

We use linearity of the operators B,ijfyq to get the first central moment Br‘j”f'q (t —X; X)

ot (teryo| Mo @
Bm,p,q(t ’ )_Lﬂ"'[m]p,q 1} ,8+[m]p]q'

()

+

(8)

Similarly, for the second central moment B”

B.”, ((t—x)2;x):,ui(m)szryz(m)Xers(m), 9)
where we shortly denote

((t—x)2 ;x) , we have

m)= &1] + pm[m]p,q

i [ﬂJf[m]p,q q(ﬂ+[m]pyq)2’

= [m]p,q " 208
(5+[m),.)

2
o

(+m),,)

#p (M)
2

ﬂz(m)

:us(m):

Let us choose fz(m):=max {M(m) \ s (m)} Finally, we can write

B ((t=x)"x) < ag(m)(2+x)". (10)

Here the B;2' ( f;X) are linear and positive operators.

. 1
Remark 2. For 0<q< p<1, lim [m]p T To reach the convergence results of the operators
m—oo ! p — q

B.”,(f;x), we choose the sequences 0<g, <P, <1 such thatlimp, =1 limq, =1,

lim py =1 and limqy =1. Thus, we have lim[m] = oo, Additionally, here we assume that

m—w0 m—>o0 P+ Om

(M) =0, z1,(m)—0, 1, (m)— 0 as m— oo, hence z(m)—0 as m—>oo.

Just now, we primarily recall some important definitions of the weighted spaces:

C[0,0) denotes the set of all continuous functions defined on the semi-axis [0,0). B,[0,0) is the

set of all functions f defined on [0,0) satisfying the condition |f (X)| <M (1+ Xz), where M isa

f
positive constant. Further, B,[0,o0) denotes a linear normed space with ||f||2=supﬂ.
x>0 L+ X
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C; [0,oo) is the class of all real valued continuous and bounded functions f on [O,oo) . The norm is

givenby | |, = sup ‘f (x)‘ Also C[0,0) denotes the space of f , forwhich f", f'and f are
B x€[0,00)

continuous on [0,0). Then C,[0,0) signifies the subspace of all continuous functions in B, [0, ).

Moreover, C,[0,%0) indicates the subspace of all continuous functions in B,[0,o0) for which

tim £ s finite.
x—>= ] 4 X

Theorem 1. Let Bg7 (f;x) satisfy the conditions, given in Remark 2 for 0<a<p and

0<d, < P, <1.Andthenforeach f €C;[0,0), By _ (f;x)convergeuniformlyto f on[0,)

M, PO

Proof. To give the proof, it is satisfactory by the weighted Korovkin theorem [14] to see that

lim
m-—oo

where e, (X)=x*, k=0,1,2.
(i) Using equality (4), it is clear that

M, PGy K

B/ g —ekH2=0,

Brﬁ,fm,qm (L X) _1‘

e oo, = fmap = S -o
(ii) Using equality (5), we write
H a - Bfﬁvfmﬂm (t’ X)_ X‘
fim 87,0, 6], = imsup ™=
[m]pqum _1 X 4+ a
| pml,, ., pr[ml,, .,
= limsup 5
M= x>0 1+X
m
<lim|1- [ ]pm'qm sup X ~+lim @ sup ! -
m—>o ﬂ+[m]p o )0 l+X rrHooﬁ’+[m]p o ©0 14X
m
<lim % 1-”A +lim—2
2 ﬁ+[m]pmﬂm m_maﬂ-'_[m]pmv%
=0.

(iii) By using equality (6), we have
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B2 (tz;x)—xz‘

a M, P +Om
fim B, 5, €2 €[, = lim sup™—===="—
= limsup
M- y>0
2
m m m 2
[ ]pqum 2[1+ :}m Jl X2+[]pm*qm2(p$1+2a)x+ « 2
) (ﬁ+[m]pmqu) qm[ ]pm,qm ('B+[m]pm,m) (ﬂ+[m]pm,qm)
1+ x?
2
m m 2
< lim [y, 2£1+ P J sup X
(e, )L el ) e
m 2
+lim [, - (Pt + 2 )sup X lim = 5 Sup
mﬁw(ﬂ"'[m]pm’qm %20 14 X° m”w(ﬂ_i_[m]pmqm) =0 14 X2
2
m m m i
<lim []pm'qm 1+ i —1+1 []pm’qm (pm71+20‘)+ .
onm 2 q [m] 2 2 m 2
(ﬂ-'—[m]pmqu) m PmGm (ﬂ+[m]pmqu) (ﬂ_'_[m]pm,qm)
=0.

In section 3, we will give an auxiliary lemma to verify the main results and then treat the local
approximation properties by the help of Peetre’s K-functionals and modulus of continuities.

3. Local approximation properties

First of all, we remember the properties of Peetre’s K-functionals. The norm in Cé [0, OO) is defined as

[ Fllezpory =1 lcygon) 1 leygory +IT1

Peetre’s K-functionals are defined as follows:

K, (f.6)=_inf {||f

gC

Ca[0,0) Cg[0,0) °

C4[0,0) }
The modulus of continuity of the function f € C [O oo) is given by
w(f,8)= sup Sup ‘f (x+h)—f(x)|.

0<h<s x, x+he

It is obvious that limw(f,5)=0 for f €C, [O, ); and for each x,t€[0,1] and any & >0, we

50"

+6|9

CB[O )

have
(1) f (x)|sw(f,5)(|t §X|+1} (1)

For 0 >0, second order modulus of smoothness of the function f is identified by
w,(f,0)= sup sup |f(x+2h)-2f(x+h)+f(x).

0<h</5 X, x+he[0,00)

By Devore [15], for M >0,
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K, (f.8)<Ma,(f,5).

Lemma 3. For f € C;[0,), we have

Bt (fix) <
(12)
Proof.
w p"g T [s]. +a
B” (f;x)[=]> b2I(x) f P
mPQ( )‘ ; () [ [m]pq+ﬂ J
w g [s],,
<> b
2, [ [m],,,qw
<|| le, Brpa (LX)
Lemma 4. Let f €C,[0,0) and g € C;[0,0). We describe the auxiliary operators B, . as
60854, (00)00) -8 b
ﬂ+[m]p,q ﬁ+[m]p,q (13)
So, for all g € C; [0,), we get
B (9= 9 (x) <[ L, (A(m)(L+x)" 475 (e, .%)),
where
a— X
Mo (0 B, X) = ———=—
( ) ﬂ_i_[m]p’q
Proof. From the auxiliary operators B;,p,q , We have
Br.pa (9:X)=Big (9:X)+9(X)- 0| ——¢ LY (14)
pelm,, A+,
P.g
It is obvious from Lemma 2 that
B, ,q(LX)=1,
B, o (t-50%) - Bs§q<<tx>;x>+<xx>[ 2, _h, j
p+ml,, A+m],,
[ P Jx+ d —( [m]p'q X+ —— —x}
#[m],, peml,, (A+ml,, A+m],
=0, (15)

which shows that B, ( f;x ) operators are linear. We have the Taylor expansion for g € CZ[0, )
as
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t

g(t)= g(x)+(t—x)g’(x)+.|‘(t—v)g”(v)dv, te[0,0). (16)

X

When we apply B’

m.p.q OPErators to the equation (16), we obtain

B:;,p,qw:x):B;,p,q[g<x>+<t—x>g'<x>+j (t—v)g"(v)dv:xj

08 (10)5 (050) 85 1010 x|

X ey

Then

a_v)gqvax].

X Gy

B;,p,q(g;x)_g(x): g’(x) B:mp,q ((t_x);x)"' B;,p,q[

From (14) and (15), we get

t
B0 (60000 | vl
t X
=By, U(t —v)g"(v)dv;x [+ J.(t -v)g"(v)dv (17)
[m]p’qxwz
[m]Tw [m],  x+a (V)4
- : —-v [g"(v)dv
| A+Im]
Moreover,
t t t
I(t—v)g”(v)dv £I|t—v| g"(v)‘dvs|g" . j|t—v|dvs(t—x)2|g" . (18)
and
[m]pyqxﬁ-a [m]pyqx+a
[m]p‘q+ﬂ [m] X ﬂ+[m]pq [m] a
P.g v |g"(v)dv|<|lg” pA v [dv
) [ﬂ"‘[m]p,q J ( ) | Cs J- L'B+[m]p,q
2
<1, [[m]p’qxﬂx x}
: ﬂ+[m]pyq
2
" a_ﬂx
=g — . 19
||”%[ﬂ+hﬂMJ (19)

Let rewrite (18) and (19) in the absolute value of (17). So, we get

896



K. Kanat, M. Sofyalioglu / BEU Fen Bilimleri Dergisi 8 (3), 889-902, 2019

Brpa (9:) = 9 (X)] < [0"]., (£(m)(1-+X)° +72 (. B.%)). (20)
Now, we will mention the rate of convergence of the constructed operators by using Peetre’s K-functionals.

Theorem 2. Let f €C,[0,0), 0<q< p<1and0<a < B. Then there is a positive constant M such
that

Bes (fix)~ f <Ma)2( \/,u (1+x) +n§(a,ﬁ,x))+a)(f,nm(a,ﬁ,X)), (21)
where x €[0,).

Proof. From (13), for every g e C[0,)

By (F3)—f (x)|=

B ()~ f<x>+f[ o, _lmh,

ﬂ+[m]p,q ﬂ+[m] x}f(x)

By (95%) =By o (9:%)+ 9 (X) g (¥)

a [m]p,q ot (x
f[ﬂ+[m]pyq+ﬂ+[m]p'q J f(x)

<[B; 0 (F=gix)=(f—g)(x)|+

+[By 50 (9:%)-9(x)|.

Using Lemma 3 and Lemma 4 we obtain
m
f o + [ ]"'q x |- f(x)
pml, . B+[m],,

o, ((m)(@+x)* + 7% (e 8.%)) 22)

and then we take the infimum on the right-hand side. Consequently, by using the property of Peetre’s K-
functionals, we have

By (%)= T (X)| 4K, ( F,a(m)(2+x)" +172 (e, B, X) )+ o( £, (2, B,%))

g/ (f;x)—f(x)‘£4||f—g||cB+

m,p.q

SMa)z( \/,u 1+X +77ri(a,,8,x))+a)(f,nm(a,ﬂ,x)).

Just now, we calculate the rate of convergence of our B’ ﬁ . ( f;x ) operators by means of the modulus of
continuity on the finite interval.

Theorem 3. Let f €C,[0,), 0<q<p<l, 0<a<pB and o

c+1

(f,§) represent the modulus of
continuity on the finite [0,c+1] C [O,oo), where ¢ > 0. Then we have the following inequality for all
Xe [0, oo) ,
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Bt (F:x)= £ ()] <4M, (L+€7) () (14 %)° + 20, ( £, (14 %) iz (m) ).
There is a positive constant M , which is independent of m and /z(m).

Proof. We already know the following property of @, (., )
| (t)— f(x)|<4M, (1+¢*)(t—x)° +{1+@ch4( f,5), 6>0. (23)

By choosing & =(1+x),/£(m) and applying Cauchy-Schwarz inequality, we obtain

Bet (fix)— f(x)|<4M (1+¢%)By7 ((t—x)z;x)+ 1+\/Bg:€'q((;_)() ;X) @, (f,5)

m,p.q m.p.q

<M, (L+¢?) f(m) (L4 x)" + 20, £, (L+X)2(m) ).
Section 4 gives the rate of convergence locally by using functions, which belong to the Lipschitz class.
4. Pointwise estimates
Definition 2. Let 0<c<land E <[0,0). Thenif f € C,[0,0) is locally in Lip(c),
[T (y)-f(x)|<M|y-x", yeE, xe[0,:) (24)
holds.

Theorem 4. For each X €[0,0), f eLip(c) and 0<« < S, we obtain

m,p.q

B ()= T (0] <M (2(m)”* (1+x)" +2(d (x E))'). (25)

where the constant M depends on ¢ and f . Here, d (x, E) =inf {|t—x|:t e E} defines the distance

between X and E.

Proof. Let X, be inthe closure of E such that |X - XO| =d (x, E) . By using the triangle inequality, we write
|f(t)—f(x)|£|f(t)—f(x0)|+|f(x)—f(xo)|. (26)

From the inequality (24), we obtain
Brra (F13) = £ (x)|<Brya (| F(1)= f(%)l:x)+ By (|f (x) = F (%)]:x)

<M {B“ﬁ (|t—x0|°;x)+|x—xo|°}

m,p.q

<M {B"‘ﬁ (|t—x|C +[x=%,| ;x)+|x—x0|c}

m,p.,q
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m,p,q

=M {B""ﬁ (|t—x|° . x)+2|x—x0|°} .
Then by taking p =2/c and q = 2/(2—c) in the Holder inequality, we get

B2, (f1x)— £ (x)| <M {[Bg;gq (- )| +2(a (x E))C}
- M {[Bg;gq (1t ;x)T/2 +2(d(x, E))°}
<M {(g(m)(1+x)2)°/2+2(d(x,E))°}
=M {(a(m)** (2+x)°)+2(d (x E))'}.

In the following theorem, we will get a local direct estimation of the B%”

mpq OPErators by the

Lipschitz-type maximal function of order c. Lenze [16] defined Lipschitz-type maximal function @, as

follows
f(t)—f
@, (f,x)=sup M x €[0,0) and ce(0,1]. (27)
t=X, tef0,00) |t — x|

Theorem 5. Let 0<c<Z1and f €C,[0,0). Forall xe[0,),
\Baﬁ (fix)—f (x)\ga;c(f,x),;(mf/z (1+x)°. (28)

m,p.,q
Proof. By using inequality (24) and the definition of the maximal function (27), we have

BeZ (F:x)—f(x)|<a@,(f,%)B:% (|t—x|°;x).

m,p,q m.p.q

Then by taking p=2/c and q=2/(2—c) in the Holder inequality, we get

B, ()= (0= (1] B (=P x) |

<@, (f,%)a(m)" (1+x)".

5. Graphical analysis

This section presents illustrative graphics and comparisons to show the convergence of (p,q) -Baskakov-

Stancu operators to the selected functions.
First of all, Matlab algorithms of the constructed operators are illustrated. The first algorithm is the
definition of (p, Q) -integers.

Algorithm 1
function y=pginteger (n,p,d)
y=(p" (n)-g™(n))/(p-q):

end

With the help of the second algorithm, we exemplify (p,q) -Baskakov-Stancu operators. In addition, we
check the convergence of the operators with the selected function for various values of p and q. Let the
function f be chosenas f (x)=2x*-3x+4, x€[0,100], «=0.2and S=05.
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Algorithm 2

clear all close all clc

n=[20,30,40]:;
syms t©
inf=100;
alpha=0.2;
beta=0.5;
b=100;
[ for j=1:3
m=n(j);
pl=[0.97, 0.98, 0.99]:
gl=[0.15, 0.2, 0.25]:
subplot(1,3,3)
for i=1:3
p=pl(i):
a=ql(i);
| u=l;
= for x=0:1:b
ts=0;
for s=0:inf

| z=1;
= for j=l:m+s
z=z* ((P™ (3-1))+ (g™ (3-1)) . *x);
I end

hl=1;
for al=0:m+s-2
hl=hl*pginteger (m+s-1-al,p,q):’
- end
if (m==1)
h2=1;
end
if (m~=1)
h2=1;
= for a2=0:m-2
h2=h2*pginteger (m-1-a2,p,q):
end
end
h3=1;
for a3=0:s-1
h3=h3*pginteger (s-a3,p,d):’
- end
fact=hl/ (h2*h3);
z;
x1=(p”~ (m-1))* (g~ (1-8) +alpha) / (pginteger (m, p, q) +beta) ;
F1=2*x1*2-3*x1+4;
B=fact* (p” (s+m* (m-1) /2) ) * (q" (s* (s-1) /2) ) * (x*s) *f1;
ts=ts+B/z;

I
1

= end

a(u)=ts;

u=u+l;

u end

x=0:1:b;

if (i==1)
c=plot (x,a,"'g");
hold on

elseif (i==2)
c=plot(x,a,'xr"):

hold on
else (i==3)
c=plot (x,a, 'm');
end
rend
x=0:1:b;

y=2%*x.72-3.%*x+4;
plOt (xl Y X S X )
legend('p=0.97, g=0.15','p=0.9

(&4

, =0.2','p=0.99, g=0.25", 'function’')

-end
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In Figure 1 we have plotted the By2 ( f;X) operators and f (x)=2x*—3x+4 for different values of
parameters p, g and m.

e 104 m=20 5 <104 m=30 - <104 m=40
p=0.97, G=0.15 p=0.97, g=0.15 ' p=0.97, g=0.15
i p=0.98,¢=02 | | p=0.98, =02 | | p=0.98, g=0.2
’ p=0.99, g=0.25 25 p=0.99, g=0.25 /1 p=0.99, g=0.25
— % —function — % —function 2 [|— % —function

0 50 100

Figure 1. Convergence of B,j'j’f,q ( f; x) : (p,q) -analogue of Baskakov-Stancu operators for different
valuesof m, p and q.

As a second example, we take f(x)=16x>-12x*+15, x[0,100], o =0.1and B=1.1. The

convergence of the constructed operators with f (X) =16x>—12x* +15 is illustrated in Figure 2 by
using various values of parameters p, g and m.

. v 107 m=20 s 107 m=25 gl 106 m=30
p=0.97, g=0.29 > — p=0.97, g=0.29 p=0.97, g=0.29
p=0.98, g=0.32 p=0.98, g=0.32 161 p=0.98, g=0.32

sig] p=0.99, =035 | p=0.99, g=0.35 p=0.99, q=0.35
— #* —function f 2 t|— * —function 1 44 | L% —function

0 50 100 0 50 100 0 50 100

a.p

Figure 2. Convergence of B .

( f; x) - (p, q) -analogue of Baskakov-Stancu operators for different
valuesof m, p and q.
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5. Conclusion

In this study, we have constructed Stancu type (p,q)-Baskakov operators and investigated the

approximation properties of the new operators. The rate of convergence of these operators is examined
by using Peetre’s K-functionals, modulus of continuities and for the functions belong to a Lipschitz

class. Finally, we have presented some figures to show the convergence of the B

a.p

m.pq OPErators with

some chosen functions by using MATLAB.
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