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The near soliton solution of regularized equation Korteweg - de Vries and
Boussinesq type for the first time was introduced in works [1-4]. These works shows the
existence of near soliton solutions for different classes of perturbed equations. The main
feature of these works was implementation of the solution of initial problem of classical
equation of Korteweg - de Vries [5].

In this article the problem of existence of near soliton solution of perturbed
differential equation in partial derivatives

a’u, (t,x)+u(t,x) (u, (t.X) +au (t,x)) +au,, +u, = (t.x.u)
(1
type with initial conditions
0(0.6)=6 ().
2
where @ =const, a >0, ¢ (X), f (t,x,u) - are known functions.

In this article the problem of presenting of the solution of Cauchy problem (1)-(2)
as
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u(t,x)=c(t,x) +I(:J'_Xwe"’(x‘“w)Q (v,s)dsdv .
3)

Here Q (V, S) is the new function to be found,

C (t, X) is soliton solution of the Cauchy problem of wellknown Korteweg - de
Vries type

a’c, (t,x)+c(t,x)c, (t,x) +c
“4)

with the initial condition
c(0.4)=9(x)

®)
From (3) and (5) follows that U (0,X) =¢ ().

(t,x) =0

XXX

The main purpose of this work is to effectively define the unknown function
Q (t, X) . Let propose that Q (t, X) I Q (t, X) I<KR=const is determined.

Then from (3) follows the inequity
t o x - R
t —cft < a(tv) -a(x-s) dsdv <~ = t
Jlu (t.x) c(g),x)H<J'0e I_we |Q dsdv <5 =cons

The solution of the problem (1)-(2) which is presented as (3) is called near soliton
solution. To define the unknown function Q (t, X) (3) is substituted to (1). For this
purposes, differentiating (3) by X,

u(t.x)+au(t.x) =c, (tx) +ac(tx) +[e Q. x)v
(7
is received
U, (t,x)+au, (t,x) =c, (t.x) +ac, (t,x) +‘[0t e, (v, x)v

(®)
From (7) and (8) the inequity follows
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Uy (t,X) =0ru, (t,X) =C, (t,X) -a’c, (t,X) + Ji e @, v, x) aQp XY

©)

Differentiating both parts of (9) by X,

Uy (£, X) —0r'u, (£, X) =C,,, (t,X) —0r’c, (t,X) +J‘; e, (v,x) aQ b, Xay
(10)

Uy (6X) +0'u (%) =C,, (t ) +a'c(t,x) +L: gt Q. (V.Y aQ . &*Qb X
(11)

is received.

Differentiating (11) by t,

Uy (£X) +0°4 (£, X) =C,eq (. X) +a'g (1, X) +Q,, (V. X) @ Q (., X) & °Qp ,X) =
—aﬁ g () 0, (v.x)-aQ, (v.x) +*Q ,x)gV

(12)
is received

From (11)and (12)
Ugee (1) +04 (6X) =€t (1) 076 (1) +Q, (V. X) 0Q b, x) & °Qb ) -

= Hi (t,X) +a’u, (t,X) —C,, (£, ) —ar’c (t, x)B.

is received.

Thus,

Uy (£, X) +0u, (8, X) +au,, (t, %) +a fu(t,x) =c, (1, X) +

+a’c, (t,x) +ac,, (t,x) +orc(t,x) +Q, ¢, x) @ Q ¢ .x) € Q¢ .x)
(13)

From (3) and (7) the expression follows:

u(u, +au) =c(t,x)(c, +ac) +c(t,x).[0t e (g V.,x)av +
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(cX +ac(t, x))I;J'_Xme'“(X'S””)Q (v,x)dsdv *

*I;J'_Xwe"’(x'“w)Q (v, x)dsdv

(14)
Adding right and left parts (13) and (14),

agq(t,x)+u(ux+au+a4) au, (tx) Hu,, (tX) =f(txu) =g g arc,(tx) +
+C,, (t,X) +ac(t, x)((J{3 +c(t, x)) +c(t, X)Iot e ()g v.x)dv +

(ck(t, x)+(t, x))Ji fweﬂ(mw)qv’ s) deV+Jé ot ")Q(V, S Ji _li, pelxs W)Q(V’ s) ok
+Q, (t.X) —aQ(t, x)(lJrsc)er (t.x)

is received.

From (4) and (15), to determine the unknown function Q (t, X), the following
nonlinear ordinary integro-differential equation relatively the function Q (t, X) in type of

Q. (tX)-aQ, (t.x)+a’Q(t, x) =f (t, x.c(t,x) + J’; J’_Xwe"’(“”)Q(v,s) dsdv ) -
—(t,x) J’; e “IQ(v,s)dv —(c(t,x) +ac(t.x)) Ji I_Xme*’(””)Q(v,s)dsd/ -

—J’; e IQ(v,s)dv J:; J’;e*’(”“)Q(v,s)dsdv G, (1.X) +ac(t, ) +c(t,X))
(16)
is received.

e function Q (t, X) is searched in class of functions {Q (t, )}, satisfying the
conditions Q (t, +00) =0, QX t, 00) =0 . Let's show that every nonlinear and

bounded solution of nonlinear ipt&g_r%l equation ¢
z(t,x) = frt,x,c L. o stdv)—c(t,x)foeﬂ(w)de -

—C (t’V)I; e—a(t—v)Q (V,y)dV -c, (t, y)I; _yme-a(y‘/)*‘t‘v)Q (V, p)d m =
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—Ie ) vydvIJ' eV P*Q (v, p)d pdv +F (t,y),
(17)
where F (t,x)=-c,, (t,X) ac(t,x)(or3 +c(t,x)),

is the same solution of nonlinear integro-differential equation (16) and vice versa.
Indeed, the right part of (16) is named as z (t, X) to be short. Then, the equation (16) will
accept the following type

Qu (t.x)—aQ, (t.x) +a*Q(t.x) =z(t,x),
and the equation (17) will be written as
. a(l+if)xs . (1 |f)
Q(t,x)EJ'we 2 Ie 2 ty)dyds

There is

i a(l—ix/?)
Qx (t’ X) = @Q (t’ X) .|.J'_Xoo ef(

(18)
a(1+i\/§)

), (ty)dyds,

i )X_y
Q. (t.X)= 2t )z(t,y)dy.

Then

Q(t,x) +z(t.x) +

a (1 —i\/§) G
Iw e
a(1+i\/§) a(l —i\/§) ( —|\/_)(1 +|\/_)a
;T ¢ 4
That is why the left and right part of the last identity will be written as

Qu (t.x)=aQ, (t.x) —a*Q(t,x) =z(t,x)
(19)

Qu(t.X) =

Q(t,x) =z(t.,x).
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Further lets consider that the condition (A) is fulfilled, if: 1) known function

¢, (t.X)0¢" (D), ¢ (6,X) 06" (D), D ={(t.X) [ t20,xOR satisfied
inequity | €, [l € (£ X) 1 ¢, (t.X) [, I €, (t. X) I €, = cONSt:

2yinarea D ={(tx,u)[t=0,x,u0R f(t,x,u)0c(D)Y Lip(N},).

3) iQ\ICHC (1+ac, )a +2R§<% where

R:?E\/I +co(1 +a(a’ +c0))E,
%@\IO{+C0 (1+ac, )a +;—6ZE\/I +C, (1 +a @13 +c0))% <l

Implementing of principle of compressed mapping could show the existence and
uniqueness of the solution of nonlinear integral equation (17). Indeed, the right part of
({1 7) lets con51der as {)erator H[Q] actmf on function

} :H[Q]{Q(t.x} - {Q(t.x

We have
1ﬂJ§ HJ§

HH[Q}H<LJe2 - |j|e2 e t{tyosf [ e i Adat) (L o)1+
+H v I+t I [ 1QldvHe (L I [ e 1Qld v+

He QI (e IQIdatG,, (LY ol ) (et i)
[e e T QT 4SS (1 e

Co(a+1)R K M%<—@\| +¢, (o H)ar +2|ﬁ"‘_ S1R+4M20 =R
a’ a’ oo 2«

<AIR,
_GZ%T

R :%;MO =M +¢, (1 +a)(or3 +co).



76

OAAEAEE EEE TAAD AO0DTAEU
Let us show that H [Q] Q-1 Q. Indeed,

x 2x-s) s L) EHIN ¢ (a-1)0
IH[Q]-HIe s e T e D+ °(a2 )EHQ-G\H

U —a(tv LAX afy-piv
HfeIQ-Glavf [ et IQl dpdy +

e Glaf €7 Q-Gldon i< @;

s%@lamo (@ +l)a +2REIQ -G [||Q -G .

+ﬂ|QG||<

Thus, we have shown that nonlinear integral equation (17) has the only one

continuous and bounded solution Q (t, X) JC(D), therefore, the Cauchy problem
(1)-(2) has a solution which could be written as (3), which satisfied inequity (6).

Let us search the differential properties of the solution of problem (1)-(2).
From (7) in D the inequity

o) <afut o) le. () +a o x)] «f e oo <

saﬁ:o +aﬂ2ﬁ+c0 (1+a) +§ =R, =const;

follows.

From (8) in D

) Qx(v,x)Hdv.

e (&) < @ (8 X)] +c ( c, (6] +f e
(20)
is obtained.

From equity

7 (t, X) =f (t,X,C +I;J-_Xme—a(x—s+t—V)QdeV) _C(t,X)I;e—a(t‘V)QdV —
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8 (tX) +o(t x)gﬁ J';eﬂ(“”)@bd/ —J';ef’(“’)Qi/ J'; I_Xooee’(“ Q. s) o +F(t,X).

In D inequity
2

1 R R
z(t,x) =l f (LX,U)+||C||ER +(lle, | +G||C||)a—2 T H F(t.x)l <

2
ca (ZZG)R +§_3 +¢, (1 +a)(a3 +cO) <z, =const.

€2y

<M+

follows.
From identity (18) in D
ad+3] 9
Q (v,x)\\sﬁﬁlrﬁllczn+ [ IQuldy=RE +~H=2, =oonst

(22)
is obtained.

From (19) the inequity follows:
|Q, (t.x)] <aQ, (t.x)| +a*[Q(t. X)| +z(t. x)]| <z, +a°R +2, =2, =const.

Therefore, in D from (20),

U, (t.X)| <aR, +¢, (1+a) +zooé =B =const.

is obtained.

From (10)in D

Ju (t.%)] <

u, (60) +ew (L) +ae(t ] + &™) dRu|+ar QY <
a’R, +c, (1 +a2) +(z, +orR)$ =B, =const

(23)

is obtained.
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EE E
Let us evaluate the U, (t, X) in D. From the equity (13) the inequity

e ()] 0 () 2, () 2 )] ()] 207 )]+
e ()]0l +1Qul sl e[ = B +f ¢ s +

WI;I;eﬂ’(“*“’)||q|dsdv +B, Mﬁ;) +§ﬁ+q)(2 o u') 4, €7, &R =

= Zy000 =CONSE
(24)
follows.

From evaluations (20)-(24) consequent that the derivative solutions of (1)-(2) in D
are uniformly bounded.

Theorem. Let the conditions (A) are fulfilled. Then the problem (1)-(2) has unique
solution U (t, X) [JC(D), and the derivative solutions are uniformly bounded and the
inequity (6) is fulfilled.
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