
 

 

 

SOLVABILITY THE EQUATIONS OF MAGNETO-GAS 
DYNAMICS IN NON-BOUNDED DOMAIN 
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Kyrgyz National University 

1. STATEMENT OF THE PROBLEM 
The system of differential equations describing one-dimensional non-stationary 

flow of a viscous heat-conducting gas in a magnetic field in a porous medium can be 
written [1] in terms of Lagrange mass coordinates: 
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Here pHu  , , , , v, θρ , the density, specific volume, velocity, absolute temperature, 
magnetic field intensity and pressure, respectively, are the required functions; 

Hlk µµλµ  , , , ,  are positive physical constants; the variables ( )∞∞−=∈ ,Rx , 

[ ] ∞<<∈ TTtt 0  ,,0  , ; ( )xβ  is coefficient of penetration – continuous non-negative 

bounded function and ( ) ;Cdxx ≤∫
∞

∞−
β   10 ≤≤α . 

The functions   ,   ,   ,  , v 0 0 00 Hu θ which have initial values 

( ) ( ) ( ) ( ) ∞<===== xxHHxxu ux tttt    ,    , =   , =    ,v=  v 00000000 θθ , (2) 

are assumed to be known and continuous, ( ) ( )( )xx 00  ,v θ  are strictly positive and 

bounded: ( ) ( ) 000000         ,  <    v  < 0 MxmMxm ≤≤∞≤≤ θ , 

and have finite limits at infinity 
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It has been proved [2, p.76] that Cauchy problem for system (1) when 
( ) 0  ,0 ≡≡ xH β  and the limits of the initial values at infinity are the same is well 

posed. In [3] the Cauchy problem for system (1) without a porous medium, viz. 
( ) 0≡xβ  and in case when the limits of the initial temperature at infinity is the same is 

considered. In [4] the Cauchy problem for system (1) without a porous medium is 
considered. In [5] local solvability of the Cauchy problem for system (1) is proved. In 
this paper we study whether the problem defined by (1)-(3) is well posed. 

We introduce four auxiliary functions  ( ) ( ) ( ) ( )   ,  ,  , xxxfx ϕηψ , such that: 
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It is obvious that such functions exist. 

THEOREM. Let the initial date (2) satisfy conditions (3) and 
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( ) ( )  , ,  ,v txtx θ  are strictly positive and bounded functions. 
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The proof of the theorems is based on global a priori estimates in which the 
constants ii NСС  , ,  depend only on the problem data and the time T , but not on the 
interval of existence of the local solution. These estimates permit us to extend the local 
solution, whose existence follows from [3,5], to the whole time interval 
[ ] ∞<<TT 0  ,,0 . 

2. A PRIORI BOUNDS 
Without loss of generality we can assume for simplicity that the physical 

parameters Hlk µµλµ  , , , ,  are equal to unity. 
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LEMMA 1. If the conditions of theorem are satisfied, the following estimate is true  
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The interval of integration with respect to x  is from ∞−  to  ∞ . 
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By integrating the inequality obtained from (8) with respect to time t  and using  
Gronwall’s lemma we get (7) after returning to the old independent variable x . This 
proves the lemma 1. 
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LEMMA 2. If the conditions of theorem are satisfied, the following estimate is true  
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Let us estimate the integrals ( )5,1 =iBi  on the right-hand side of (17) using integrating by 
parts, Young’s inequality with ε , the properties (4) and the bounds (7) 

( ) ( ) 18
222

1
4

1
  

v
1

v
1 CdxfuuxdxHdxuB xx

i
i +⎟

⎠
⎞

⎜
⎝
⎛ −++≤ ∫ ∫ ∫∑

=

αβε , 
2
10 1 << ε , 
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215  
v

1   
v

1  
v

 JJdxudxudxuB xxx +=+
−

== ∫∫∫ ϕϕ
ϕθθ . 

In order to estimate 1J  we partition the number axis R  into following domains: 
( ) ( ) ( ){ } , 1    ,,  : 0101 >=>∈=Ω constNNtxxRxt θϕ  

( ) { ( ) ( ) ( ) ( ) } ( ) { ( ) ( ) } 1, :     ,1,   ,,: 3102 =∈=Ω≠≤∈=Ω txxRxttxxNtxxRxt θϕθϕθϕ  
It is easy to verify that in ( )t1Ω  we have  

19 
1ln

1 C<
−−

−
ϕθϕθ

ϕθ    since   1
1ln

1  lim =
−−

−
∞→ ϕθϕθ

ϕθ
ϕθ

. 

In ( )t2 Ω  we have 

20 
1ln

1
C<

−−

−

ϕθϕθ

ϕθ   since  2
1ln

1
lim  ,0

1ln
1

lim
10

=
−−

−
=

−−

−

→→ ϕθϕθ

ϕθ

ϕθϕθ

ϕθ
ϕθϕθ

. 

Using (4), (7), lemma 3, we find 

( )
( )

+
−−

−
−−=

−
= ∫ ∫

Ω
  

v1ln
1 1ln   

v
1

1

1 dxudxuJ x

t
x ϕϕθϕθ

ϕθϕθϕθ
ϕ

ϕθ  

( )
   

v1ln 
11ln  

2

≤
−−

−
−−+ ∫

Ω
dxux

t ϕϕθϕθ
ϕθϕθϕθ  

( )( ) ( ) ( ) 1  
v
11

v
11ln

2
2

2
2/1

2/1
22/1

21 ++≤+⎟
⎠
⎞

⎜
⎝
⎛−−≤ ∫∫∫ θεθϕθϕθ MCdxuεMdxudxС xx

, 

where 
2
10 2 << ε . Transform and estimate the second addend in 5B  using Cauchy 

inequality and bounds (7). 

( ) dx
t

dx
dt
ddx

t
dxuJ x

 
 v1   1vlnv1

 
vln1 

v2 ∂
ψ∂

ϕ
ψψ

ϕ∂
ψ∂

ϕϕ ∫∫∫∫ +−−−=== , 

( )
=′+

−
= ∫∫∫ dxfψdx

 x
fu dx

t
 

 
 v1

ϕ∂
∂

ϕ
ψ

∂
ψ∂

ϕ
 

( ) ( ) ∫∫∫ ≤′+−
′

−−′= 222    Cdxfdxfudxfu
ϕ
ψ

ϕ
ψϕ

ϕ

ψ . 

Hence 

( ) ( )( ) 1     
v
1   1vlnv1 23

2
25 +++−−−≤ ∫∫ tMCdxudx

dt
dB x θεψψ

ϕ
. 

Substitute the obtained relations for ( )5,1 =iBi  to (17). After integrating the 
inequality obtained from (17) with respect to t  using (7), (16) we derive the required 
estimate. This proves the lemma 6. 

LEMMA 7. If the conditions of theorem are satisfied, the following estimate is true 
( ) [ ]TtNtx ,0    ,v 11

2 ∈∀≤ . 
PROOF. We multiply the second and forth equations of system (1) 
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( ) u ,uxH
xxt

fu
xt

α 
2
1 

 
   

v
 

 
  

 
)( 

 
vln 

 
2 β

∂
∂θ

∂
∂

∂
∂

∂
ψ∂

∂
∂

+⎟
⎠
⎞

⎜
⎝
⎛+⎟

⎠
⎞

⎜
⎝
⎛+

−
=⎟

⎠
⎞

⎜
⎝
⎛

( )
x
u

x
H

x
H

t  
  

 
 

v
1 

 
 v

 ∂
∂η

∂
∂

∂
∂η

∂
∂

−⎟
⎠
⎞

⎜
⎝
⎛=−  

by ( )xψ vln  and ( )η−H v  respectively, integrate with respect to R  and add. 

( ) ( )[ ] ( ) +−=⎥⎦
⎤

⎢⎣
⎡ ++−+ ∫∫∫ dx

x
fu

dt
ddxHdxH

dt
d

xxx  
 
vln )(    vln

v
   )(v vln

2
1 2222

∂
ψ∂ψθηψ  

( ) +′+′−++ ∫∫∫∫   ln vln 
v

    
v
1   

 
 vln 

 
 

v
1   

v
1 2 dx

x
dxf

x
udx

xx
dxux ψ

∂
ψ∂θ

∂
∂

∂
ψ∂

∂
θ∂  

( ) ( ) −′−+′+′+ ∫∫∫∫ dx
x

Hdx
xx

Hdx
x

HHdx
x
H  ln      vln      ln

 
    

 
    ψ

∂
∂η

∂
ψ∂

∂
∂ηψ

∂
∂η

∂
∂

( ) ( )  .  vln  v
 

   ∫∫ +−− dx
x

uuxdxH
x
u

∂
ψ∂βη

∂
∂η α    (18) 

Let us estimate the integrals on the right-hand side of (18) using the Gelder, Young and 
Cauchy inequalities, the conditions of theorem, the properties (4) and the known 
estimates. After some reductions we have 

( ) ( ) +−≤++⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−+ ∫∫ dx

x
fu

dt
ddxHH

dt
d

xxx  
 
vln )(  vln

v
 vln 2222

∂
ψ∂ψθηψ  

( ) ( ) ( )
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
++⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
+++ ∫∫ tMtMdxdxuC Hx

x
x

22

2/3

2
2

24 1 vln1
vv

1
θψ

θ

θ . 

Here 

( ) ( )( ) ( ) ≤⎟
⎠
⎞⎜

⎝
⎛≤ ∫∫∫

2/12222/12 vln    
 
vln  dxuuxdxdx
x

uux x
αα βψ

∂
ψ∂β  

( ) ( )∫⎟⎠
⎞

⎜
⎝
⎛ +−+≤

∈
dxuxfuC

Rxx
αβψ 22

25
2 1max vln

2
1 , 

( )( ) ( )( ) ⎥⎦
⎤

⎢⎣
⎡ +≤

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
′+⎟

⎠
⎞

⎜
⎝
⎛≤−−≤− ∫∫∫∫

∈
1

v
1

v
12max 2

27
2/12

2/1
22 dxuCdxfdxuCdxfufufu xxxRx

, 

( ) ( )( ) ( )( ) 27
11/12222 CCdxdxfudxffudxux ≤+−≤⎟

⎠
⎞⎜

⎝
⎛ +−≤

−−∫∫∫∫
αααααα βββ , 

( ) ( )∫ <<+≤− 10     ,vln   
 
vln 2 γψγ

∂
ψ∂

γ xCdxfu
x

. 

By integrating the inequality obtained from (18) with respect to t  and using Gronwall’s 
lemma and (13), (16), lemma 6 we deduce estimate  

( ) 28
2

0
vln max CxTt

≤
≤≤

ψ . 

Using the properties (4) we have affirmation of lemma. This proves the lemma 7. 
We multiply the forth equation of system (1) by xxH  and integrate with respect to 

R  and to t . After some reductions [6] we conclude that 
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( ) ( )∫ ≤+
≤≤

T

xxx
Tt

NdttHtH
0

12
22

0
      max . 

Hence we have ( ) [ ]TtNtM H ,0        ,13
2 ∈∀≤ . 

We multiply the second and third equations of system (1) by xxu  and ( )1−ϕθ  
respectively, integrate with respect to R  and add. Reasoning as in [6] we derive 

( ) ( ) ( ) ( ) 14
0

2222

0
          1   max Ndttuttut

T

xxxx
Tt

≤⎟
⎠
⎞⎜

⎝
⎛ ++⎟

⎠
⎞⎜

⎝
⎛ +− ∫

≤≤
θϕθ . 

After multiplying the heat-conducting equation of system (1) by xxθ  and some 
reductions [6] we have 

( ) ( ) 15
0

22

0
        max Ndttt

T

xxx
Tt

≤+ ∫
≤≤

θθ . 

From system (1) it follows that 

( ) ( ) ( ) ( ) ( ) 17
0

2222
16

2

0
    v          ,  v max NdttttHtuNt

T

xttttt
Tt

≤⎟
⎠
⎞⎜

⎝
⎛ +++≤ ∫

≤≤
θ . 

Thus, all the a priori estimates need to prove the existence of a generalized solution 
have been obtained. The uniqueness of the solution can be derived in the usual way, 
viz., by constructing a homogeneous equation for the difference between the two 
possible solutions.  

The theorem is completely proved. 
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