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Protection of the environment from the industrial pollution is one of the most actual
problems of modern science and engineering. This paper is devoted to the investigation
of the problem, related to the disposition of industrial objects, which provides the
minimal pollution of nearby economically important objects. It is supposed that all of
the industrial objects in the given region throw out respective quantities of the harmful
impurity in the atmosphere. The problem consist of the determining for each of the
industrial object of such admissible amount of harmful impurity, which provide the
minimum for the integral of their squares. At the same time, the density of the harmful
particles must be as much as possible close, on the average, to the sanitary allowable
norms.

1. Statement of the problem

Consider the area G of n—dimensional space R" \with a border I', which has a form of
cylinder with bases T';, T, and lateral surface T',. We assume that r industrial objects

are located in the points x' = (x],X},...,X}) i=1,2,...,r of G, and throw out

D (t) R (i = l,2,...,r) harmful impurities in the atmosphere. As a result, we come to the
following problem setting [1].

It is given the integro-differential equation of the pollution matter diffusion of the r
industrial objects,

n— 162 aZl//
—+ dy + t - =
P~ Perady + oyt x,6) - "Za . axj .

= ip,-(t)é(x—x")cf( (5’)+ j@(z %0, 8w, x,8hdoy.

Here, y/(t,x,b’) is a concentration of the impurity particles located in the point

x =(x,,x,,..,x,) at the moment ¢ and having a velocity b’:(vl,vz,,__,vn),
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(81// oy Oy

—) is a vector-gradient, 9:(\/1,\/2,...,\/”)69— is a

rady = (——,——,...,
sraay Ox, Ox,  Ox,

. o . .. OV,
velocity vector, satisfying to the continuity condition div(g) = Z L=0,and v,=0
i=1 i

at x, =0 and x, = H , thatison Iy and I',, (I'y and I',, are the bases of the n —

dimensional cylinder G), Q is a sphere of unit radius in R, described by the equation

Z\/iz =1, o, A are the positive constants describing the medium G < R" where
i=1

harmful impurities diffuse, 77, £ are the coefficients of a "horizontal" and "vertical"
turbulent exchange. x = (x;,x,,...,X,) is a spatial point of the area G, @(t, X, V, V)
is the function describing dispersion of the harmful impurity particles,
S(x—x,), &(v—v,) are the Dirak’s & -functions, m(Q2) is the area of the surface of

a unit sphere Q in R" [2]:

m(Q)_z(‘/_) I'(&) = j"ﬁ 'dt .
ry)

0

The non-stationary integro-differential equation (1.1) must be supplemented with the
boundary conditions

w(t,x,0)

0
t<0 ZWO ()C, 8)7 (% - aW) F0><Q= O, (12)

n

oy
Oox

n

L0=0, vt b)a=0 a R<o, (1.3)

where # is a normal unit vector to the external side of surface T of the cylinder G.

Factor & in the condition (1.2), in the case of three-dimensional space R? ,
characterizes a probability of the substances, laid-down to the ground surface, to get
back into the atmosphere. Condition (1.3), in the case of n = 3, means that the particles
which leave the domain G, do not return back into the this area.

The problem is to find such functions p,(¢), (i =1,2,...,7), on which the functional

o= Y B[ p} it + [dG[ly (T x.8) (v B d2 (14
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reach the least possible value. Here (//(t,x,L';) is the solution of the problem (1.1) -
(13), T> 0 is defined, y,(x,5) is the known function from W, °[GxQ)],
B, = const >0, (i = 1,2,...,r)-

Admissible controls are the various functions p = (pl, Daseees pr) from L [O, T ] The
control p = ( Pis Pas s D, ), which gives the solution of the considered problem, will
be called the optimal and denoted by po = (plo R pg yeees p,(.) )

2. Optimality Conditions

To determine the optimality conditions, we give some admissible increment A p = (A,

A, ..., Apr) of the control p and denote by Ay the corresponding increment of the

function l//(t , X, V). It is obvious that the function Al//(t,x,v) is the solution of the
boundary-value problem [2]

2

oy + ggradAl// + aAl//(t,x,B) —nViAy =& 0 A;// =

ot 0z (21)
= Ap, ()5 (x - x,)5(8 - 8) + A j O, x,5,8 Ay (t,x,5)d.

mQ)

Al//t<0:O7 (aAl//_aAlr//jFxQ 0,
B Ox, ‘
AM raa=0 at (8,19) <0, Ay ra=0 (2.2)

ox

n

By the direct calculations we find that the functional J [p] (see (1.4)) has the increment

MIp1= Y 5| [ 20,009, 0t + j[Ap,.(t)]zdt} .

+2[dG[[y(T.x.8) -y, OWy T x. a0+ [dG [[Ap (T x.B)] dcr.
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Let's consider the arbitrary function (D(t, X, v) € WZO’I’O. Then, obviously that the next
equality takes a place,

IdtJ.dGI(D(t X t)o){+19gmdl//+m// U"Zl‘gzz _5 2

Vl

S ; WA , -
_Z p.(O)S(x—x)5E -8 )—@ i@(t,x, 8.8 (t,x,5)d0 }dQ -0.

Denoting the left hand side of this equality by A[(D, p] , we obtain

(Dp] jdtjdGI@(txg){+19gradw+aw 77”21:62 _5 -

2 2
o oy
r ) ) y)
- p05(x—xV6BE- Y-~ [0, x,8,8 )W, x,8)d [da = 0.
INAOLCEESLCRED m(@)i %88 (1%,
Integrating by parts, we transform the equality (2.4) to the form of
T
[dG Ap(Tx. BT 2. D)2 + [ e dGf Ayrta.x. ) x
g Q 0 G Q
LD 0D )
x{—a—ggmdDJro@ nZ—i— gj— (Q)IG(t xﬁg)q)(txg)dQ} -

o ot o flon-{a% o

i=1 o
+jdtdeL e ;?J— rj /,{(D aang/ —szj}rza

Here 19;2) is a projection of the vector 1[/) to the unit vector # .

Up to now (D(t , X,V ) was the arbitrary function from W20,1,0 ([O,T ]x G x Q). Let's
define it now as a generalized solution of the boundary-value problem
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i%) + Egmdd) -od(t, x, g) + Iyg 66:? +& 86;(51) + 06
+ m(ﬁQ) i @, x, b, By, x,6)dQ’ = 0
[ZCCI:—&(DJ =0, S;D =0, @ 0=0 ar (ER)20
O(T,x,8) = 2w (T.x.0) -y, (x.5)]. @.7)

Taking into account (2.1), (2.2), (2.6), and (2.7), the equality (2.5) can be simplified.
Namely, the second term at the left side in (2.5) vanishes due to (2.6). Because of the
third equality from conditions (2.2) and the second of the conditions (2.7), and since

cos(h),xl) = cos(ﬁ),xz) =..= cos(ﬁ),xn_l) =0 and gg =0onI and I,
T
[at]dr [ apwda=0.
0 r Q

By virtue of the second condition in (2.2) and first of the conditions in (2.7), we have

T Ay ov ). .
!dtrj;dl“iv{(b A )

In view of the last condition from (2.2) and a penultimate condition from (2.7), the
equation (2.5) takes the form of

2[dG[ Ap(T 2 DT 2.8 —p (' D i + ijAp (O, x', 5t = 0.

J=1 0

From this, by virtue of the last condition from (2.7), it follows that the increment
AT [p] of the minimized functional from (2.3) is transformed to the form of

Mp1= X[ 49,028,005 8 i+

. (2.8)
+ 24 [, T di+ [dG[[Aw (T, 8] do.
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Now, applying a technique of the work [3], the following theorem can be proved.
Theorem (principle of the maximum). Necessary and enough condition of optimality of
the admissible control po = (plo peres pf ) and corresponding to it solution of the
boundary-value problem (1.1) - (1.3) is a satisfying by the functions

Hy(®(t, x',0" ) wp)=pi @(tx' ,v') - Bipd, i=1,....r (2.9)
of the conditions

i i:w spi =maxki; i9‘~|js isi: seees Iy .
Hi(@.",y’,p:") Hi(®.°,y°,P), i=1 (2.10)

where (I)? = q)o(t, x', vi), (i = 1,2,...,r) is the solution to the boundary-value
problem (2.6) - (2.7) subject to ¥ =/ ,,.

3. Construction of optimal control

For the optimal control construction, first we assume, that no restrictions are imposed
on the domain of admissible control parameters. Then it follows from (2.9), (14) that

optimal control po = (plo yeers pf ) must satisfy the conditions

pi(t)zzlﬁcl)(t,xi,z)pi), i=1,..r G.1)

Thus, the problem of construction of optimal control is reduced to the determining of
P’ =(pY.p?), ' and ®° from the equations (1.1) - (1.3), (2.1), (2.2) and (2.6),
2.7).

For the simplicity of reasoning henceforward, we assume that » = 3 and then
X, =X, X, =, X; = z, and the unit velocity vector in this case is f= (V5 v,,V3),
where v, =sinfcos@, v, =sinfsing, v, =cosf. We will investigate the

boundary-value problem (2.6) - (2.7), where, in accordance with [3 R 4], we assume

®(tax5yazaé/>¢):g(/u0)’ luo :§,§+ \1_42 \1_4”2 COS(¢_¢I) (32)
Then the equations (2.6) and (1.1) take the form of
ob  9'd 0D o’

aﬁq)+s,in€cos¢76¥q)+sinz9singoa¥q)+COS¢9f—77( 2 TS
or ox o A X

ﬂ‘ ¥ !1 !/ r !’
+ 2 [do'[ g(uy)0(t,x,,2,¢ ", 9)d¢ =0
4r %
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8—l//+sinﬁcosgpa—l//+sinﬁsingoa—l//+cos«9a—l//+0'1//(t,x,y,z,go,9)—

ot ox oy oz

L AN 2N L A Y RN Y I Tl
8x2 8y2 822 472_ : 71g /uo H 5ya H s

3 R SERN: S VR
i=1 P

We apply the spherical harmonics method to equation (3.3). For that, we consider the
system of spherical functions [4] :

C; = P(cos@), C;' =P"(cos@)cosmp, S =P"(cosd)sinme (3.5)
k=0,1,2...,m=0,1,2, ...,k
Here

1 d*
25k du”

B’ (u) =P (1) = [(u2 - l)kl k=0,12,... (3.6)

are Legendre polynomials [5],

A B _ (=) dt

R e [ =] k=012,.; m=012,..k (.7)

Bl ()=(1-4)
are the attached Legendre polynomials [4, 5]. It is known, that functions (3.6) and (3.7)

satisfy the orthogonally conditions of on the interval [— 1, 1],

1,j=k
0,j+k

2 (k+m)!

B 3.8
2k +1 (k—m)l 9

1
[ B (P (wdu = 5/, where & ={
-1

Function g(44,) can be presented as (see (3.2))

1& 1
g(ug) =S D kg P (y) where g, = [P (u)g(uy)dy (39)
k=0 —1

Here

P (uy) =B (P () + 2zm P/ (O)P/({Ycos(p—@)  (3.10)
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Solution of the equation (3.3) will be found in the form of

2k +1 (k—m)! A" (k M) o 3.11
{Zzuaz (ke N P U=y } o

k=0 m=0 k=1 m=1

where C" , S;" are determined by formulas (3.5) - (3.7), and 4," , B," are unknown
functions of arguments ¢, x, y, z.

The system of spherical functions (3.5) forms the orthogonal functions on the unit
sphere and complete function set in the Hilbert space. Therefore any continuous

function (D(t 2 Xy Vo Z, Q, 9) can be decomposed on the spherical functions to any
accuracy. In the decomposition (3.11), coefficients are defined by means of the integrals

2 1 2 1
= [do[ P (u)odu, 47 = [do| B (#)cosmpddy,
oA oA (3.12)
2z 1
= [do[ P (u)sinmpddyu
|
For convenience, we present function (3.11) as

(k—m)!
+m)!

O= " {Z(2k+1)P°(§)A° +2Z(2k+l)z P (&) A" cosmep+ B! sinm(p)}
T

Using this function and equalities (3.8) - (3.10), integral term in the equation (3.3) can
be transformed to

- jd¢ j gl YO(1,%, y,2,0',¢ VS —{Z(zz +1)g, P (1)4] +
(3.13)

+22(21+1) Z( ]) P’ (1)(A/ cos jo+ B/ sm](p)}

Now, the equation (3.3) can be presented as
2 2
—+«/1 — i COS(p—+«/1 smgo—+,u6g ob+ 77(a o 6—) fa
& G14)
+8{Z(21+1)g,P0(/J)A7 +2Z(2z+1)g,z( -/ ) Pf (1)(4/ cosjo+B/ sin W)}

2
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Equation (3.14) can be reduced to the system of differential equations with respect to
A", B, (k=0,1,2,K, m=0,1,K, k). For that, we multiply the equation (3.14)
inwm by B(a) (k=0,12K), 7 = B (u)cosmg, and S = P (u)sinmg
(k =0,1,2K, m=0,LLK, k), and integrate with respect to angular variables ¢ and
A in the limits from 0 up to 277 and from -1 up to 1, respectively. The following
recurrence relation from [4, 5] are used:

(ke 1 ()= = D )+ )7 ).
e e R 10

T e () (SR el PO (R e e )

G.15)

0<m<k-1

So, we multiply (3.14) by P, ( ,u) = Pko (y) and integrate a result with respect to variables
@ and 1 . Then, by virtue of the first of the formulas (3.12), we get
04"

J.dgoj‘—P ,u)d,u——jdgoj.d)P dy— Py (3.16)

Thus, we have found a transformation of the first term in the equation (3.14).

The second term of this equation will be equal to

o oD 1 0
[do[\1-p’ cosg— ~ P (u)du = Clal,+al) G
0 -1

2k+10x

Here, we used the first two formulae in (3.12), and the second identity from (3.15):

fwfﬂ P (u coswfdﬂ—ff -[Zk 1[k+1(ﬂ) P! (u)]cosgdy =

_[ Im )cos gD — Idwjﬂll )cosgDdu | = ! a(A]H1 Al)

2k+lf}x 2k +10x

The third term is treated by the similar way,
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2z

fdcofx/l 1 P (u snwf ﬂ—i f j[lm ' ()]sin g =

0

2k+1ayj Ikﬂ Jsin pdu - Idﬂl’kl )sin pddp

As aresult, we have
I . 0D 12
'([déﬂ'[x/l—#zﬂo(ﬂ)smfﬂaydﬂ = 2k+16y(3k+1 B, 1)

Now, we consider the fourth term of that equation. We use the first identity from (3.14)
for m=0:

2z 1
'(').dgo'l‘lﬂpk()(#)ai) a 2k+1 Id(o.[ i [k+1 F)k(ll( )+ kpko,l (,u)]dy =
2k1+1: {k“ Jd(ﬂfl@ﬂ‘ll dﬂ+kjal(pjlcpp,f1 )d,,} (3.18)
= D, )

The fifth, sixth, seventh and eighth terms contain constant coefficients, therefore they
are transformed to the following expression,

0° o 0°A4!
— oA’ +77[8+8y2)A" +& azzk (3.19)

Now we consider the next term,

A jd(pjpo S (20 + 1)g, P (i )Ady—8—27zz 2,+1gA,jpo P =

i=0

A

= é2(21' g —2— 5 = %(21{ +1)g, A4 Tl EgkA/‘f (k=0,1.2,.)
+

45 2k+1

A
Combining the formulae (3.15) - (3.19) and Egk A , we obtain the system with

respect to Af , A,i , B
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a1 o

ot 2k+1|ox
A o o 0

+[2gk —O'JA,? +77[8)62+8)/2]A£ +§g14,? =0, k=012,...

Lets  multiply now  equation (3.14) by C!"=P" (y)cosm(p for
(k =0,1,2,K, m=0,1,K, k) and integrate the result with respect to ¢ and £ from

(A/iﬂ - Ali—l )+ 88)/ (Bliﬂ - B/i—l )+ é‘ax ((k + I)A/(c)H + kA/(c)—l )} +
(320

0 to 27z and from -1 to 1, respectively. As a result, the first term takes a form of

0

5A,:" . To find expression for the second term, we use the second and third of
t
identities (3.14),

271

J‘J:/l—,u COS(/)—P )cosm@dycw:

a o 1 m+ m+
o R () B Gleos(om + )t +
0

271
2 6x I-[ 2k
S (" zmr () eos(m ~ g -
1 a m+l m+l
= —\4" -4
2(2k +1) ox ! =)+
1
+
2(2k+1)a
Let's transform the third term in the equation (3.14),

2z 1
Jdgojwll—,uz sin go(zﬁl’k”’(y)cos medu =
0 -1 Y

k +m)k+m—-1)P"" (u)-

0 [k+m)(k+m—1)A,f:' —(k—m+1)k—m+2)4"]

2z 1
=ij‘d¢j 1—yzﬂm(y)®sin¢cos modu =
Yo o5
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R S e SRR _
:5 Id(ﬂf 1—,uZPk (,U)‘DE[Sln(erl)(O—Sln(m—l)go]dy -
0 -1

2z 1

=y 3ry ) el el ()= e Galsinon + -
L0 g [k s mk+m - 1R ()

20y 2k+119 4 -
—(k—m+1)k —m+2)P"' (,u)]sin(m ~pdy =

10 1
S22kl B - B -

10 1

T eyoe (k+mYk +m—-1)B" = (k—m+1)k —m+2)B"']

Now we transform the fourth item in the equation (3.14), using the first of identities
(3.15):

2z 1 aq)
Jd(ﬂfﬂa—sz’" (12)cos mepdu =
0 -1

1 % oD ) )

gty o ke ) Gomee s
1 a 2z 1 . i

T 2k+loz !dgﬂjl[(k = m+ )R (1) + (k- m)PL, (1) o cos mepd s =
1 o i )

- 2k +1 5{(]( —m+ I)Akﬂ + (k + m)Ak—l }

The fifth-eight terms in the equation (3.13) take the form of

0’ 0* 0*
o+ —+— |[+E— |4
{ n(6x2 8y2j 5822} k

Now we find the last term at the left hand side of the equation (3.14):
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2z
A jdgojP”’ (u )cos m(/{z (2i +1)g, P (u)cos 0pA +

8 °

0
+2) i+ l)gl-zl (l:_ ]:)P,-"(u)(/l,-’ cos jp + B/ sin jo)|du =
i=0 Jj=1 (l + ])!

ﬂv 2z

0 1
=> . jdgoij’” ()cos m P, (1 )cos 0pdu(2i +1)g, 40 +
i=0 0 -1

+—2Z (2l+1)gl _J)J.dgoj.d,up"’(,u)x
X COS mgoP’(u)(A’ cos jo + B/ sin ]go)—

L3 Gieney ’),Ipm(mP (u Mz | -
:—Z(2z+1)gl (l )—5'A = (k m)‘ -

(G+mY2k+1 """ "(k+ )'

Thus, we have a system for determining of 4," and B,",

6 m 1 a m+1 m+l

A ——— (A — 4

ot * +2(2k+1)ax( ki - )+
1 0

+M£[(k+m)(k+m -4 —(k—m+1)(k—m+2)A/f"+]l]+
1 a m+1 m+1
— B - B )=
+2(2k+1)6y( k+1 k-1 )

10 - -
—2(2k+1)5(k+m)(k+m—1)Bk_11—(k—m+1)(k—m+2)Bk+ll]+

1@ ) ) or o’ Gk .
( )éz[(k m+1)A", + (k+m)Ak1]+{ry(ax2+ay] f—o}A
il (k - ”’)A,f"zo, k=120 m=12, k; (3.21)
T8 “(k+m)

Let's multiply the equation (3.14) by S = P (,u)sm me, (k =12,.; m= 1,2,...,k)
and integrate with respect to ¢ and g from 0 to 277 and from -1 to 1, accordingly.

Clearly that (':D is transformed to SB:’ , (k =12,.., m= 1,2,_“,k). Then,
t t



46 TABUIbIA HJIUMJIEP JKYPHAJIBI
Ramiz RAFATOV

Id¢jV1_ﬂ COS€0—P u)sin mody =
:a Id(oj 1—,u2Pk’”(ﬂ)Q)—[sin(m+1)go+sin(m—1)¢]dlu -

—1 a 7 1 m+l1 .
202k +1) ox I q’f [Pz (u)= Py (0))sin (m + D + (3.22)

S S R ——

_(k—m+1)(k—m+2) 1 (41 sin (m — 1 )pd gt =
1 a m+1 m+1
- —[B"-B
2(2k+1)ax[ el
10

+2(T+1)§ (k +m)k +m—1)B"] _(k_m+1)(k—m+2)3/:n;]1]

Further we have:

27 1
deﬂfx/l—/f sin(ﬂaa%am(y)sinm(pdu _
0 -1
a 2z 1 1
= 5[[6&0.[\/1 - uzpkm(#)cbz[cos(m — 1) —cos(m + l)go]dy} =
0 -1

(3.23)

mﬁ IM)ICD [k + m Yk + m = 1) (1) -

—(k—m+l)(k—m+2)Pk+1 (,u)]cos (m —1)pdu -
ma jdcojchM ()= P2 (u)eos (m + hpd s =
1
" 2Qk+1)ay

1 0
——_A A m+1
2(2k+1)ay[ p - ar]

O [k +m)k +m—1)4r7 —(k—m +1)k —m +2)477 ]
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Then we have:

R L .
Idcojﬂfl’k'” (u)sin mody =

7.[ ¢_[ k4l k m+ 1P () + (k +m)P", ]smmgody—

-1

1 m
= 15 O f-m0BE, + (4 m)Br ) (3.24)
The fifth-eighth terms from the equation (3.13) are transformed to the next form,
2 2 2
0 0
_o+ inr e B (3.25)
ox® oy’

Finally, the last term in the equation (3.14) is transformed to

AT dqojdy[i 21+ 1)g, P (1) +

+2Z(21+1 glzl: g_}_j;P’(,u)(A’cos jo + B/ sin ]go)} km(,u)sin me =
i=0 Jj=1

(326
—Z 2i+1 gl g )IIP (,u)B’P’”(,u)sm josin mopdpdu =

jﬂ'; (2i +1)g z: ])TBJJ‘PJ ()P (10)dus! =
ji(ZlH)g, (.+ §B IP (ﬂ)Pm(ﬂ)dﬂ_* ngrm;

Combining all of these expressions, we obtain the another one system with respect to
A, B,

0 m 1 0 m+1 m+1
— B+ ———(B/" - B"
ot 2(2k +1) ox (52 -
1
+—
2(2k +1) ox

1 6 m—1 m—1
Ma[(k'f‘"’l)(k‘l'm—l)Ak_] —(k—m+1)(k—m+2)Ak+] ]—

0 [+ m e+ m—=1)B" = (ke —m+1)k —m+2)B" |+
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! i(A;”jll—A,f’fll)+ L 9 (k—m+1)B!, +(k +m)B", ]+

202k +1) oy (k+1)oz
o* o A (k—m)
_ B" 4+ — —BmZO’ 3.27
+|:77(62 P J“‘f } k+2gk(k+m)! k ( )

k=12,., m=12,.k;

4. Derivation of the spherical harmonics method equations for the initial state

Let us rewrite equation (3.4) in the form of

a—l//Jm/l—yz cosqoaa—yl+w/1—y2 singo%—l//+ya—l//+
X

ot Oz

62
[0—77(5—2 ) f ; W.x.y.2,0,0)=
X
ﬂ, 2z 1
=1 Jdcﬂ'jg(ﬂo)l//(t,x,y, z,¢",9")dd" +
72'0 -1
11 . | | . . _
+EZ;®(t,xl,y’,Z',q0,9)5(x—x’,y—y’,z—z’)é((p—(p’,&—é”).(4.1)
i=l1 i

In order to apply a spherical harmonics method to this equation, we multiply (4.1) by
spherical functions (3.5) and integrate the result with respect to ¢ and g by turns,

within the limits from 0 to 277 and from —1 to 1, respectively. We use again the
recurrence relations (3.15).

First, we decompose function ¥ (, X, ¥, z,®,6) on the spherical functions (3.5),

{Z(2k+l)P°(§)ak +2Z(2k+l)z(k ’") P’” ()@} cosmp+b]" sinm(p)}, (4.2)

ml

where decomposition coefficients are determined according with the formulae

2z 1
—IdcojP v, af' = [do[ P (u)y cosmpdu,
oA (4.3)

= Idcof%m(ﬂ)wsinmcodﬂ
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Multiplying (4.1) by Pk(,u) = Pko (,u) and integrating with respect to the variables @
and 4, analogically with (3.16), we get
oa;

44
Py (4.4)

0
Id I l//PO )dy —Jd(pj.l//P dyz
Analogically with (3.17), we have

Id¢J\/1 e WP ()cos pdp =

2k +1 ; ( bt azlﬂ) 4.5)

The third term of the equation (4.1) takes a form of
2z 1 \/— 61// 1 a
d 1—p® ——=P°(u)sin =——1(b b ) (4.6)
_([ (”J‘] H o k(ﬂ) pdu 2k+lay(k+l kl)

We rewrite the next term by analogy with (3.18),

2z 1
of \O¥w ., 1 0
{dw_fl/lpk ()= dp === Ak + 1), +kal ). (4.7)
By analogy with (3.18), we obtain
0’ 0’ 0’
Lol G i) e it @9

The first term from the right hand side in the equation (4.1) is transformed to the form of

iIal(DJ.PO 2l+1)g (1a 0d,u——27rz 2i+1)g,a IJ.PO PO (1)dpe =
A 2 L A A
=N 0i+ead®—=—6 =Z0k+1)o,a® ———=Z04°

Now, we turn to the transformation of the second from the right term of the equation (4.1).
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r 27 1
S o] il ... 0.0Plp- 000 M.y 22
i=1 i o -1

@.10)
_2;1.5("_xi’y_yiaZ_Zi)B(O(ﬂi)q)(faxi,yi,zi,goi,ei),
where
PO(,U Yo(t,x', Y,z ,0') = Id¢jpo(#)§(¢ o .0-0du, @10

-1

From (4.4) - (4.10), we get the system of equations for determining of @, ,a, ,b, ,b, ,

agtk + 2k1+ 1 {aax (allm - allc—l )+ ;;(bliﬂ - bli—l )+ %((k + l)a/(f)ﬂ + ka’?*l )} +

+[ & —o+ ﬁ_{_i +§ﬁ ]ao—
ng g ox® oy’ o> T *

22;5(x—xi,y—yi,z—zi)ﬂo(yi)Q(t,xi,yi,zi,wi,Hi), k=0,1,2,3,... (412)

i=1

Now, we multiply equation (4.1) by C}" = P (1)cosm@ for (k=0,1,2,...;m=12,....k)
and integrate it with respect to ¢ and £ over the limits from 0 to 277 and from -1 to 1,

0
respectively. As a result, we obtain the first term in the form of —a,". To find the

expression for the second term, we use the previous reasoning for the A,f "B ,:" ,

271

_”w/l—/l cosgo—P’" )cosm(pdyd(p =

:2(21i+1)§x{ (a,'ffll _afjl)+[(k+m)(k+m—1)a]:"_‘ll _(k_m+1)(k—m+2)a,’f+‘ll] | (4.13)

2z 1

faof = sino 2 B lcosna

L @ @14)
1 1 0

Eﬁa{ [,ﬁ? _bﬁtl]_[(k+m)(k+m—1)blgl —(k—m+ 1)k —m+2)B"; 1] }

k+1
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The firth term in the equation (4.1) turns to

ot o * 4.
Lo S g -or b 19

By analogy with (3.14), the last from the right term in the equation (4.1) takes a form of

2z 1 0
iIa’(pJ‘P (1 )cosm(p{z (2i +1)g,P"(1)cos O’ +

87[ 0 1 i

+2°° (2i +1)g, i ({—J:)'R,(ﬂ)(a cos jo +a’ Smm)}dﬂ_ (4.16)
i=0 Jj=1 (l+])'
2R (i=m) - 2 (k-m)
o 2y e S G

By analogy with (4.10), we transform the first term of (4.1) ,

r 2 1
;Z; Id¢f Pkm(ﬂ)c()sm(ul)([,xi,yi’zi,¢,9)§(¢—¢[,9—9i)dﬂ6(x—xi,y—yi,Z—Zi)=
i=l Mi o -1

=;Z;5(x—xi,y—yi,z—Z")I’{”(ﬂ”)cosmqo"%,x",y",z",qo",é”')
=l Mi

Taking this into account and combining (4.12) — (4.16) , we have

gam + 1 E(amﬂ _am+1 )+
a " 202k+1)ox T
+2(2]1+ 0 ke + m)e+m=1)al = (k —m+ 1)k —m+2)a |+

+2(2/i+1)ai{ (b =)=k m = = (k= m 1)k 2

1 5[(k_m+1)a;1.+(k+m)a;”1]+{6—{az+82j ﬁ_é “ m)}

+7
(2k+1) &z o o) " 2% (erm)

EZ ﬁé(x X y=y,z=2)B' () cosmg ®(t,x ' 2 .¢.0),
i01

k=123,.;m=123,...m. 4.17)
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Now, we multiply equation (4.1) by S/ —P"’( )smm(p for (k = 0,1,2,...; m

=1,2,....k) and integrate the result over the limits from 0 to 27 and from -1 to 1 with
respect to ¢ and £/, respectively. Repeating last reasoning, we obtain a system with

respect to a," , b,

Oy 1 8{(bk+1 bk e m— 1) (e —m 1 —m+ 2| }+

T ok+) o

I ¢ { [(k+m)(k+m )", (k—m+1)(k—m+2)a,f;1]—(agl —a,':jl) }+

Ao
0 . ” o* & o A (k-mp|,
+(2k7+ [k m+lbk+l (k"'m)bkl]‘{o-_’{axz"'@/z] (172 Egk Ek+mﬂbk =

=EZ—§(x—x’, y—y =B () sinmgp O, ¥,y 2 ¢ .0, k=123,..m=123,...k
=l M

(4.18)

Equations derived from the boundary conditions for (1.1) and (2.6), namely the
equations (3.3) u (3.4), written not for general n-dimensional case, but for the n=3,
should be added to the equations (3.2), (3.21), (3.27), (4.12), (4.17) and (4.18). Since

the domain G in this particular case of three-dimensional space R . represents the
region with the boundary I of the form of a cylinder with the bases Iy and I', (z=0
and z = H), and lateral surface I ( x> +y>=p® with p being the radius of the

cylinder I"), we have

0
220 =0 F}V: z=H :O’ ‘//([sxsy,Z,(l),éz)‘rI:O fol" _1<‘u<0 (419)

_o, @

(? - a@j =0, Otx,3,2,0,8) ;=0 for 1>u>0 (420)
/A

Here, 4 is determined by the second of the equations (3.2). Conditions on the ends of
the control time interval [0 , T ] take the form of

W(t,%,9,2,0,8)| <0 =V (%, 3,2,0,8)

4.21)
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O(T,x,,2,0.8) =20y (T,x,3.2,0.£) ~y,(x.y.2.0.5)]  (422)  Boundary
conditions (4.19) — (4.22) for coefficients 4," , B, and a," ,b," k=0, 1,2,...;m
=0, 1, 2,..., k) in decompositions (3.11) u (4.2) of functions D(z,x, y,z,®,&) and
w(t,x,y,z,0,5) on spherical functions (3.5) have the form of

0A;"
Oz

OB i, O
= Oz

z=0 :( (32 k

_ B}

-H —
: Oz

-H :03

(———a4)

A (t,x,y, z,(p,f)‘ r, =B, x,y,z,gp,f)‘ r, =0 for 1>p>0423)
To derive the conditions, similar to (1.2) u (4.20) for decomposition coefficients (3.2) u
(4.2), on the ends of the control time interval [0 , T ], the functions ¥ (x, y,z,9,<&)

and y,(x,y,z,¢,&) from (1.2) and (4.20) must be decomposed on spherical
functions (3.5),

Vi p 2, E) = {izzk“(" MY g 3T 2k + 1)?‘ ’"i Z"b;':}

S=S1+6, (k+m)! k=1 m=1

Here a; , b} are Fourier coefficients of functions w,(x,y,z,¢,&) and

vi(x,0,2,0.8):

i —Jdcoj v, (62,20, OB (w)cosmpdu, byl = J dcoj v, (52,20, OB (u)sinmedu:
-1 -1

where i = 0,1. Now, from (3.2), (4.2), (4.19) - (4.23), it follows that
a:(taxayaz)‘,go :ag’k(x,y,z), bm(t X, y,Z) <0 bok('x y’Z) (424)

A'(T,x,y,z)= —2[a,:" (T,x,y,z)—a; (x,y, Z)], 4.25)
BIT(Tax’yaz) = —Z[b,:"(T,x,y,z)—bl’;‘{(x,y,z)] B

k=0,12,...,m=0,12,.. .k

Thus, optimal control functions p,(t), (i =1,2,...,7) in the problem of minimization

of pollution of the environment by detrimental impurities particles, where the
performance criterion has a form of integral quadratic functional (1.4), are determined

according with formulae (3.1). In particular, in the case of R 3, function from these
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formulae, are transformed into function ®(¢,x,y,z,,&), which is determined as a

solution of the equations (3.3) and (3.4) subject to the boundary conditions (4.19) —
(4.22). Method of spherical harmonics [3, 4, 6, 9] of this problem is reduced to the
infinite system of partial differential equations (3.2), (3.21) , (3.27) and (4.12), (4.17),
(4.18), subject to the special boundary conditions (4.23), (4.24) and (4.25).
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