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ABSTRACT

In this paper, we consider the class of square metrics F = α+ 2β + β2/α where α =
√
aijyiyj is a

Riemannian metric and β = bi(x)yi is a one-form on a manifold M . Let (M,F ) be a Douglas-square
manifold. We show that F is a Berwald metric if and only if it a weakly stretch metric. It results
that, a Douglas-square metric is R-quadratic if and only if it is a Berwald metric.
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1. Introduction

In 1929, Berwald construct an interesting family of projectively flat Finsler metrics on the unit ball Bn which
as follows

F =

(√
(1− |x|2)|y|2 + 〈x, y〉2 + 〈x, y〉

)2
(1− |x|2)2

√
(1− |x|2)|y|2 + 〈x, y〉2

. (1.1)

He showed that this class of metrics has constant flag curvature [3]. Berwald’s metric can be expressed as

F =
(α+ β)2

α
, (1.2)

where

α =

√
(1− |x|2)|y|2 + 〈x, y〉2

(1− |x|2)2
, β =

〈x, y〉
(1− |x|2)2

.

An Finsler metric in the form (1.2) is called a square metric.
Let (M,F ) be a Finsler manifold. In local coordinates, a curve c(t) is a geodesic if and only if its coordinates

(ci(t)) satisfy c̈i + 2Gi(ċ) = 0, where the local functionsGi = Gi(x, y) are called the spray coefficients. F is called
a Berwald metric, if Gi are quadratic in y ∈ TxM for any x ∈M . In this case, there exists Γijk = Γijk(x) such that

Gi =
1

2
Γijk(x)yjyk. (1.3)

The Douglas metrics are extension of Berwald metrics, which introduced by Douglas as a projective invariant
in Finsler geometry. A Finsler metric is called a Douglas metric if

Gi =
1

2
Γijk(x)yjyk + P (x, y)yi, (1.4)

where Γijk = Γijk(x) is a scalar function on M and P = P (x, y) is a homogeneous function of degree one
with respect to y on TM0. Equivalently, a Finsler metric is a Douglas metric if and only if Giyj −Gjyi are
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homogeneous polynomials in (yi) of degree three [1]. If P = 0, then F reduces to a Berwald metric. If Γ = 0,
then F is a projectively flat Finsler metric.

Other than Douglas metrics, there exist some extensions of Berwald metrics. Let (M,F ) be a Finsler manifold.
There are two basic tensors on Finsler manifolds: fundamental metric tensor gy and the Cartan torsion Cy,
which are second and third order derivatives of 1

2F
2
x at y ∈ TxM0, respectively. The rate of change of the

Cartan torsion along geodesics, Ly is said to be Landsberg curvature. Finsler metrics with vanishing Landsberg
curvatures are called Landsberg metrics. Every Berwald metric is a Landsberg metric. Taking trace with respect
to gy in first and second variables of Cy and Ly gives rise mean Cartan torsion Iy and mean Landsberg
curvature Jy, respectively. The mean Landsberg curvature is the rate of change of the mean Cartan torsion along
geodesics. As a generalization of Landsberg curvature, Berwald introduced the notion of stretch curvature and
denoted it by Σy [4]. He showed that Σ = 0 if and only if the length of a vector remains unchanged under the
parallel displacement along an infinitesimal parallelogram. Then, this curvature investigated by Matsumoto
in [7]. Taking trace with respect to gy in first and second variables of Σy gives rise mean stretch curvature Σ̄y

[9][14][18]. A Finsler metric is said to be weakly stretch metric if Σ̄ = 0. By definition, every weakly Landsberg
metric is a weakly stretch metric.

In [19], the first author with Tabatabeifar proved that every Douglas-Randers metric with vanishing stretch
curvature is a Berwald metric. In this paper, we consider Douglas-square metrics with vanishing mean stretch
curvature and obtain the following.

Theorem 1.1. Let (M,F ) be a Douglas-square manifold of dimension n ≥ 3. Then F is a Berwald metric if and only if
it is a weakly stretch metric.

A Finsler spaces is said to be R-quadratic if its Riemann curvature Ry is quadratic in y ∈ TxM [2]. By
definition, every Berwald metric is R-quadratic. It is proved that every R-quadratic metric is a stretch metric
(see [8][10]). Since every stretch metric is a weakly stretch metric, then by Theorem 1.1 we conclude the
following.

Corollary 1.1. Let F = α+ 2β + β2/α be a Douglas metric on a manifoldM of dimension n ≥ 3. Then F is R-quadratic
if and only if it is a Berwald metric.

There are many connections in Finsler geometry [5][11][12]. Throughout this paper, we use the Cartan
connection on Finsler manifolds. The h- and v- covariant derivatives of a Finsler tensor field are denoted by “|"
and “, ", respectively.

2. Proof of Theorem 1.1

Let F = α+ 2β + β2/α be a square metric on an n-dimensional manifold M , where α =
√
aij(x)yiyj is a

Riemannian metric and β(y) = bi(x)yi is a 1-form on M . Define bi;j by bi;jθj := dbi − bjθ ji , where θi := dxi and
θ ji := γjikdx

k denote the Levi-Civita connection forms of α. Let

rij :=
1

2
(bi;j + bj;i) , sij :=

1

2
(bi;j − bj;i) , sij := aihshj , sj := bisij , rj := birij ,

s0 := siy
i, r0 := riy

i, rj0 := rjiy
i, r00 := rijy

iyj , si0 := sijy
j ,

where bi := aijbj and (aij) = (aij)
−1.

To finding the relation between the Levi-Civita and Cartan connections of α and F , we put the difference
tensor Di

jk := Γijk − γijk, where Γijk and γijk denoted the Cheristoffel symbols of the Cartan connection of F and
the Levi-Civita connection of α, respectively. The tensor Dj

ik is called the difference tensor which is computed
by Matsumoto in [7]. Now, let ∇k be the covariant differentiation by xk with respect to associated Riemannian
connection. Let us put

bi;j := ∇jbi :=
∂bi
∂xj
− brγrij , rijk := ∇krij , sijk := ∇ksij . (2.1)

We recall that the index 0 mean contraction by yi. For example r0jk = rijky
i.

For a square metric F = α+ 2β + β2/α, the following holds

Gi = Giα +
2α

1− s
si0 +

θ

1− s

{
(1− s)r00 − 4αs0

}{yi
α

+ χbi
}
, (2.2)

189 www.iejgeo.com

http://www.iej.geo.com


Douglas-Square Metrics with Vanishing Mean Stretch Curvature

where Gi and Giα are the spray coefficients of F and α, respectively, and

θ :=
1− 2s

−3s2 + 2b2 + 1
, χ :=

1

1− 2s
, s :=

β

α

and b2 := ||β||α =
√
aijbibj (see [13], [15], [16] and [20]).

In [6], Li-Shen-Shen characterized (α, β)-metrics with vanishing Douglas curvature. In particular, we will
use the following.

Lemma 2.1. Let F = α+ 2β + β2/α be a square metric on an open subset U ⊂ Rn (n ≥ 3). Then F is a Douglas metric
if and only if

bi;j = 2τ
{

(1 + 2b2)aij − 3bibj

}
, (2.3)

where τ = τ(x) is a scalar function on U .

Put
Di := 2(Gi −Giα),

By assumption, the square metric F = α+ 2β + β2/α has vanishing Douglas curvature. Then, by Lemma 2.1, β
is a close 1-form, i.e., sij = 0. In this case, by (2.2) we get

Di = 2θ

(
yi

α
+ χbi

)
r00. (2.4)

Taking a vertical derivative of (2.4) yields

Di
j = Byibj + Cyiyj −Dδij − Eyir0j +Gbibj −Hbiyj +Kbir0j , (2.5)

where

B :=
−4(2α2b2 + 3β2 − 3αβ + α2)r00

(2α2b2 − 3β2 + α2)2
,

C :=
2
[
2β(2α2b2 + 3β2 − 3αβ + α2) + (2β − α)(2α2b2 − 3β2 + α2)

]
r00

α2(2α2b2 − 3β2 + α2)2
,

D :=
2(2β − α)r00

(2α2b2 − 3β2 + α2)
,

E :=
4(2β − α)

(2α2b2 − 3β2 + α2)
,

G :=
12α2βr00

(2α2b2 − 3β2 + α2)2
,

H :=
12β2r00

(2α2b2 − 3β2 + α2)2
,

K :=
4α2

(2α2b2 − 3β2 + α2)
.

By contracting (2.5) with bi, we have

biD
i
j = (Bβ −D +Gb2)bj + (Cβ −Hb2)yj + (Kb2 − Eβ)r0j . (2.6)

Putting bi|j = bi;j − brDr
ij in (2.6) yields

bi|0 = −(Bβ −D +Gb2)bi − (Cβ −Hb2)yi + (1 + Eβ −Kb2)r0i. (2.7)

Multiplying (2.7) with yi implies that

b0|0 = −(Bβ −D +Gb2)β − (Cβ −Hb2)α2 + (1 + Eβ −Kb2)r00. (2.8)

www.iejgeo.com 190

http://www.iej.geo.com


A. Tayebi & N. Izadian

On the other hand, the mean Cartan torsion of a square metric F = α+ 2β + β2/α is given by

Ii := − 1

2α
A
(
bi − α−2βyi

)
, (2.9)

where

A :=
2(n− 2)s

1− s2
− 2(n+ 1)

1 + s
+

6s

1− 3s2 + 2b2
.

By (2.9) we have

Ji =
1

2α4

(
Aα|0 −A|0α

)
(α2bi − βyi)−

A

2α
bi|0 +

A

2α4
(αb0|0 − 2βα|0)yi +

Aβ

2α3
yi|0. (2.10)

By putting (2.7) and (2.8) in (2.10), one can get the following

Ji = Xbi + Y yi −Wr0i, (2.11)

where X , Y and W are listed in Appendix. By taking a horizontal derivation of (2.11) along a geodesic and
contracting the result with bi, we get

biJi|0 = γ
(
b1r00|0 + b2r0r00 + b3r

2
00 + b4b

ir0i|0 + b5r0 + b6r
2
0 + b7r0|0 + b8r00

)
, (2.12)

where bi (1 ≤ i ≤ 8) are listed in Appendix, and

γ : =
1

α2 (α2 − β2)
2

(2α2b2 + α2 − 3β2)
5 .

By some computations, we get
r0|0 = biri0|0, (2.13)

ri0|0 = ri00 − rimDm
00 − rm0D

m
i0 , (2.14)

r00|0 = A
(

4α5b2r200 + 2α5r200 + 4α4b4r000 − 8α4b2βr00 − 8α4b2r0r00 − 6r200α
3

−18α3β2r200 + 24α2β3r200 + 4α4b2r000 − 4α4βr00 − 4α4r0r00 − 12α3b2r200

−12 α3 β2r00 − 6α2β2r000 − 12α2b2β2r000 + 20α2b2βr200 + 12α2β3r00

+α4r000 + 12α2β2r0r00 + 9β4r000 + 10α2βr200

+18αβ2r200 − 30β3r200

)
, (2.15)

where
A :=

1

(2b2α2 + α2 − 3β2)2

Thus, we have

biri0|0 = biri00 + A
(

8α4b4r200 − 12α4b2βr0r00 + 4α4b4biri00 − 4α4 b2r20 − 4α4b2r0r00

+4α4b2r200 − 8α3b2βr200 + 4α2b2β2r200 + 12β3r00α
2r0 − 12α2b2β2biri00

−4α2β2 r200 − 6αβ3r200 + 4α4 b2biri00 − 2α4 r20 − 2α4 r0r00 − 4α3b2r0r00

−2α3r0r00 − 8α2b2β2r00 + 4α2b2βr0r00 + 6α2β2r20 − 4α2β2r00

+6αβ2r0r00 + 9β4biri00 − 6α2β2biri00 + 6α2β2r0r00 + 2α2βr0r00

+α4biri00 − 12αβ3r00 + 12β4r200 + 2α3β r200 + 12β4r00 − 6β3r0r00

)
. (2.16)

By definition of the Cartan connection, we have gij|s = 0 and then gij|s = 0. Therefore, we have

Σ̄kl = gijΣijkl = gij(Lijk|l − Lijl|k) = Jk|l − Jl|k.
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By assumption, F is a weakly stretch metric Σ̄ = 0. Thus Ji|k = Jk|i. Contracting it with yk yields Ji|kyk = 0
or Ji|0 = 0. This equation is equivalent to that for any linearly parallel vector field u along a geodesic c, the
following holds:

d

dt

[
Jċ(u)

]
= 0.

The geometric meaning of this is that the rate of change of the mean Landsberg curvature is constant along any
Finslerian geodesic.

Since Ji|0 = 0, then biJi|0 = 0. Then by putting (2.13), (2.14), (2.15) and (2.16) in (2.12), we get

γ
(
A16α

16 + · · ·+A1α+A0

)
= 0. (2.17)

where Ai (0 ≤ i ≤ 16) are given in the Appendix. By (2.17) we get

A16α
16 +A14α

14 + · · ·+A2α
2 +A0 = 0, (2.18)

A15α
14 +A13α

12 + · · ·+A3α
2 +A1 = 0. (2.19)

By (2.18) and (2.19) we get

3(3n+ 10)βr000 + (97n+ 350)r200 = fα2, (2.20)
3(4n− 10)βr000 − (353n+ 759)r200 = gα2, (2.21)

where f = f(x, y) and g = g(x, y) are homogeneous functions of degree 2 with respect to y on TM . (2.21) implies
that

r000 = h α2 + k r200, (2.22)
where h = h(x, y) and k = k(x, y) are homogeneous functions of degree 1 with respect to y on TM . Putting
(2.22) in (2.20) yields

r00 = tα2, (2.23)
where t = t(x, y) is a homogeneous function of degree 0 with respect to y on TM .

By Lemma 2.1, the following holds

bi;j = 2τ
{

(1 + 2b2)aij − 3bibj

}
, (2.24)

where τ = τ(x) is a scalar function. We claim that τ = 0. On contrary, suppose that τ 6= 0. Thus by (2.24), we get

rij = 2τ
{

(1 + 2b2)aij − 3bibj

}
. (2.25)

which yields
r00 = 2τ

{
(1 + 2b2)α2 − 3β2

}
. (2.26)

By (2.23) and (2.26), we get

α2 =

[
6τ

2τ(1 + 2b2)− t

]
β2.

This contradicts with the positive-definiteness of α. Then τ = 0. By considering (2.24), it follows that β is
parallel with respect to α. Therefore, F reduces to a Berwald metric.

3. Appendix

X := X̃
(
4n b

4
β r00α

9 − 8nb
4
β
2
r00α

8 − 4nb
4
β
3
r00α

7
+ 4n b

4
β
4
r00α

6
+ r00α

8
+ 4b

4
β r00α

9 − 2nb
2
βr00α

9
+ 4b

4
β
2
r00α

8

−4b
4
β
3
r00α

7 − 40nb
2
β
3
r00α

7
+ 4b

4
β
4
r00α

6
+ 22nb

2
β
4
r00α

6
+ 30nb

2
β
5
r00α

5 − 18nb
2
β
6
r00α

4 − 2b
2
βr00α

9 − 2nβr00α
9

+4b
2
β
2
r00α

8
+ 10nβ

2
r00α

8 − 8nb
4
βr00α

7 − 4b
2
β
3
r00α

7 − 10nβ
3
r00α

7
+ 8nb

4
β
2
r00α

6 − 20b
2
β
4
r00α

6 − 26nβ
4
r00α

6

+30b
2
β
5
r00α

5
+ 60nβ

5
r00α

5 − 8nb
4
β
4
r00α

4 − 24b
2
β
6
r00α

4 − 18nβ
6
r00α

4 − 36nβ
7
r00α

3
+ 18nβ

8
r00α

2 − 2βr00α
9

−12b
2
βr0α

8
+ 4nb

2
r00α

8
+ 10β

2
r00α

8 − 8b
4
βr00α

7 − 8nb
2
βr00α

7 − 10β
3
r00α

7 − 4b
4
β
2
r00α

6
+ 24b

2
β
3
r0α

6

−20β
4
r00α

6
+ 8b

4
β
3
r00α

5 − 9β
7
r00α + 14nb

2
β
3
r00α

5
+ 42β

5
r00α

5 − 2b
4
β
4
r00α

4 − 12b
2
β
5
r0α

4 − 26nb
2
β
4
r00α

4

−12nb
2
β
5
r00α

3 − 54β
7
r00α

3
+ 18nb

2
β
6
r00α

2
+ 36β

8
r00α

2
+ b

2
r00α

8 − 6βr0α
8

+ nr00α
8 − 8b

2
βr00α

7 − 2nβr00α
7

+30β
3
r0α

6 − nβ
2
r00α

6
+ 32b

2
β
3
r00α

5
+ 5nβ

3
r00α

5 − 5b
2
β
4
r00α

4 − 42β
5
r0α

4 − 11nβ
4
r00α

4 − 12b
2
β
5
r00α

3

+3b
2
β
6
r00α

2
+ 18β

7
r0α

2
+ 18nβ

6
r00α

2 − 9nβ
8
r00 − 2βr00α

7
+ 8β

2
r00α

6
+ 5β

3
r00α

5 − 29β
4
r00α

4 − 6β
5
r00α

3

+24β
6
r00α

2
+ 3nβ

5
r00α

3
+ 5b

2
β
2
r00α

6
+ 6β

6
r00α

4
+ 2nb

2
β
2
r00α

6 − 2b
4
r00α

8
+ 8nb

4
β
3
r00α

5
+ 4nb

4
r00α

8
+ 16nb

2
β
2
r00

)
,
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Y := Ỹ
(
8b

4
βnr00α

10 − 8nb
4
β
2
r00α

9 − 16b
4
β
5
α
6

+ 8nb
4
β
5
r00α

6
+ 8b

4
β r00α

10
+ 8nb

2
β r00α

8 − 16n b
4
β
2
α
5

+ 16b
4
β
2
r00α

9

−8nb
4
βr00α

9 − 20nb
2
β
2
r00α

9
+ 24nb

4
β
2
r00α

8 − α
9
r00 − 24nα

8
b
2
r00β

3
+ 16nb

4
β
4
α
7 − 8nb

4
β
3
r00α

7
+ 72nb

2
β
4
r00α

7

+8b
4
β
5
r00α

6 − 16nb
4
β
4
r00α

6 − 4nb
2
β
5
r00α

6 − 36nb
2
β
6
r00α

5
+ 12nb

2
β
7
r00α

4
+ 8b

2
βr00α

10
+ 2nβr00α

10 − 16b
4
β
2
α
9

+8nb
4
β
5
r00α

5 − 4nb
4
r00α

9 − 16nb
2
β
2
α
9 − 8b

2
r00β

2
α
9 − 8nb

2
βr00α

9 − 8nβ
2
r00α

9 − 16b
4
β
3
α
8

+ 8nb
2
β
3
α
8

+24nb
2
β
2
r00α

8 − 6nβ
3
r00α

9
+ 16b

4
β
4
α
7

+ 16nb
4
β
3
r00α

7
+ 48nb

4
β
2
r00α

7
+ 112nb

2
β
4
α
7

+ 24b
2
β
4
r00α

7
+ 28nb

2
β
3
r00α

7

+54nβ
4
r00α

7 − 16b
4
β
4
r00α

6 − 28nb
4
β
3
r00α

6 − 88nb
2
β
5
α
6

+ 56b
2
β
5
r00α

6 − 124nb
2
β
4
r00α

6 − 22nβ
5
r00α

6
+ 8b

4
β
5
r00α

5

−28nb
4
β
4
r00α

5 − 48b
2
β
6
r00α

5
+ 44nb

2
β
5
r00α

5 − 18nβ
6
r00α

5
+ b

4
β
5
r00α

4
+ 48nb

2
β
7
α
4

+ 72nb
2
β
6
r00α

4
+ 78nβ

7
r00α

4

+2βr00α
10 − 36nb

2
β
7
r00α

3
+ 54nβ

8
r00α

3 − 36nβ
9
r00α

2 − 4b
4
r00α

9 − 16b
2
β
2
α
9 − 8b

2
βr00α

9 − 4nb
2
r00α

9 − 4nβ
2
α
9

−8β
2
r00α

9 − 2nβr00α
9 − 24b

4
βr00α

8 − 16b
2
β
3
α
8 − 24b

2
β
2
r0α

8 − 6β
3
r00α

8
+ 6nβ

2
r00α

8
+ 40b

2
β
4
α
7

+ 40b
2
β
3
r00α

7

+52nβ
4
α
7

+ 48β
4
r00α

7
+ 16nβ

3
r00α

7
+ 32b

4
β
3
r00α

6
+ 8b

2
β
5
α
6

+ 48b
2
β
4
r0α

6 − 40b
2
β
4
r00α

6 − 28nb
2
β
3
r00α

6 − 4nβ
5
α
6

−58nβ
4
r00α

6 − 28 b
4
r00β

4
α
5 − 72b

2
β
6
α
5 − 40b

4
β
5
r00α

5 − 172nb
2
β
4
r00α

5 − 144nβ
6
α
5 − 96β

6
r00α

5
+ 24b

4
β
5
r00α

4

−24b
2
β
6
r0α

4
+ 84b

2
β
6
r00α

4
+ 96nb

2
β
5
r00α

4
+ 54β

7
r00α

4
+ 144nβ

6
r00α

4 − 48b
2
β
7
r00α

3
+ 84nb

2
β
6
r00α

3
+ 72nβ

8
α
3

−36nβ
9
α
2 − 72β

9
r00α

2 − 72nβ
8
r00α

2
+ 36β

9
r00α − 4α

9
b
2
r00 − 4β

2
α
9 − 2βr00α

9 − nr00α
9 − 12b2βr00α

8 − 4β
3
α
8

−36nb
2
β
7
r00α

2
+ 6β

2
r00α

8
+ 36b

2
β
2
r00α

7
+ 52β

4
α
7

+ 16β
3
r00α

7
+ 18nβ

2
r00α

7
+ 44b

2
β
3
r00α

6
+ 8β

5
α
6

+ 60β
4
r0α

6

−7nβ
3
r00α

6 − 76b
2
r00β

4
α
5 − 108β

6
α
5 − 22β

5
r00α

5 − 88nβ
4
r00α

5
+ 12b

2
β
5
r00α

4
+ 36β

7
α
4 − 84β

6
r0α

4
+ 114β

6
r00α

4

+45nβ
5
r00α

4
+ 108 b

2
β
6
r00α

3 − 24 β
7
r00α

3
+ 150nβ

6
r00α

3 − 108b
2
β
7
r00α

2 − 72β
9
α
2

+ 36β
8
r0α

2 − 108β
8
r00α

2

+72β
9
r00α − 63nβ

8
r00α + 27nβ

9
r00 + 18β

2
r00α

7
+ 14β

3
r00α

6 − 76β
4
r00α

5
+ 72β

8
r00α

3 − 18β
5
r00α

4
+ 126β

6
r00α

3

−99β
8
r00α + 90β

9
r00 − 16nβ

5
r00α

5
+ 60nβ

7
α
4 − 48b

2
β
3
r00α

8 − 8b
4
βr00α

9 − 16nb
4
β
5
α
6

+ 32nb
4
β
3
α
8

+ 60nb
2
β
2
r00α

7

+12b2β
2
r00α

8 − 4nβ
3
α
8 − 72nb

2
β
6
α
5 − 54nβ

7
r00α

3
+ 72b

2
β
7
α
4 − 10β

5
r00α

6
+ 108β

8
α
3 − 52β

4
r00α

6 − 12β
2
r0α

8

−81nβ
7
r00α

2 − 54β
7
r00α

2
)
,

W := W̃
(
2nb

2
α
5 − 4nb

2
βα

4 − 2nb
2
β
2
α
3 − 6β

5
+ 2nb

2
β
3
α
2

+ 2b
2
α
5

+ nα
5

+ 2b
2
βα

4 − 2nβα
4 − 2b

2
β
2
α
3 − 4nβ

2
α
3

−4β
2
α
3

+ 2b
2
β
3
α
2

+ 7nβ
3
α
2

+ 3nβ
4
α − 3nβ

5
+ α

5 − 2βα
4

+ 4β
3
α
2

+ 3β
4
α
)
,

b1 := 32nb
10
βα

15 − 64nb
10
β
2
α
14 − 32nb

10
β
3
α
13

+ 32b
10
β
4
α
12

+ 32b
10
βα

15
+ βα

13
+ 16nb

8
βα

15
+ 32b

10
β
2
α
14

+ 32nb
8
β
2
α
14

−416nb
8
β
3
α
13

+ 192b
6
β
3
α
13

+ 32b
10
β
4
α
12

+ 496nb
8
β
4
α
12

+ 336nb
8
β
5
α
11 − 64nb

10
βα

13
+ 32nb

10
α
14 − 224b

8
β
3
α
13

+32b
8
β
2
α
14 − 272nb

8
β
6
α
10 − 44β

6
α
10 − 176b

2
β
4
α
11 − 134nb

2
β
3
α
11 − 96β

5
α
11 − 40b

4
β
3
α
11 − 28nβ

4
α
11

+ 64nb
2
β
4
α
10

−1028b
4
β
4
α
10

+ 392b
2
β
5
α
10

+ 94nβ
5
α
10

+ 18β
4
α
12 − 6nβ

3
α
12

+ 632b
2
β
6
α
9

+ 1046b
2
β
5
α
9

+ 384b
4
β
5
α
9

+ β
7
α
8

−1224b
4
β
7
α
7 − 720b

2
β
8
α
7 − 3258nb

2
β
7
α
7 − 60β

8
α
8

+ 32nb
8
β
2
α
13

+ b
2
β
4
α
12

+ 128nb
6
β
2
α
14 − 24nb

6
βα

15
+ 64nb

10
β
3
α
11

+336b
8
β
5
α
11

+ 32nb
8
β
4
α
11

+ 1416nb
6
β
5
α
11 − 64nb

10
β
4
α
10 − 320b

8
β
6
α
10 − 128nb

8
β
2
α
13 − 24nb

6
β
4
α
12 − 96nb

8
β
3
α
12

−224b
8
β
4
α
12 − 20nb

4
βα

15 − 112nb
8
βα

13
+ 64nb

6
β
2
α
13 − 32nb

8
β
4
α
10 − 16b

10
β
4
α
10

+ b
8
β
5
α
10 − 168b

6
β
4
α
12

+ 888b
6
β
5
α
11

−308nb
4
β
4
α
12 − 176nb

6
β
4
α
11 − 64b

8
β
4
α
11

+ 432nb
4
β
5
α
11

+ 176nb
8
β
3
α
11

+ 64b
10
β
3
α
11 − 192nb

6
β
3
α
12

+ 32b
8
β
2
α
13

−64nb
6
β α

13
+ 32nb

4
β
3
α
13 − 14n b

4
β
3
α
12 − 24b

8
β
6
α
8

+ 360b
4
β
5
α
11 − 300nb

2
β
5
α
11

+ 512b
8
β
3
α
11 − 320nb

6
β
4
α
11

−312n b
4
β
4
α
11 − 88 b

8
β
4
α
10

+ 224b
6
β
5
α
10 − 160nb

6
β
4
α
10 − 48b

4
β
6
α
10 − 1152b

4
β
7
α
9

+ 240nb
4
β
6
α
9

+ 756nb
2
β
7
α
9

+384nb
6
β
6
α
8

+ 1176nb
4
β
5
α
10

+ 260nb
2
β
6
α
10 − 176b

8
β
5
α
9

+ 320b
6
β
6
α
9

+ 728n b
6
β
5
α
9 − 2664nb

4
β
7
α
8

+ 576b
4
β
8
α
8

−192b
2
β
5
α
11 − 164nb

2
β
4
α
11

+ 1296nb
4
β
9
α
6

+ 648nb
2
β
10
α
6 − 648nb

4
β
10
α
5 − 864nb

2
β
9
α
7 − 360nb

6
β
8
α
6 − 26nb

2
β
12
α
4

−4b
4
βα

15
+ 12b

6
α
14

+ 16nb
4
α
14

+ 4b
2
β
2
α
14 − 2nβ

2
α
14 − 64b

6
βα

13
+ 48b

4
β
2
α
13 − 8nb

4
βα

13
+ 44b

2
β
3
α
13

+ 16nb
2
β
2
α
13

−1080b
4
β
10
α
6 − 102nβ

5
α
11 − 976b2

3
β
4
α
10

+ 528b
4
β
5
α
10

+ 100nb
4
β
4
α
10

+ 572nb
2
β
5
α
10 − 32nβ

6
α
10 − 736 b

6
β
5
α
9

+452nb
2
β
6
α
9 − 288nb

4
β
6
α
8 − 2304nb

2
β
7
α
8

+ 72b
2
β
8
α
8 − 156nβ

8
α
8 − 8b

8
α
14

+ 88b
4
β
6
α
9 − 16b

2
β
6
α
10

+ 1680nb
4
β
5
α
9

+528b
6
β
6
α
8 − 1368b

4
β
7
α
8 − 14nb

2
β
2
α
12 − 408n b

6
β
7
α
7 − 288b

4
β
8
α
7 − 540b

2
β
9
α
7

+ 72nb
2
β
8
α
7 − 1026b

2
β
8
α
6

+1296b
2
β
12
α
3 − 1512nb2β

11
α
3 − 648β

13
α
3

+ 702nβ
12
α
3

+ nβα
13

+ 648β
14
α
2

+ 486nb
2
β
12
α
2

+ 648nβ
13
α
2 − 324nβ

14
α

+4b
2
βα

13
+ 2β

2
α
13

+ 16b
2
β
2
α
12 − 6β

3
α
12 − 10b

2
β
3
α
11

+ 1260β
9
α
6 − 28β

4
α
11 − 24β

3
α
11 − 308b

2
β
4
α
10

+ 88 β
5
α
10

+205nβ
5
α
9

+ 7nβ
4
α
10

+ 740b
2
β
5
α
9

+ 110b
2
β
6
α
8 − 252β

8
α
7 − 840nβ

7
α
7

+ 48nb
6
β
5
α
10

+ 60nb
4
β
6
α
10 − 32b

8
β
6
α
9

−102α
9
b
6
β
7
α
9 − 304nb

6
β
6
α
9

+ 1032b
6
β
8
α
8 − 1296nb

4
β
7
α
9

+ 2nb
8
β
6
α
8 − 480nb

6
β
7
α
8

+ 104nb
4
β
8
α
8

+ 240nb
6
β
8
α
7

−540nb
4
β
10
α
6 − 20b

4
βα

15 − 4nb
2
βα

15
+ 48nb

6
α
14

+ 40b
4
β
2
α
14

+ 4nb
2
β
2
α
14 − 112b

8
βα

13
+ 414nβ

8
α
6

+ 3240b
2
β
9
α
5

−18β
10
α
5

+ 1755n beta
9
α
5 − 1332 b

2
β
10
α
4 − 1674β

11
α
4 − 2322 b

2
β
11
α
3

+ 648β
12
α
3 − 1728nβ

11
α
3

+ 2052b
2
β
12
α
2

−324β
13
α
2

+ 891nβ
12
α
2 − 648β

14
α + 567nβ

13
α − 24β

3
α
11 − 14β

4
α
10

+ 193β
5
α
9 − 744β

7
α
7

+ 102 β
6
α
8 − 180β

8
α
6

+891β
13
α − 252β

10
α
4 − 810β

14 − 1728β
11
α
3

+ 1026β
12
α
2
,+4nb

8
α
14

+ 64nb
10
β
2
α
12 − 64b

10
βα

13
+ 1539 β

9
α
5

+1980b
4
β
6
α
8

+ 16b
8
βα

15 − 296nb
6
β
3
α
13 − 32b

10
β
3
α
13

+ 108b
4
β
8
α
7

+ 34nb
2
β
11
α
5 − 612n b

2
β
8
α
8 − 528 b

6
β
7
α
8

−24nb
6
β
3
α
11

+ 64 b
6
β
2
α
13

+ 2b
2
α
14 − 3276n b

4
β
7
α
7

+ 504β
7
α
9

+ 432b
2
β
7
α
9

+ 972β
13
α
2 − 918β

10
α
4

+ 76nb
4
β
9
α
7

−176nb
8
β
5
α
9

+ 136β
6
α
9
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b2 := 16nb
8
α
15 − 384nb

6
β
2
α
14 − 22b

2
β
2
α
12

+ 48β
3
α
12 − 96nβ

2
α
12

+ 1920b
2
β
3
α
11

+ 324b
2
β
4
α
10 − 616β

5
α
10

+ 88β
4
α
11

−12528nb
2
β
5
α
9 − 136β

6
α
9 − 812nβ

5
α
9

+ 4836b
2
β
6
α
8

+ 570nβ
4
α
10

+ 2376β
7
α
8 − 1352nβ

6
α
8

+ 2150b
2
β
7
α
7 − 600β

8
α
7

−3672β
9
α
6 − 2700b

2
β
9
α
6

+ 264b2β
7
α
8 − 11454 b

2
β
8
α
6

+ 128nb
6
β
4
α
12 − 192nb

6
β
5
α
11

+ 128b
6
βα

15 − 192nb
4
β
2
α
14

+96nb
4
βα

15
+ 64nb

6
β
6
α
10

+ 128b
6
β
4
α
12

+ 192nb
6
β
3
α
12

+ 1056nb
4
β
4
α
12 − 64nb

6
β
4
α
11

+ 1056nb
4
β
5
α
11 − 12b

6
β
5
α
11

−576nb
4
β
3
α
13

+ 416b
6
βα

13
+ 960nβ

5
α
11

+ 4b
4
β
4
α
11

+ 1752nb
4
β
3
α
11

+ 1440b
2
β
5
α
11

+ 432nb
2
β
4
α
11 − 192b

2
β
4
α
12

−34β
4
α
12 − 64nb

6
β
2
α
13 − 6b

6
β
3
α
11 − 96b

4
β
2
α
13

+ 24nb
4
βα

13 − 192b
2
β
3
α
13

+ 32nb
6
α
15 − 48nb

2
β
2
α
13 − 456b

6
β
2
α
12

−48nβ
3
α
13

+ 192 b
4
β
3
α
12 − 1200nb

4
β
2
α
12

+ 160b
6
β
6
α
10 − 576n b

4
β
7
α
9 − 128nb

6
β
5
α
10

+ 576nb
4
β
8
α
8 − 1632nb

4
β
6
α
10

+64nb
6
β
6
α
9

+ 96nb
2
β
2
α
14

+ 48nb
6
α
14 − 144b

4
β
2
α
14

+ 288nb
4
β
3
α
12 − 96α

14
b
4 − 12nb

2
β
4
α
12 − 58b

4
β
4
α
12

+ 12b
6
β
4
α
11

+288b
4
β
5
α
11

+ 38nb
4
β
4
α
11

+ 2928nb
2
β
5
α
11

+ 1568nb
6
β
3
α
11

+ 32nb
6
βα

13 − 64b
6
β
2
α
13 − 192b

4
β
3
α
13 − 816nb

6
β
2
α
12

+1104nb
4
β
4
α
10

+ 768b
2
β
6
α
10 − 1536nb

2
β
5
α
10

+ 1656b
6
β
4
α
10

+ 440nβ
6
α
10 − 832b

6
β
5
α
9 − 480b

4
β
6
α
9 − 724nb

4
β
5
α
9

−38nβ
7
α
9

+ 16nβ
8
α
8

+ 312nb
4
β
7
α
7 − 148nb

2
β
8
α
7

+ 128β
6
α
10 − 192nb

4
β
8
α
6

+ 5832nβ
9
α
7 − 672b

4
β
8
α
7 − 2880b

2
β
10
α
6

−2592nβ
11
α
5 − 4104nβ

10
α
6

+ 1728nβ
12
α
4

+ 1008nb
2
β
10
α
5

+ 36nb
2
α
14

+ 48β
2
α
14

+ 408b
4
βα

13 − 48b
2
β
2
α
13

+ 1056β
5
α
11

+600nb
2
β
5
α
10 − 1488b

2
β
5
α
10

+ 258nb
2
β
4
α
10 − 376nβ

5
α
10 − 528b

2
β
6
α
9 − 4872nb

2
β
5
α
9 − 39β

7
α
9 − 376β

6
α
9 − 72b

4
β
6
α
8

−432nb
2
β
3
α
13 − 576 b

4
β
5
α
10

+ 2688nb
4
β
4
α
10 − 368b

2
β
7
α
9 − 480nb

2
β
6
α
9

+ 1944b
4
β
4
α
10 − 2508nb

2
β
6
α
8

+ 1824 β
8
α
8

+8nβ
3
α
13

+ 240b
6
β
2
α
12 − 72b

4
β
3
α
12 − 76nb

4
β
2
α
12 − 16b

2
β
4
α
12 − 48nb

2
β
3
α
12

+ 18nβ
4 − 384α

11
b
4
β
4
α
12 − 22nb

4
β
3
α
11

−72β
3
α
13 − 8nβ

2
α
13

+ 192b
2
β
3
α
12 − 588nb

2
β
2
α
12

+ 24nβ
3
α
12 − 272β

4
α
12

+ 228nβ
3
α
12

+ 384b
2
β
4
α
11

+ 648nb
2
β
3
α
11

−1368b
2
β
9
α
5

+ 1872β
10
α
5 − 4626nβ

9
α
5

+ 1800nβ
10
α
4

+ 95b
2
β
10
α
4

+ 2376β
11
α
4 − 1728β

12
α
3

+ 1890nβ
11
α
3

+ 18β
2
α
12

−576β
4
α
10 − 4772β

5
α
9

+ 3748β
6
α
8

+ 14196β
7
α
7

+ 224b
3
β
5
α
10 − 384nb

4
β
5
α
10

+ 720nb
4
β
6
α
9 − 14nb

4
β
7
α
8 − 128b

3
β
5
α
10

−192b
4
β
7
α
9

+ 56nb
4
β
6
α
9 − 594nb

2
β
7
α
9 − 48b

4
β
8
α
8

+ 960nb
4
β
7
α
8

+ 486nβ
8
α
8 − 480nb

4
β
8
α
7

+ 3024nb
2
β
9
α
7 − 20nb

2
β
10
α
6

+6744b
4
β
7
α
7 − 672b

2
β
8
α
7 − 17370β

9
α
5

+ 13194β
10
α
4

+ 8154β
11
α
3 − 6588β

12
α
2 − 126nβ

12
α
2

+ 6α
14 − 2βα

13 − 104nb
6
β
5
α
9

+512nb
6
β
6
α
8 − 8nβα

15 − 120b
6
α
14

+ 72nb
4
α
14

+ 48nβ
2
α
14 − 10698β

8
α
6

+ 96α
15
b
4
β + 304nβ

7
α
7

+ 82nβ
3
α
11 − 192 b

6
β
3
α
13

−12nb
6
βα

14
+ 144nb

2
β
3
α
12 − 8α

15
β + 56β

8
α
6 − 96b

4
β
2
α
13

+ 368b
2
β
9
α
7 − 206nb

2
β
9
α
6

+ 12nβ
4
α
11

+ 368b
2
β
7
α
8

+ 152β
7
α
8

+48b
6
β
3
α
11 − 74b

4
β
2
α
12

+ 562β
3
α
11

+ 64b
6
β
6
α
9

b3 := 128nb
6
βα

15 − 64nb
8
βα

14
+ 48nb

8
β
3
α
12 − 16nb

8
β
4
α
11 − 16b

8
β
4
α
11

+ 16nb
8
β
5
α
10

+ 64nb
6
βα

14
+ 256nb

6
β
4
α
11

−36nb
6
β
2
α
13 − 32b

8
β
5
α
10 − 4320n b

6
β
5
α
10

+ 80nb
6
β
6
α
9 − 80b

6
β
7
α
8

+ 16b
2
βα

14 − 120nb
4
α
15

+ 16b
6
βα

14
+ 96nb

4
βα

14

+640n b
8
β
2
α
11 − 1760 b

6
β
3
α
12 − 16nb

6
β
2
α
12

+ 64b
6
β
4
α
11 − 416b

6
β
3
α
11 − 4nβα

14
+ 240n b

4
β
4
α
11 − 112n b

8
β
3
α
10

+32nb
6
βα

13
+ 56nb

6
α
13

+ 4nb
4
βα

13 − 240b
4
β
2
α
13

+ 14nb
4
β
2
α
13

+ 48nb
4
β
2
α
13

+ 6nb
2
β
3
α
13 − 24b

2
β
2
α
13

+ 128b
6
β
2
α
12

−86b
4
β
3
α
11 − 16nb

2
β
4
α
11

+ 68b
8
β
3
α
10

+ 24b
4
β
3
α
12 − 24b

4
β
2
α
12

+ 152b
6
α
13 − 320b

4
β
2
α
11 − 24b

6
β
3
α
11

+ 128b
6
β
2
α
11

−448b
8
β
4
α
9

+ 52b
6
β
5
α
9

+ 4952nb
6
β
4
α
9

+ 48b
4
β
6
α
9

+ 242nb
4
β
5
α
9 − 4nβ

3
α
12

+ 1464nb
2
β
6
α
9 − 448b

6
β
6
α
8

+ 24nb
6
β
5
α
7

−240nb
6
β
7
α
7

+ 192b
6
β
7
α
7 − 2800nb

6
β
6
α
7

+ 1152b
4
β
7
α
8

+ 2160nb
4
β
6
α
8

+ 384b
2
β
8
α
8

+ 3984nb
2
β
7
α
8 − 192b

6
β
4
α
10

+1128b
4
β
7
α
8 − 4632n b

4
β
6
α
8 − 660nb

2
β
7
α
8

+ 256b
8
β
5
α
8 − 396b

4
β
8
α
7

+ 120b
4
β
2
α
12

+ 3120n b
4
β
7
α
7 − 2124nb

2
β
8
α
7

+142nb
2
β
9
α
6 − 576nb

2
β
11
α
4

+ 86nb
2
β
10
α
5 − 864nb

4
β
9
α
5 − 60b

2
β
2
α
13

+ 24nb
2
βα

13
+ 8b

4
βα

13
+ 36nb

4
α
13

+ 24nβ
2
α
13

−672nb
4
β
2
α
11 − 176b

2
β
4
α
11

+ 1496b
6
β
2
α
11

+ 264b
2
β
3
α
12 − 12nb

2
β
2
α
12

+ 384nb
4
βα

12 − 504nb
2
β
3
α
11 − 196nβ

4
α
11

−7104nb
4
β
3
α
10 − 520b

2
β
5
α
10

+ 600nb
2
β
4
α
10

+ 228nβ
5
α
10 − 3256b

6
β
4
α
9

+ 1392b
2
β
6
α
9

+ 2700nb
2
β
5
α
9

+ 532nβ
6
α
9

+18240nb
4
β
5
α
8 − 216b

2
β
7
α
8 − 4080b

2
β
6
α
8 − 2304b

4
β
7
α
7 − 34608nb

4
β
6
α
7

+ 2016b
4
β
5
α
9

+ 11160nb
4
β
4
α
9 − 880β

7
α
8

+4480nb
6
β
3
α
12 − 480b

6
β
2
α
13 − 312nb

4
β
2
α
13 − 320nb

8
βα
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and

X̃ :=
2

(α2 − β2)(2α2b2 + α2 − 3β2)3
,

Ỹ :=
2

α2(α2 − β2)2(2b2α2 + α2 − 3β2)3
,

W̃ := −
α2 − 4βα + β2

(2b2α2 + α2 − 3β2)2(α2 − β2)2
.
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