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Abstract

In this paper, (X, 7, F) denotes a soft topological space and J a soft ideal over X with the
same set of parameters E. We define an operator (F, E)G(j, 7) called the f-local function
of (F, E) with respect to J and 7. Also, we investigate some properties of this operator.
Moreover, by using the operator (F, E)?(J, 1), we introduce another soft operator to obtain
soft topology and show that 79 C o C oy.
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1. Introduction and preliminaries

In 1999, Molodtsov [5] introduced the concept of soft set theory and started to develop
the basics of the corresponding theory as a new approach for modeling uncertainties.
Shabir and Naz [6] gave the definition of soft topological spaces and studied soft neigh-
borhoods of a point, soft separation axioms and their basic properties. At the same time,
Aygiinoglu and Aygiin [2] introduced soft topological spaces and soft continuity of soft
mappings. Recently, in [3] it was introduced the concept of soft ideal theory and soft local
function and a basis for this generated soft topologies were also studied. In this paper, We
define an operator (F, E)?(J,7) called the f-local function of (F, E) with respect to J and
7. Also, we investigate some properties of this operator. Moreover, by using the operator
(F,E)%(T,7), we introduce another soft operator to obtain soft topology and show that
79 C 0 C 0yp.

Definition 1.1. [5] Let X be an initial universe and E be a set parameters. Let P(X)
denote the power set of X and A be a nonempty subset of E. A pair (F, A) denoted by
Fy is called a soft set over X, where F' is a mapping given by F' : A — P(X). In other
words, a soft set over X is a parameterized family of subsets of the universe X. For a
particular e € A, F(e) may be considered the set of e-approximate elements of the soft
set (F,A)and if e ¢ A, then F(e) =¢ie Fy ={F(e):e€ ACE F:A— P(X)}. The
family of all these soft sets denoted by SS(X) 4.

Definition 1.2. [4] Let F4,Gp € SS(X)g. Then Fj4 is called a soft subset of Gp,
denoted by F4 C Gp if

(1) ACB.
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(2) F(e) C G(e), for all e € A.
In this case F4 is said to be a soft subset of Gg and Gp is said to be a soft superset of
Fa, FAE Gp.

Definition 1.3. [1] A complement of a soft set (F, E), denoted by (F, E), is defined by
(F,E)* = (F°E), F¢: E — P(X) is a mapping given by F(e) = X — F(e), for alle € E
and F¢ is called a soft complement function of F.

Clearly (F°)¢ is the same as F' and ((F, E)¢)¢ = (F, E).

Definition 1.4. [6] A difference of two soft sets (F, F) and (G, E) over the common
universe X, denoted by (F, E) — (G, E), is the soft set (H, E)) where for all e € E, H(e) =
F(e) — G(e).

Definition 1.5. [6] Let (F, E) be a soft set over X and x € X. We say that z € (F, F)
read as x belongs to the soft set (F, E') whenever x € F(e) for all e € E.

Definition 1.6. [7] Let A be an arbitrary indexed set and Q = {(F,,E) : « € A} be a
subfamily of SS(X)g.
(1) The union of A is the soft set (H, E), where H(e) = UyenFu(e) for each e € E.
We write Upen (Fo, E) = (H, E).
(2) The intersection of A is the soft set (M, E), where M(e) = NaeaFa(e) for each
e € E. We write Myea(Fo, E) = (M, E).

Definition 1.7. [7] A soft set (F, E) € SS(X)g is called a soft point in X if there exist
x € X and e € E such that F(e) = {x} and F(e®) = ¢ for each e¢ € E — {e}. This soft
point (F, E) is denoted by z.

Definition 1.8. [6] Let (X, 7, E) be a soft topological space and (F, E) € SS(X)g. The
soft closure of (F, E), denoted by cl(F, E) is the intersection of all closed soft super sets
of (F,E)ie. cl(F,E)={N(H,FE): (H,FE) is closed soft and (F,E) C (H,E)}.

Definition 1.9. [7] A soft set (G, E) in a soft topological space (X, 7, E) is called a soft
neighborhood of the soft point x. € Xp if there exists an open soft set (H, E) such that
z. € (H,E) C (G, E).

2. New type of soft local function

Definition 2.1. [3] Let J be a non-null collection of soft sets over a universe X with the
same set of parameters E. Then J C SS(X)g is called a soft ideal on X with the same
set I if

(1) (F,E)€Jand (G,E) €7, then (F,E)U (G,E) €.

(2) (F,E)€Jand (G,E) C (F,E), then (G,E) €.
i.e. J is closed under finite soft unions and soft subsets.

Definition 2.2. [3] Let (X, 7, E) be a soft topological space and J be a soft ideal over
X with the same set of parameters E. Then (F,E)*(J,7)(orF}) = UWze € (X, E) :
O, N (F,E) ¢ Ifor every O,, € 7} is called the soft local function of (F, E) with respect
to J and 7, where O,, is a T-open soft set containing ..

Definition 2.3. Let (X, 7, E) be a soft topological space and J be a soft ideal over X
with the same set of parameters E. Then (F, E)?(J,7)(orF%) = U{z. € (X, E) : cl(O,,) M
(F,E) ¢ Jfor every O,, € 7} is called the soft f-local function of (F, E') with respect to J
and 7, where O, is a T-open soft set containing z..

Lemma 2.4. Let (X, 7,E) be a soft topological space and J be a soft ideal over X with
the same set of parameters E. Then Fj T F? for ever subset (F,E) C (X, E).
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Proof. Let z. € F},. Then, O, M (F,E) ¢ J for every a T-open soft set O, containing
.. Since Oy, M(F, E) C cl(O,, )N (F, E), we have cl(O,, )M (F, E) ¢ J and hence z, € F¥.
U

Lemma 2.5. Let (X, 7, E) be a soft topological space and (F,E) C (X, E). If (F,E) is a
soft open set, then clg(F,E) = cl(F,E).

Theorem 2.6. Let (X, 7, E) be a soft topological space and I and J be two a soft ideals
over X with the same set of parameters E. Let (F,E) and (G, E) be subsets of (X, E).
Then the following properties hold:

(1) If (F,E)C (G, E), then F% C G%,.

(2) IfIC J, then (F,E)’(J,7) C (F,E)°(, 7).

(3) F& = cl(F%) C cly((F,E)) and F% is T-closed soft.

(4) If (F,E) C F% and FY% is T-open soft, then F% = clp((F, E)).
(5) If (F,E) €7, then F = ¢.

Proof. (1) Suppose that z. ¢ GY%. Then there exists O,_ € T such that cl/(O,,)M(G, E) €
J. Since cl(O,,) M (F,E) & cl(O )N(G,E), cl(O,,) N (F,E) € J. Hence z, ¢ F%. Thus
(X,E)\G%, C (X,E)\ F% or F¢ C GY.

(2) Suppose that z. ¢ (F, E)?(J,7). There exists O,, € 7 such that cl(O,,) N (F, E) €
Since J C J, cl(O,,) N (F,E) € J and z. ¢ (F,E)?(J,r). Therefore, (F,E)%(J,T)
(F,E)9(3,7).

(3) We have F& C cl(F%) in general. Let z. € cl(F%). Then O, M FY # ¢ for every
O,, € 7. Therefore, there exists some y. € O,, M F g and O, a T-open soft set containing
Ye. Since y. € FY. cl(O,, )N(F, E) ¢ J and hence . € F%. Hence we have cl(F%) C F% and
hence F% = cl(FY%). Again, let 2, € cl(F¥) = F%, then cl(O,,) N (F, E) ¢ J for every a 7-
open soft set O,, containing x.. This implies cl(O,,)1(F, E) # ¢ for every a T-open soft set
O,, containing x.. Therefore, 2, € cly((F, E)). This show that F& = cl(F) C cly((F, E)).
(4) For any subset (F,E) C (X, E), by (3) we have F% = cl(F%) C clp((F, E)). Since
(F,E) C F¢ and FY is a T-open soft, by Lemma 2.5 cly((F, E)) C clg(F&) = cl(F%) =
F8 C clg((F, E)) and hence Fg = cly((F, E)).

(5) Suppose that . ¢ F%. Then for any O, a T-open soft set containing z., c/(Oy,)
(F,E) ¢ J. But since (F,E) € J, cl(O,) N (F,E) € J for any O,, a T-open soft set
containing x.. This is a contradiction. Hence Fg, = ¢. O

J
,7) E

Lemma 2.7. Let (X, 7, E) be a soft topological space and J be a soft ideal over X with the
same set of parameters E. If O is a Tg-open soft set, then ONEFY% = ON(ONF)% C (ONF)4,
for any subset (F,E) of (X, E).

Proof. Suppose that O is a 1y-open soft set and x. € OT1 Fg. Then z, € O and z, € Fg,.
Since O is a 1y-open soft set, then there exists a 7-open soft set W containing x. such that
W C (W) C O. Let V be any 7-open soft set containing x.. Then V MW is a 7-open
soft set containing x. and cl(V M W) M (F,E) ¢ J and hence cl(V) M (O M (F,E)) ¢ 7J.
This shows that . € (O M F)% and hence, we get O 1 F% C (O 1 F)%. Moreover,
ONFg C ON(ONF)% and by Theorem 2.6 (ONF)% C Fg and ON(ONF)%, C ONFEY.
Therefore, ON F& =0n (0N F)4. O

Theorem 2.8. Let (X, 7, E) be a soft topological space and I be a soft ideal over X with
the same set of parameters E and (F, E), (G, E) any subsets of (X, E). Then the following
properties hold:

(1) ¢% = ¢.

(2) (FUG)Y = FS UGS,
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Proof. (1) The proof is obvious.
(2) It follows from Theorem 2.6 that (FUG)% 3 F%1UGY. To prove the reverse inclusion,
let 7. ¢ F2UGY. Then z, belongs neither to F% nor to G%. Therefore, there exist a T-open
soft sets Oy, Wy, containing z. such that cl(Oz,) M (F, E) € i] and cl(Wy,) N(F, E) €
J. Since J is additive, (cl(Oy,) M (F,E)) U (cl(W,,) 1 (F,E)) € 3. Moreover, since J is
hereditary and
(cl(Oz,) 1T (F, E)) U (cl(We, ) N (G, E))
=[(cl(Oz,) N (F, E)) U cl (W )] 11 [(cl(Og,) 11 (F, E)) U (G,E)] (cl(Og, )V
cd(We,)) M (cl(We, ) U (F, E)) 1 (el(O,
gCl(Oxe M er) M ((F7 E) ( E))
Therefore, cl(O,, MW, )M ((F,E) U (G,E)) € 3. Since O,, N W,,_ is a T-open soft set

containing z., we have x. ¢ (F UG)% and (FUG)% C FS U GY. Hence we obtain
(FUG)Y =FLuaGY,. O

\E [
3%
=
3
=
5
)
83

Lemma 2.9. Let (X,7,E) be a soft topological space and J be a soft ideal over X with
the same set of parameters E and (F, E), (G, E) any subsets of (X, E). Then F&—GY, =
(F -G i

Proof. We have by Theorem 2.8 Ff =[(F-G)U(FNG))%=(F -G u(FNG)% C
(F —G)%, UGY,. Thus Fl — GY C (F — G)% — GY%. By Theorem 2.6 (F —G)% C F¥ and
hence (F — G) — GY% C FY —GY%. Hence F¥, - GY% = (F - @)%, — G4, O

Corollary 2.10. Let (X, 7, E) be a soft topological space and J be a soft ideal over X with
the same set of parameters E and (F,E), (G, E) any subsets of (X, E) with (G, E) € J.
Then (FUG)%, = Fé = (F - G)Y,.

Proof. Since (G, E) € J, by Theorem 2.6 G4 = ¢. By Lemma 2.9, F% = (F — Q)% and
by Theorem 2.8 (F LU G)% = FlUGY = F. O

3. f-compatibility of soft topological spaces

Definition 3.1. [3] Let (X, 7, E) be a soft topological space and J be a soft ideal over X
with the same set of parameters E. We say that the soft topology 7 is compatible with
the soft ideal J, denoted by 7 ~ J. If the following holds for every (F,E) € SS(X)g, if
for every soft point x. € (F, E) there exists a T7-open soft set O, containing x. such that
O, M (F,E) €7, then (F,E) €.

Definition 3.2. Let (X, 7, E) be a soft topological space and J be a soft ideal over X
with the same set of parameters F£. We say that the soft topology 7 is #-compatible with
the soft ideal J, denoted by 7 ~¢ J. If the following holds for every (F, E) € SS(X)g, if
for every soft point z. € (F, E) there exists a 7-open soft set O,, containing x. such that
c(Og, )N (F,E) €7, then (F, E) €.

Remark 3.3. If 7 is compatible with the soft ideal J, then 7 is #-compatible with the soft
ideal J.

Theorem 3.4. Let (X, 7, E) be a soft topological space and I be a soft ideal over X with
the same set of parameters E. Then the following properties are equivalent:
(1) 7~ J;
(2) If a soft subset (F,E) of (X,E) has a cover of T-open soft sets each of whose
closure intersection wzth (F,E) is inJ, then (F,E) € J;
(3) For every (F,E) C E) wzth (F,E)N Fg = ¢ implies that (F,E) € J;
(4) For every (F,E)C ( E), (F,E)-F% e 7;
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(5) For every (F\E) C (X, E), if (F,E) contains no nonempty subset (G, E) with
(G,E) C GY, then (F,E) €.

Proof. (1) = (2): The proof is obvious.

(2) = (3): Let (F,E) C (X,F) and z. € (F,E). Then z, ¢ F% and there exists 7-
open soft set O,  containing x. such that cl(O,, ) M (F,E) € J. Therefore, we have
(F,E) C1{O,, : . € O, } and by (2) (F,E) € 7.

(3) = (4): For any (F,E)C (X,E), (F,E)— F% C (F,F) and

(F,B) - FE| 0 [(F, ) - FE}E C [(F,B) - F§|NFh=9.

By (3)7 (FaE)_FL%Gj
(4) = (5): By (4), for every (F,E) C (X,E), (F,E) — F% € J. Let (F,E) — Ff =
j then (F,E) = J U [(F,E) N FY% and by Theorem 2.6 (5) and Theorem 2.8

(% 0
2), Ff = J§ U |(F,B) mFg]E = |[(F.B) mFg]E. Therefore, we have (F,E) M Ff =

F,E)N FY% = ¢ and hence (F,E) = (F,E) — F% € 7.

) = (1): Let (F, E) C (X, E) and assume that for every x. € (F, E), there exists 7-open
soft set O, containing z. such that cl(O,,) M (F, E) € J. Then (F, E) N F¢ = ¢. Suppose
that (F,E) contains a subset (G, E) with (G, E) C G%. Then (G,E) = (G,E)NGY C
(F, E)NFY = ¢. Therefore, (F, E) contains no nonempty subset (G, E) with (G, E) C G%.
Hence (F,E) € 7. O

(
0
(F.E [ (F,E) N F9] C [(F,E)N Fg}E and (F,E) N FY C (F,E). By the assumption
(
(5

Theorem 3.5. Let (X, 7, E) be a soft topological space and J be a {oft ideal over X with
the same set of parameters E. If T is 0-compatible with the soft ideal J. Then the following
equivalent properties hold:

(1) For every (F,E) C ( ), (F, E) MFg = ng implies that F% = ¢;
(2) For every (F,E) C ( { } = ¢;

(3) For every (F,E) C {FE I_IFE} =FY.

Proof. First, we show that (1) holds if 7 is §-compatible with the soft ideal J. Let
(F,E)C (X,E) and (F,E)N F% = ¢. By Theorem 3.4, (F,E) € J and by Theorem 2.6
(5) Ff = ¢.

(1) = (2): Assume that for every (F, E) C (X, E), (F, E) N F% = ¢ implies that F% = ¢.
Let (G,E) = (F,E) — FZ, then

(G,B)NGY = (F,E) - Ff| 1 {<F7E)—Fg}i—u
_ [(F, E)N[(X,E) - Fg]} M [(F, E)N[(X,EB) - Fg}];

C [(F, E)m [(X, E) - FgH n

FEn|xe) - R | =
By (1), we have G% = ¢. Hence {(F E)— } = ¢.
(2) = (3): Assume that for every (F, F) C (X, E), [(F, E) — ng}z = ¢.

(F,E) = [(F,E) - Fj| u [(F, E)n Fj]

= [[im - rt] o [orm A

[(F, E) - Fg}z L [(F, E)n Fgr;
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= [, B)m F"]e
’ FE E.
(3) = (1): Assu;ne that for every (F,E) C (X, E), (F,E)N F% = ¢ and
(F,E)N F| = Ff. This implies that ¢ = ¢, = F. O

Theorem 3.6. Let (X, 7,E) be a soft topological space and J be a soft ideal over X with
the same set of parameters E. Then the following properties are equivalent:

(1) cl(r) NI = ¢, where cl(t) = {cl(U) : U is T-open soft set};

(2) If S €3, then Inty(S) = ¢;

(3) For every clopen soft set (F,E) C (X, E), (F,E)C F%;

(4) (X,B) = XE.

Proof. (1) = (2): Let cl(t)MJ = ¢ and S € J. Suppose that z. € Inty(S). Then
there exists T-open soft set U such that z. € U C cl(U) C S. Since S € J and hence
¢ # {xe} C cl(U) € cl(r) MJ. This is contrary to cl(7) M = ¢. Therefore, Inty(S) = ¢.
(2) = (3): Let . € (F,E). Assume z, ¢ FY%, then there exists 7-open soft set U,
containing z. such that (F,E) Mecl(U,,) € J and hence (F,E) MU, € J. Since (F,E)
is clopen soft set, by (2) and Lemma 2.5 z. € (F,E)NU,, = Int[(F,E)NU,| C
Int[(F,E)Ncl(Ug,)] = Intg [(F,E) M cl(Ug,)] = ¢. This is a contradiction. Hence z. €
F¢ and (F,E)C FY.

(3) = (4): Since (X, E) is clopen soft set, then (X, F) = X%.

(4) = (1): (X,E) = X% = {z. € (X,E) : d(U)N (X, E) = cl(U) ¢ 7 for every T-open
soft set U containing . }. Hence cl(7) M = ¢. O

Theorem 3.7. Let (X,7,E) be a soft topological space and I be a soft ideal over X
with the same set of parameters E. If T is 0-compatible with the soft ideal J. Then for

every Tg-open soft set (G, E) and any subset (F,E) of (X, E), cl ([(G, E)n(F, E)]QE) =
0

(G, E)N (F,E)}, C [(G,E)N Fg}E C dy ([(G, Byn FE]).

Proof. By Theorem 2.6 (1) and Theorem 3.5 (3) we have

0 019 ak
(G, B)N (F.B)g = [[(G.E)N(F, BN (G, E)N(F,B)3| , C [(G.E)N Ff] .
Moreover, by Theorem 2.6 (3),
d (1. By (F.B)%) = [(C.Byn (£ B C [@.5)n ] C oy ([(G.E)nFE)).

0

4. Sg-soft operator

Definition 4.1. Let (X, 7, E) be a soft topological space and J be a soft ideal over X

with the same set of parameters E. A soft operator 8g : SS(X)g — 7 is defined as

follows: for every (F,E) C (X, E), 8g(F) = {z. € (X, E) : there exists a T-open soft

set (G, E) containing z. such that cl[(G,F)] — (F,E) € J} and observe that Sg(F) =
6

(X, E) - [(X, E) — (F, E)]-

Several basic facts that are related to the behavior of the 8 g-soft operator are included
in the following theorem.

Theorem 4.2. Let (X, 7, E) be a soft topological space and J be a soft ideal over X with
the same set of parameters E. Then the following properties are hold:

(1) If (F,E)C (X,E), then Sg(F) is a T-open soft.

(2) If (F.E) C (G, E), then Sg(F) C $5(G).
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(3) If (F,E),(G,E) € SS(X)g, then Sg(FNG) =8p(F)N8p(G).
(4) If (F,E)C (X,E), then Sg(Sg(F)) = SE(F)Oif and only if
(X, B) — (F,B)}, = (X, B) - (F,B)]}) .
(5) If (A,E) €7, then 8p(A) = (X, E) — X%.
(6) If (F,E) C (X, E), (A,E) €7, then 8p(F — A) = 8p(F).
(7) If (F,E) C (X, E), (A,E) €7, then Sg(F U A) = 8p(F).
(8) If (F,E),(G,E) € SS(X)g and (F —G)U (G — F) € 7, then Sp(F) = $5(G).

Proof. (1) This follows from Theorem 2.6 (3).
(2) This follows from Theorem 2.6 (1).

(3)  8E(FNG)=(X,E)—[(X,E) - (FNG),E)j
=(X, E) - [((X,E) = (F, E)) U ((X, E) — (G, E))]},
=(X, B) - [[(X, E) = (F, B)|; U(X, B) - (G, E)]}]
= (X, B) = [(X, B) - (F, B))%| 1 [(X, E) - [(X, E) - (G, B)]]
=8p(F)M8r(G).
(4) This follows from the facts:
(1) 8u(F) = (X, E) - [(X,E) - (F,E)%.
@) $(s(F) = (X.B) - (I(X.B) - (P B)]3)’
= (x.5) - (X.B) - [(x. )~ (F.B)})’ .

(X
(X

(5) By Corollary 2.10 we obtain that [(X, E) — (F, E)]?E = X% if (F,E) €J and 8g(A) =
(X,E) - X4.
(6) This follows from Corollary 2.10 and
8p(F —A) = (X, E) — [(X, E) = (F, E) — (
(X.E) = (X, B) = (F.E)|U(A,E)|y = (X, E
(7) This follows from Corollary 2.10 and
Sp(FUA) = (X,E) - [(X,E) - ((F E)u (4,
(X.B) - (X, E) — (F.E)] - (A, )]} = (X, E) -
(8) Assume [(F, E) — (G, E)| U [(G. E) — (F.E)
[(G,E) — (F,E)] = S. Observe that S, S €T b
[(F
(

A B,
) = (X, B) = (F, B)| = Su(F).
B =

(X,E) = (F, B)|}, = 8p(F).

J. Let [(F,E) — (G,E)] = S; and
redity. Also observe that (G, E) =

[
S
Yy ne
(F — Sl) (] SQ] = SE(G) by (6) and

h
( ) ) Sl]l_lSQ Thus SE( )—SE(F Sl) Sk [
7).

O
Corollary 4.3. Let (X, 7, E) be a soft topological space and J be a soft ideal over X with

the same set of parameters E. Then (F,E) C 8g(F) for every tg-open soft set (F,E) of
(X,E).

Proof. We know that Sg(F) = (X, E) — [(X,E) — (F, )] . Now

(X,E) — (F,E)% C cy((X,E) — (F,E)) = (X,E) — (F,E), since (X,E) — (F,E) is
Tp-closed soft set. Therefore, (F,F) = (X,F) — [(X,F) — (F,E)] C (X,E) — [(X,E) —
(F,E))% = 8p(F). O

Theorem 4.4. Let (X, 7, E) be a soft topological space and J be a soft ideal over X with
the same set of parameters E and (F, E) C (X, E). Then the following properties are hold:
(1) 8g(F) ={(G,E) e 7:c((G,E)) — (F,E) € J}. ~
(2) $5(F) 3U{(G. E) € 7+ (G, E)) — (F, E)] U |(F, E) — cl((G, E))] € T}.
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Proof. (1) This follows immediately from the definition of §g-soft operator.
(2) Since J is heredity, it is obvious that

Sp(F)=U{(G,E)eT:d((G,E) - (F,E) €I} 3
U{(G,E) e T:[c((G,E)) — (F,E)]U[(F,E) — (G, E))] € 3}
for every (F,F) C (X, FE). O

Theorem 4.5. Let (X, 7,E) be a soft topological space and J be a soft ideal over X with
the same set of parameters E. If o = {(F,E) C (X,FE) : (F,E) C 8g(F)}. Then o is a
soft topology for (X, E).

Proof. Let o={(F,E)C (X,E): (F,E) C 8g(F)}. Since ((b, E) € J, by Theorem
2.6 (5) ¢mm&wpqu—m'xg:( E) — ¢% = (X, E). Moreover,
Se(p) = (d), E) - [X - ¢]% (X,FE) — (X,E) = (¢, FE). Therefore, we obtain that
(¢, FE) C S8g(¢) and (X, FE) C SE(X) and thus (¢, F) and (X, FE) € 0. Now if (F,FE),

(G,E) € o, then by Theorem 42 (F,E)N(G,E) C 8g(F)N8e(G) = 8g(F MNG) which
implies that (F, E)N(G.E) € 0. If {(Aa, E) : @« € A} C o, then Ay C Sp(Aq) C Sp(UAL)
for every av and hence LA, C Sg(UA,) This shows that o is a soft topology. O

Lemma 4.6. If either (F,E) or (G,E) is a T-open soft sets, then Int(cl((F,E) N
(G,E))) = Int(cl((F, E))) NInt(cl((G, E))).

Theorem 4.7. Let (X, 7, E) be a soft topological space and J be a soft ideal over X with
the same set of parameters E. If oo = {(F,E) C (X, E) : (F, E) C Int(cl(8g(F)))}. Then
oo 18 a soft topology for (X, E).

Proof. By Theorem 4.2, for any subset (F, E) of (X, E), Sg(F) is T-open soft and o C oy.
Therefore, (¢, E) and (X E) € 0¢. Let (F,E), (G,E) € 9. Then by Theorem 4.2 and
Lemma 4.6, we have

(F,E)N (G, E) CInt(cl(8g(F))) NInt(cl(Sp(G)))
=Int(cl(8(F)M8p(G)))
=Int(cl(Sg(FMNGQG))).

Therefore, (F,E) M (G,E) € oy. Let A, € o9 for each « € A. By Theorem 4.2, for
each o € A, (Ao, E) C Int(cl(8g(Aa))) T Int(cl(8g(UAy))) and hence U(Ay, E) C
Int(cl(8g(UAL))). Hence U(Aq, E) € 0¢. This shows that og is a soft topology. O

Theorem 4.8. Let (X, 7, E) be a soft topological space and J be a soft ideal over X with
the same set of parameters E. Then T ~g J if and only if Sg(F) — (F,E) € J for every
subset (F, E) of (X, E).

Proof. Necessity. Assume 7 ~¢ J and let (F, E) C (X, E). Observe that z. € Sg(F) —
(F,FE) if and only if z, ¢ (F,F) and z. ¢ [X — F]QE if and only if z. ¢ (F, E) and there
exists (Uy,, E) € T containing x. such that cl((Us,,, E)) — (F, E) € J if and only if there
exists (Uy,, E) € T containing z. such that x. € cl((Uy,, E)) — (F,E) € J. Now, for each
ze € 8p(F)—(F,E) € Jand (U,,, F) € T containing z., cl[(Uy,, )] 1[8p(F) — (F,E)] € J
by heredity and hence $g(F) — (F, E) € J by assumption that 7 ~g J.

Sufficiency. Let (F,E) C (X,FE) and assume that for each xz, € (F,FE) there exists
(U, , E) € T containing z. such that cl((U,,, F)) M (F, E) € J. Observe that Sg(X — F) —
(X,E) — (F,E)] = (F,E) — F& = {z. : there exists (U,,, E) € 7 containing x, such that
ze € cl((Uy,, E))N(F, E) € J}. Thus we have (F,E) C8p(X —F)— ((X,E)—(F,E)) €]
and hence (F, E) € J by heredity of J. O
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Proposition 4.9. Let (X, 7,FE) be a soft topological space and J be a soft ideal over X
with the same set of parameters E, T ~¢ J and (F,E) C (X, E). If (N, E) is nonempty
T-open soft subset of F& M 8g(F), then (N,E) — (F,E) €J and cI(N,E)N (F,E) ¢ 7.

Proof. If (N,E) C FM8g(F), then (N,E) — (F,E) C 8g(F) — (F,E) € J by Theorem
4.8 and hence (N, E) — (F,E) € J by heredity. Since (N, E) is nonempty 7-open soft and
(N,E) C F%, we have cl(N, E) N (F,E) ¢ J by definition of F¥. O

Theorem 4.10. Let (X, 7, E) be a soft topological space and J be a soft ideal over X with
the same set of parameters E and T ~g J, where cl(1) NI = ¢. Then for (F,E) C (X, E),
Sp(F) C FY.

Proof. Suppose z. € Sg(F) and z. ¢ F%. Then there exists a nonempty soft neighbor-
hood (U,,, E) € 7(x.) such that cl((U,,, E)) M (F,E) € J. Since x, € 8g(F), by Theorem
4.4 . € UW{(G,E) € 7 : cl((G,E)) — (F,E) € J} and there exists (V, E) € T contain-
ing 7. and cl((V, E)) — (F,E) € J. Now we have (U,,, E) N (V,E) € 7 and containing z.,
cl((Uy,, YNV, E))'(F, E) € Jand cl((Uy,, E)[1(V, E))—(F, E) € J by heredity. Hence by
finite additivity we have [cl((Us,, E) N (V, E)) N (F, E)|U[cl((Uy,, E) 1 (V,E)) — (F, E)]
c((Ug,,E) N (V,E)) € J. Since (U,,,E) N (V,E) € 7, this is contrary to cl(7) N J =
Therefore, z, € F%. This implies that 8p(F) C FY.

-

O
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