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Abstract

Let G be a doubly-connected domain bounded by regular curves. In this work, the approx-
imation properties of the p—Faber-Laurent rational series expansions in the w—weighted
Smirnov classes EP(G,w) are studied.
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1. Introduction

Let I' C C be a Jordan rectifiable curve. For p > 1 we define a class LP(I") of Lebesgue
measurable functions f:I' — R satisfying the condition

(/\f(z)]p 1dz| < oo) < o0,
N

This class LP(I") is a Banach space with respect to the norm

HfHLp(r) = (/ |f(2)]P |dz| < oo)
I

A Jordan curve I' is called regular, if there exists a number ¢ > 0 such that for every
r >0, sup{|I’ND(z,7)|:2zeTl'} <cr, where D(z,r) is an open disk with radius r and
centered at z and |I' N D(z,7)| is the length of the set I' N D(z, 7).

Let w be a weight function on I'. w is said to satisfy Muckenhoupt’s A,—condition on
I if
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swpsup | = [ wQdcl| (5 [ TG | <o
20 r>0 \ T r
'nD(z,r) I'ND(z,r)
Let us further assume that B is a simply-connected domain with a rectifiable Jordan
boundary I' and B~ := extl’, further let

T={weC:|w =1}, D:=intT, D :=extT.
Also, ¢* stand for the conformal mapping of B~ onto D~ normalized by
¢"(00) = 00
and .
i ©

and let ©* be the inverse of ¢*. Let ¢] be the conformal mapping of B onto D™, normalized
by

> 0,

¢1(0) =0
and
,ll—% z¢*(z > 0.
The inverse mapping of ¢7 will be denoted by 7.
Note that the mappings ¥* and ] have in some deleted neighborhood of co representations

(6% (6% «
V(W) = aw+ag+ — + —2 it e, a>0
w w w
and
« Br . B Bk
o b o Pl giso
e e R T

The functions

dw

P*(w) — =

2 * ].—l
wr (dwl(w)> P
" dw , 2 € B™.
Yi(w) — 2

are analytic in the domain D~. The following expansions hold:

(2
, 2€B

and

dy* (w)

1_
P [e's)
( dw ) (I)kp(z) _
= ; €B eD
OEERP PR LR

and

1

_2 [dyT 1=z
) & R
= -z B~ D~
l/JT(’U))—Z kz::l wk+1 WAS , W E )

where @y, ,(2) and Fj (1) are the p—Faber polynomials of degree k with respect to z and
1 for the continuums B and B\B, respectively [3], [14], [24, pp.255-257].
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Let E'(B) be a classical Smirnov class of analytic functions in B.The set LP(T',w) :=
{f € LX) : |f|Pw € LX)} is called the w—weighted LP—space. The set EP(B,w) :=
{fe EYB): f € LP(I',w)} is called the w—weighted Smirnov class of order p—analytic
functions in B.

Note that detailed information about properties of the non-weighted Smirnov class
EP(B), p> 1, can be found in [4, pp. 168-185] and [7, pp. 438-453].

Let w € A,(T). For f € LP(T,w) we define the operator

h
(vnf) (w) :—21h/f(weit)dt, weT, 0<h<m.
“h

If we A,(T) and f € LP(T, w), then the operator v, is a bounded linear operator on
LP (T, w):
v (D)l o) < c2 lfllzrre) -
Let 1 <p < oo, we Ap(T) and f € LP(T, w). The function

k

H(I - Vhi)f

=1

Qe (f,0):= sup
0<h; <6
i=1,2,....k

,0>0
LP(Tw)

is called the k — th modulus of continuity of f € LP(T,w).
It can easily be shown that €, 1 (f,-) is a continuous, nonnegative and nondecreasing
function satisfying the conditions

%1_13%) Qp,w,k (f7 5) = 07 Qp,w,k (f +9, 5) < Qp,w,k (f? 6) + Qp,w,k (gv 6) ) 0>0

for f,g € LP(T, w).

Let G be a doubly-connected domain in the complex plane C, bounded by the rectifiable
Jordan curves I'; and 'y (the closed curve T's is in the closed curve T'y). Without loss of
generality we assume 0 € intI's. Let G{: = intT'y, G5°: =extl'y, GY: =intTy, G3°:=extls.

We denote by w = ¢ (z) the conformal mapping of G3° onto domain D~ normalized by

the conditions
¢ (00) =00, lim L (2)

s

=1

and let 1 be the inverse mapping of ¢.
We denote by w = ¢1 (z) the conformal mapping of GY onto domain D~ normalized
by the conditions

61(0) = o0, Jim (261 () =1,

and let 11 be the inverse mapping of ¢ .
Let us take

Cpo = {2 16(2)| = po > 1}, Ty 1= {21 d1 (2)] = 70 > 1} .

For ®;,(z) and Fy, (%) the following integral representations hold [3], [14] and [24,
pp.255-257]:
(1) If z € intC,,, then

k(o -
Bi ()= 5 [¢<<>]C AL 1)
Coo

(2) If z € extC,,, then
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[ ()] (¢/(0))7
(—=z

Brp (2) = [6 ()" (¢(2))7 + — /

PO

dc. (1.2)

(3) If z € intC,,, then

Fip(0) =1 ()% (8(2)F o

(4) If z € extCy,, then

k=2
A, C«): L / [¢1<<>]<_<Z¢1<c>> ac. (14)

0

3=

Note that in the classical case p = co these integral representations are proved
in [23]. If a function f (z) is analytic in the doubly-connected domain bounded by
the curves C,, and I';,;, then the following series expansion holds:

b 1
=) a®ry (2) + Z b Fr p ( ) (1.5)
k=0

k=1

D=

1 fR WY W)

2mi whtl

dw, (1<p1 <p0), k=0,1,2,...

and

/ [l (w wk+(1 w))Pw do, (1<rm <r), k=1,2,..

\wl =

The series (1.5) is called the p—Faber -Laurent series of f, and the coefficients aj and by
are said to be the p—Faber -Laurent coefficients of f . For z € G by Cauchy’s theorem
we have

2771 C—z 2m’/§—z
Iy

If z € intl'y and z € extl'y, then

I
i c—z leg_zdg_o. (1.6)

Let us consider

2m C—z ¢ 2m 5—2

The function I;(2) determlnes the functions I;(z) and I1 (z) while the function I(2)
determines the functions I (z) and I, (z). The functions I; (z) and I; () are analytic in
intT; and extTy, respectively. The functions )7 (z) and I, (z) are analytic in intT'y and
extl's, respectively.
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Let B be a finite domain in the complex plane bounded by a rectifiable Jordan curve I'
and f € Ly (T'). Then the functions f* and f~ defined by

f+(z)=21m./g£€ld(, 2 €B
P

and
f‘(z)=21m/g(_§id<, e B
T

are analytic in B and B~ respectively, and f~ (c0) = 0. Thus the limit

. 1

s @ tm o [ M
'n{¢:[¢—=|>¢}
exists and is finite for almost all z € I'.

The quantity Sp(f)(z) is called the Cauchy singular integral of f at z € T

According to the Privalov theorem [7, pp. 431], if one of the functions f* or f~ has
the non-tangential limits a.e. on I, then Sp(f)(z) exists a.e. on I' and also the other one
has the non-tangential limits a.e. on I'. Conversely, if Sp(f)(z) exists a.e. on I', then
the functions f* (z) and f~ (z) have non-tangential limits a.e. on I'. In both cases, the
formulae

FHE) = St G + 5 @), f(E) = 5e(f)(E) - 5 f(2)
and hence
f=r=r (1.7)
holds a.e. on I'. From the results given in [6], it follows that if T'is a regular curve, then
St is bounded on LP(T',w).

We will say that the doubly connected domain G is bounded by the regular curve if the
domains GY and GY are bounded by the closed regular curves.

Let I'; (i = 1,2) be a regular curve and let fo := f [ (w)] z//(w)% for f € LP(T',w)
and let fi(w) := f[¢1(w)] (wi(w))%w% for f € LP(I'y,w).We also set wp(w) 1= w [¢(w)] ,
wi(w) = w1 (w)],Then , if f € LP(I'1,w) and f € LP(I'2,w) we obtain fo € LP(T, wp)
and f; € LP(T, wy).

Moreover, fi (00) = f; (00) =0 and by (1.7)

folw) = I3 (@) — fy (@) (L8
filw) = fif(w) = fi (W)
a.e. on 7.

Now, in the doubly-connected domain we define the w—weighted Smirnov class . The
set EP(G) :={f € EY(G) : f € LP(I",w)} is called the w—weighted Smirnov space of order
p of analytic functions in G.

Lemma 1.1 ([14]). Let g € EP(D,w) and w € A,(T). If i di.(9)w" is the nth partial
k=0

sum of the Taylor series of g at the origin, then there exists a constant cg > 0 such that

1
< CQQp,w,k <ga n)
LP(T,w)

g(w) =Y dp(w)w”
k=0

for every natural number n.



Approzimation by p— Faber-Laurent rational functions in doubly-connected domain 1361

We set

R, (f,z) = Z ap®rp(2) + Z bka,p(%).
k=0

k=1

The rational function R, (f, z) is called the p—Faber-Laurent rational function of degree
n of f.

Since series of Faber polynomials are a generalization of Taylor series to the case of a
simply connected domain, it is natural to consider the construction of a similar general-
ization of Laurent series to the case of a doubly-connected domain.

The problems of approximation of the functions in the non-weighted and weighted
Smirnov classes were investigated in [1,2,5,9-13,16,17,22]. Similar problems in the dif-
ferent spaces defined on the continuums of the complex plane were investigated by several
authors (see for example, [3,8,14,15,18-21,25-27]).We remark, that when I" is a closed
regular Jordan curve, the approximation properties of the p—Faber-Laurent rational series
expansions in the w— Lebesgue spaces LP(I",w) have been investigated by Israfilov [16]. In
this work the approximation problems of the functions by p—Faber-Laurent rational func-
tions in the weighted Smirnov classes E,(G,w), defined in the doubly-connected domains
with the regular boundaries are investigated.

Our main result can be formulated as follows.

Theorem 1.2. Let G be a finite doubly-connected domain with the reqular boundary
F=T1UTs. If we Ay(I"),wo,w1 € Ay(T) and f € EP(G,w) then there is a constant
c19 > 0 such that for anyn=1,2,3,...

Hf - R, ('7 f)HLP(F,w) < c1o {anovk (f07 1/”) + Qp,m,k (fl; 1/”)} ’

where Ry, (., f) is the p— Faber-Laurent rational function of degree n of f.

2. Proof of the main result

Proof of Theorem 1.2. We take the curves I'y, I'; and T := {w € C: |w| =1} as the
curves of integration in the formulas (1.2)-(1.5) and (1.6), respectively. (This is possible
due to the conditions of theorem 1.2). Let f € EP(G,w). Then fy € LP(T,wp), f1 €
LP(T,w1). According to (1.8)

£(0) = [ (6(0) — £ (6(ON(B(C))7

2.1
F(&) = [fi (01(8)) — fi (#1(¢ =y

~—
N
Pt
—
=
—
722Y
N—
N

|
—
o~
—
722Y
N—
N
B =
——

Let z € extI';. Then from (1.2) and (2.1) we have



1362 S. Z. Jafarov

= o koot o L ’ k=0
> abiy() = 3wl @ e+ g / e
= Yl 2)
k=0
@O L alo O — £ 19 ()
271 / (—=z d
e / e N ICICIOE 22)
For z € extI's, consideration of (1.4) and (2.1) gives
. (61(6)761(6)7F > bi[on ()"
N 1 &
kz::lbka (z) - 271'2'1{ E—2 de
> b [ ()"
_21772/ = £E—=z2 de
I
(GO ) | (61 (©) — X bilor ()
_ / k=0 dé
2ri E—2
2772 5 - z (23)
For z € extI';, using (2.2), (2.3) we have
Zak (I)k —I—Zaka( )
5 R C (5 L sEA X R T L (S)
= ar [ (2)]% (¢ (2))? + — = d¢
> s (I (¢ QMF[ -
L (G T [0 @) - il
i@+ 5 [ e .
I

Taking the limit as z — z* € I'; along all non-tangential paths outside I'y, we obtain
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S gy (2 Zm&()=1ﬂﬂm—wamﬁwmﬁ
k=0 k=1 k=0
+3¢@ﬂﬁ<ﬁ%ﬂfﬂ—§)%wwmﬂ

+Sr, (¢ )% fo °0p— Zakqjk] ")
k=0
9@ X bl ()
_%/ f_’“j ¢ (2.4)
s

a.e. on I'y.
Now using (2.4), Minkowski’s inequality and the boundedness of Sr, in LP(I';,w)
[14, Theorem 5] we have

(2.5)
LP(Tw1)

+ C12
LP(T,wo)

f1 Zbkw

fo Z Cbk:w

1f = R (£ ) oy, o) < e

That is, the Faber-Laurent coefficients aj and by, of the function f are the Taylor coefficients
of the functions f;" and f;", respectively. Then by (2.5), Lemma 1.1 and [14, Lemma 4]
we have

c1o(p) {Qp,wo,k (fo+, 1/”) + Qp o1 sk (f1+7 1/”)}
Cll(p) {Qp,wo,k (f07 1/”) + Qp1w17k (f17 l/n)} .

||f - Ry ('7 f)HLP(Fl, w)

IN A

Let z € intl's. Then by (1.3) and (2.1) we have

1

Zi:bka‘p<> = (¢1(2)7 (o ’%Zbkﬁbl

_QLM' / & — zk:1 de
I'>
— ()P (61(2) 7 S bl (2))F
k=1
L GUOP @) ( blo @ - 5 1o )
27”1“{ E—z

2772/5 € — fi [¢1 (= )](‘ﬁ/l(z))%(ﬁbl(z))_% (2.6)
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For z € intl'y, from (1.1) and (2.1) we obtain
" 0O S ale )
Z aip®y (2 % / Cif . dc.
= 4
@O (£ als @ - £ o)
1 k=1 IS
_ 27”1/ — dC+2m,F/ 2o @)

Use of (2.6) and (2.7) for z € int'y gives

oo (1) - /< <<>>w(2akc[<i>1kfmqﬁ(o])dC

It

(aﬁa(c»%(m( ) (z belon (O — £ (61 (6))

o E—2 d

Taking the limit as z — z* € I's along all non-tangential paths inside I'y, we reach

Z)_kzn:akq)kp Zbk’ka< )

= fi 61 (")) = *(qﬁ'l(Z*))

'U\*—‘
'U\N)

[i 6 ()
=51, |( l )7 (¢ Zbk¢k ( 01 ))1 (2%)

@) (,E o (O - 17 16(0))
— / —_ dc (2.8)

I'

[

a.e. on I's.
Consideration of (2.8), the Minkowski’s inequality and the boundedness of Sr, in
LP(T'y,w) [14, Theorem 5| gives the inequality

f 1 Zbkw

k=1

+c15
LP(Tw1)
Use of (2.9), Lemma 1.1 and [14, Lemma 4] leads to
1f = Rn (s f)HLP(Rw) €10 {prwl’k (f1+’ 1/”) + pwo sk <f0+a 1/”)}
< e {Qpwok (f1,1/n) + Qp ok (fo,1/n)}
Then, the proof of theorem 1.2 is completed. O

|f =Rl f2 ) Lo () SC14

fo Zakw

(2.9)
L (T,wo)

VAN VAN
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