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Abstract

In this paper, we introduce the notion of a group-2-groupoid as a group object in the
category of 2-groupoids. We also obtain a 2G-crossed module by using the structure of
a group-2-groupoid. Then we prove that the category GP2GD of group-2-groupoids and
the category 2GXMOD of 2G-crossed modules are equivalent.
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1. Introduction

A groupoid is a small category whose all morphisms are invertible [7,9]. A groupoid
can be thought of as a group with many objects and also a group is a groupoid with a
single object [6]. A group object in the category of groupoids is called a 2-group [4], (resp.
"G-groupoid" in [7] and "group-groupoid" in [11]). For further information on the 2-group,
see [3-5,7,12,14]. This definition was generalized to ring-groupoid in [11] and to R-Module
groupoid in [1]. Recently the concepts of normal and quotient objects in the category of
2-groups have been obtained by Mucuk et al. [13].

Crossed modules defined by Whitehead can be viewed as 2-dimensional groups [16,17].
In [7], Brown and Spencer proved that the category of 2-groups is equivalent to the category
of crossed modules of groups. And so a crossed module is essentially the same thing as
a 2-group. This result was generalized to the crossed modules and internal groupoids in
some algebraic categories including groups in [15]. Also this result was proved for the
category of topological 2-groups and the category of topological crossed modules in [5].

A 2-group can be thought of as a 2-category with one object in which all 1-morphisms
and 2-morphisms are invertible [3,14]. The 2-categorical approach to 2-groups is a powerful
conceptual tool. However, for explicit calculations it is often useful to treat 2-groups as
crossed modules[3].

In Section 3, we have inspired by the work of Brown and Spencer [7], and then we
define the group-2-groupoid as a group object in the category of 2-categories. The main
goal of this paper is to investigate how a group-2-groupoid corresponds to an algebraic
structure similar to crossed modules. For this purpose, we first introduce 2G-crossed
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modules as an analogue of crossed modules given in [7]. Then we also define morphisms of
group-2-groupoids and 2G-crossed modules. Finally, we prove that the category GP2GD
of group-2-groupoids and the category 2GXMOoD of 2G-crossed modules are equivalent.

2. Preliminaries
The following definition is given in [3].
Definition 2.1. A 2-category € consists of
e objects XY, Z, ...

e l-morphisms: X N Y

f
e 2-morphisms: X /-I}a\ Y
\7/
1-morphisms can be composed as in a category, and 2-morphisms can be composed in
two distinct ways: horizontally:

f g gof
X Yo YT s 22 = X oz
g g'o
and vertically:

Py ;

[e%
X —}L% Y = X7 {deaY
O/ \77,""/
f//

A few simple axioms must hold for this to be a 2-category:
e Composition of 1-morphisms must be associative, and every object X must have
a 1-morphism
1
X=X
serving as an identity for composition, just as in an ordinary category.

e Vertical composition must be associative, and every 1-morphism X N Y must
have a 2-morphism

serving as an identity for vertical composition.
e Horizontal composition must be associative, and the 2-morphism

1x
X7 Lo X
\—/
1x
must serve as an identity for horizontal composition.
e Vertical composition and horizontal composition of 2-morphisms must satisfy the
following interchange law:

(B 0y B) o (o 0y ) = (B op ') 0, (Bop, ).
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so that diagrams of the form

f g
X/}my/m
fl/ gl/

define unambiguous 2-morphisms.

Here are some examples of 2-categories.

e The category of small categories CAT is a 2-category whose objects are small
categories, 1-morphisms are functors and 2-morphisms are natural transformations
between functors [2].

e The category of topological spaces TOP form a 2-category with homotopies between
maps as 2-morphisms [2].

e Every category is a 2-category whose 2-morphisms are identity [14].

A 2-functor F': C — D between two 2-categories € and D is a triple of functions sending
objects 1-morphisms and 2-morphisms of € to items of the same types in D so as to preserve
all the categorical structures (source, target, identities, and composites) [10].

Thus, small 2-categories and 2-functors between them form a category which is denoted
by 2CAT [14].

A 2-groupoid is a 2-category G in which every 1-morphism and every 2-morphism have
inverses [14]. So a 2-groupoid § = (Go,G1,G2) has a set Gy of objects, a set G of
1-morphisms and a set Gy of 2-morphisms together with the source and target maps

T Yoy
b
s1,t1: G1 — Go, si1(a) =z, ti(a) =y,
s2,t2: Go — Go, s2(a) =, ta(a) =y,
s3,t3: G2 — G1, s3(a) =a, t3(a) =",

and the identity maps
£1: Go — Gl, 61(:6) = 190,
£9: G() — GQ, 2’52(33) = llx;
eg: G1 — G27 83(a) = 1g4,
such that the following diagram commute for all objects
€2

P
52

G2 G
3

N7

1
If a,b € Gy, s1(b) = t1(a) and «a,d/, B € Ga, s2(f) = ta2(a) and s3(a’) = t3(«) then the
composition maps

o: G1 slxthl — Gl,

op: Gg 5y Xt,Go —> Ga,

0y: Go S3Xt3G2 — GQ,
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exist such that, sy(boa) = si(a), ti(boa) =t1(b), s2(B op @) = sa(a), ta(B op ) = s2(B),
s3(a o, @) = s3(a) and t3(a’ o, @) = t3(a’). Further, these partial compositions are
associative, for z € Gy and a € G; the elements ¢1(x) = 1,, e2(x) = 11, and e3(a) = 1,
act as the identities and each 1-morphism a has an inverse a and each 2-morphism « has
a horizontal inverse &" and a vertical inverse @ such that

a a 17‘
T YT
b b @

The maps

n2: Go — Go, m(a) =a”,

n3: Go — Ga, n3(a) =a
are called the inversions.
Example 2.2. Let Gg, G; and G5 be the sets Z,, Z, X Z and Z, X Z X Z, respectively.

We assume that both pairs (Z,y) and (Z,y + kn) are 1-morphisms from T to x +y (for
k € Z) and the triple (Z,y,y + kn) is a 2-morphism from (Z,y) to (Z,y + kn) as follows:

(=)
J@yy+kn) —x+y .
(z,y+kn)

8|

Then we can define the composition of 1-morphisms by
(x+y,2)0(@y) =@,y+2),
the vertical composition of 2-morphisms (for any k; € Z) by
(T, y + kan,y + ksn) o, (T,y + kin,y + kan) = (T,y + kin,y + ksn),

and the horizontal composition by
(m—i—y,z,z—i—kgn) Oh (Tvyuy—i_kln) = (T7y+z7y+z+ (kl + k?)”)

It is easy to prove that the vertical and horizontal compositions satisfy interchange law.

For # € Gy and (7,y) € G1, the identity morphisms are 1z = (7,0) and 1,_ = (7,0,0)

and 1z, = (Z,9,y). The inverse of (7,y) under o is (7,y) = (v +y,—y), the in-
- -

verse of (Z,y,y + kn) under oy is (T,y,y +kn) = (z+y,—y,—y — kn) and under o,

is (Z,y,y + k:n)v = (T,y + kn,y). Thus the triple (Go, G1,G2) is a 2-groupoid.

A morphism of 2-groupoids is simply a 2-functor between the underlying 2-categories.
Hence small 2-groupoids and their morphisms form a category which is denoted by 2GPD
[14].
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3. Group-2-groupoids and 2G-crossed modules
We now define the group object in 2CAT similar to group object in CAT as follows:

Definition 3.1. A group object G in 2CAT is a small 2-category G equipped with the
following 2-functors satisfying group axioms

(1) the product m: G x § — G,

a a aa
2 oy, hasy = oo’ aa
~_v 77 \/,/7 \‘_//
b b bb

(2) the inverse inv: § — G,
1

a a=
x o — X -1
\%’/y \_l_},lf’,‘;y
=

(3) the unit e: {*x} — G (where {x} is the terminal object in 2CAT).

Remark 3.2. The one-object discrete category (i.e. every morphism is an identity) is the
terminal object of the category of small categories CAT [8]. Similarly, the category {x}
which is defined as terminal object of 2CAT above, is the one-object discrete 2-category
(i.e. every l-morphism and every 2-morphism is an identity).

In terms of group object in 2CAT, a group-2-groupoid can be obtained in the following
way:
Proposition 3.3. A group object G in 2CAT is a 2-groupoid.

Proof. Let G be a group object in 2CAT. Then 2-functors m: § x § — § called prod-

uct, inv: § — G called inverse and e: {*} — G (where {x} is the terminal object in
a

2CAT ) called unit satisfying the usual group axioms. The product of =z @ y and

b
a’ aa’ a
7T AL . . T T . /_\ . .
x’ Vo "y is written as za’ |} ao/ yy' , the inverse of x e~y is written as
\// \l_,/r ~—_' 7
b bb b

-1

-1 o,
x \‘b‘lilﬁ/i Yy

Let o, o and o, be the composition of 1-morphisms, the horizontal composition and the
vertical compositions of 2-morphisms in G, respectively. To prove § is a 2-groupoid, we
have to show that all 1-morphisms and 2-morphisms in § have inverses for compositions
o, oy and o,,.

The 2-functor m gives interchange laws

(coa)(d od') = (cc)o(ad),

(B on ) (B op ') = (BF') on (a)
(6 0y @) (8" 0y ') = (60") 0y ()

whenever coa, cod, Bopa, B o,a, do,aandd o,a are defined.

In [7], it was proved that coa = al;'c = ¢l;'a and @ = 1,471, is the inverse of a
under o.

We also give the following relations for the horizontal and vertical composition of 2-
morphisms just the same way as in [7];
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For horizontal composition, we have
Bopa=(Bl1,)on (11,17 @) = (Bop 1n,)(11, on (13, @) = B1;, @ (3.1)
and similarly
Bopa= alfylﬁ. (3.2)

So it is easy to see from (3.1) and (3.2) that @" = 1;,a~'1;, is the inverse of o under o.
For the vertical composition, we have

Sopa=(811,) 0p (1p1; ) = (6 0y 1p) (11, 0 1; ') = 01, ex (3.3)

and
5oy o= aly's. (3.4)
And also it is easy to see from (3.3) and (3.4) that @’ = 1,a~ 11, is the inverse of a under

0y.

Hence any group object in 2CAT is a 2-groupoid.
Furthermore, if y = e, then a8 = Sa; hence the elements of Kerss and Kerts commute
under the group operation. In [7], it was proved that if a,a; € Kers; and t1(a) = x, then

aala_l = 1ma11;1.
Similarly, we show that if a, oy € Kersg and ta(a) = x, then
aaja”l = llxalll_zl. (3.5)
O
Definition 3.4. A group object in the category of 2-groupoids is called a group-2-groupoid.

Example 3.5. § = (Z,,,Zy, X Z,Zy, X Z X Z) is a group-2-groupoid with the following
2-functors:

e ®:9xG5—G, (T1,y1,21) D (T2, y2, 22) = (T1 + T2, Y1 + Y2, 21 + 22)

e inv: 9 — 97 (Tvyvz)_l = (n - ,Y, _Z)

ec: {x} —G, e=0, 1.=(0,0), 1;, =(0,0,0).

Definition 3.6. Let § = (Go, G1,G2) and H = (Hop, H1, H2) be group-2-groupoids and
let F' = (fo, f1, f2): § — H be a 2-functor. If F' preserves the group structures, then it is
called a morphism of group-2-groupoids.

So group-2-groupoids and morphisms of them form a category which is denoted by
GP2GD.
The following theorem was proved by Brown and Spencer in [7]:

Theorem 3.7. The category of 2-groups and the category of crossed modules are equiva-
lent.

Remark 3.8. Let § = (Go, G1,G2) be a group-2-groupoid and s1,t; be the source and
target maps from G to Gy. Let M =Kers;, N = Gy and 0; = t1|ys . It was proved in
Theorem 3.7 that (M, N, 01, e) is a crossed module with the action (z,a) — rea = 1,al;?
of the group N on the group M and the map 01 = t1|as.

Proposition 3.9. Let § = (Go, G1,G2) be a group-2-groupoid and sq,ty be the source and
target maps from Go to Go. Then (Kerse, Go,ta|r) is a crossed module.

Proof. Let L =Kerso, N = Gy. Then L, N inherit group structures from that of G
and the map 0y = to|p: L — N is a morphism of groups. Further we have an action
(z,a) — x » a of N on the group L given by = » a = llzalfj . It is easy to show that
Oo(z » a) = 202 (a)z™! and Ga(a) » a1 = aaja~! by using (3.5). Thus (L, N, 02, ») is a
crossed module. O
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Proposition 3.10. Let § = (Go,G1,G2) be a group-2-groupoid, t3 be the target map
from Go to Gy and (M, N,01,e), (L,N,0s,») be crossed modules which corresponds to
the group-2-groupoid G as above. Then 035 = t3|r,: L — M is a surjective morphism of
groups which preserves actions of crossed modules.

Proof. Since G is a group-2-groupoid, then t3 is a morphism of groups. Therefore, the
03 = t3|r,: L — M which is the restriction of ¢, is also a morphism of groups. And for
any l-morphism a € M, there is a 2-morphism « € L such that d3(«) = t3|r(a). So, the
group morphism 0s is surjective. It is clear that t9 = t1t3 and so Jds = 0103. Since 03 is a
group morphism, we obtain

63(1‘ > Oé) = 83(11950411_11) = 83(119&)83(04)({“)3(11_:) = 15583(04)1;1 =xe 83(@).
OJ

From Remark 3.8, Proposition 3.9 and Proposition 3.10, we can define a new structure
of crossed modules which corresponds to group-2-groupoids as follows:

Definition 3.11. Let (M, N,0;,e) and (L, N, d,») be crossed modules. A 2G-crossed
module (L, M,N,0y,02,03,0,») is a pair (M, N,0;,e), (L, N,02,») of crossed modules
with a surjective morphism of groups 03: L — M which satisfies the following axioms:
(1) 0o = 0105
(2) O3(nw» 1) =neds(l), forne N,l € L.

[e)) N
N
M

Definition 3.12. Let K = (L, M,N,0;,0,03) and K' = (L', M',N', 91,8, 04) be 2G-
crossed modules. A morphism (fs, f2, f1): K — K’ of 2G-crossed modules is a pair
(fo, f1): (M,N,01,0) — (M',N',9;,¢"), (fs,f1): (L,N,02,») — (L', N',05,»") of mor-
phisms of crossed modules such that f205 = 04 fs.

L

L/ aé N/
T
02 N
N
M
lfQ
M/

Therefore, 2G-crossed modules and morphisms between them form a category which is
denoted by 2GXMoD.

Definition 3.13. An equivalence between categories € and D is defined to be a pair of
functors S: € — D, T: D — C together with natural isomorphisms 1=T'S, 1p=5T,
where 1¢ and 19 are the identity functors [10].

Theorem 3.14. The category GP2GD of group-2-groupoids and the category 2GXMOD
of 2G-crossed modules are equivalent.
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Proof. A functor
~v: GP2GD — 2GXMoD

is defined as follows: For a group-2-groupoid § = (Go,G1,G2), by using Remark 3.8,
Proposition 3.9 and Proposition 3.10, we can define a 2G-crossed module (9)=K =
(L,M,N,0y,0,03) which corresponds to the group-2-groupoid G .

Conversely, define a functor

: 2GXMoD — GP2GD

in the following way. Let K = (L, M, N, 01, 02,03, ,») be a 2G-crossed module. A group-
2-groupoid ¥ (K) can be defined as follows. The group of objects of ¥(K) is N. The group
of 1-morphisms of ¢(K) is the semi-direct product Nx M with the group structure

(n,m)(n',m’) = (nn/,m(n em’)).

The source and target maps are defined by s1(n,m) =n, ti1(n,m) = d1(m)n, respectively
and the identity 1-morphism of o is (n, eps), while the composition is defined by

(O1(m)n,my) o (n,m) = (n,myim)

in [7]. Now the group of 2-morphisms of G can be defined the semi-direct product N x M x L
with the group structure

(n,m,)(n’,m’,I') = (nn’,m(nem’),l(n»1)).

If 02(l) = Oa2(k) then pairs (n,05(1)) and (n,03(k)) are 1-morphisms from n to dz(l)n.
Hence we can define 2-morphism (n, d3(1), k) from (n,03(1)) to (n,03(k)) as follows:

(n,05(1))
/—_——\
n w G2 (D)n.
(n,03(k))

The source and target maps of 2-morphisms can be defined by sa(n, 93(1), k) = n, s3(n,d5(1), k) =

(n,05(1)), ta(n,05(1), k) = O2()n, t3(n,0s(l), k) = (n,03(k)), respectively and the identity
2-morphism of oy, for n € N is (n, epr, er,), when the horizontal composition of 2-morphisms
is defined by

(81 (m)n7 my, ll) Oh (TL, m, l) = (nv mim, lll)

If 05(1) = O2(k) = 02(h), then (n,d3(k), h) is 2-morphism from (n, d3(k)) to (n,d3(h)) and
the vertical composition of 2-morphisms is defined by

(n,d3(k), h) oy (n,05(1), k) = (n,d3(1), h).

The identity 2-morphism of o, for (n,03(l)) € NxM is (n,03(l),l) and the inverse
(n,05(1),k) = (n,03(k),l). Thus ¢)(K) = (N,N x M,N x M x L) is a group-2-groupoid.

To define a natural isomorphism S: ¢y — lgpogp, let G be a group-2-groupoid. A
map Sg: ¥y(9) — G is defined to be the identity on objects, on 1-morphisms is given by

a+ (x,al;1) and on 2-morphisms is given by a + (z,al;?, all_zl).

a (%61;1)
m M
E R R Yaal ol ) " @y

b (z,b15 1)
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It is clear that Sg is bijective on 1-morphisms and 2-morphisms and also preserves the
group operation and compositions as follows:

Sg(@)Sg(a) = (x,al; " aly (2, a' 1! 017 ))
= (zo, al;l(fn ° a'l;,l), alfwl (x » 0/11;1/))
= (a1 a1 0l 1, 1010
= (22,ad'1,}, 040/11_111,)

= Sg(ad’),
a ai
T L
for x o x o1 xo
\bj \b/
1
Sg(ay 0 a) = Sg(arl;a) = (z,a11; ) al; ") = (21,a11;)) o (2, a1;") = Sg(ar) 0 Sg(a),

Sg(aq op o) = 59(04111;110&) = (=, allgllalgl,alll_xllall_:) = Sg(a1) op, Sg(a) and for

a

/“\ b

@ T . T

x—ig_>a;1 and x\ii‘/bm
\\U//B/ b

C

x,al;l,ﬁlb_lalil)

z,al;t, B1T (1,10 el )

S5(B oy ) = Sg(B1, ') = (
( .
(
(

2, b1t A1) (2,011, 1,17 ) " (@, al )t el )
x, bl;l,ﬂlle) oy (z, al;l,alle)
= 55(B) ov Sg(a).

Finally, we define a natural isomorphism T': logxyon — ¥, as follows: If K =
(L,M,N,01,0,03) is a 2G-crossed module, then Tk is the identity on N, on M is given
by m + (en, m) and on L is given by [ — (en, ear,1). Clearly Tk is bijective and preserves
the group operations as follows:

Ti (m)Tx(m') = (ex,m)(en,m’) = (en, m(eny em')) = (ex,mm’) = T (mm’),

Tk (DT (') = (en, e, l)(en,en, ') = ((en,enr, ey » 1) = (en,enr, ll') = T (1).
Hence, by Defination 3.13, the category GP2GD of group-2-groupoids and the category
2GXMoD of 2G-crossed modules are equivalent. O
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