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Abstract

The objective of this work is to investigate some spectral properties of an impulsive Sturm-
Liouville boundary value problem on the semi axis. By the help of analytical properties
of the Jost solution and asymptotic properties of a transfer matrix M, we examine the
existence of the spectral singularities and eigenvalues of the impulsive operator generated
by the Sturm-Liouville equation.
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1. Introduction

As is well known in spectral theory, eigenvalues and spectral singularities are of a
great importance and investigation of these notions have a long history in mathematics,
theoretical physics and quantum mechanics. Let us shortly give an overview on the existing
literature of this subject. Study of the spectral analysis of operators with continuous and
discrete spectrum was began by Naimark [18]. Naimark discovered a part of continuous
spectrum which is a mathematical obstruction for the completeness of the eigenvectors
called a spectral singularity. Then various mathematicians studied spectral singularities
in 1960s [20,22]. Schwartz studied the spectral singularities of a certain class of abstract
linear operators in a Hilbert space and proved that self-adjoint operators have no spectral
singularity. Marchenko investigated the Sturm-Liouville equation

—y" +q(@)y =Ny, 0<z<oo, (1.1)
where ¢ is a real valued function and A is a spectral parameter. The equation (1.1) has a

bounded solution satisfying the condition

lim e(x, \)e ™ =1,
T—00

where B
ANeCr:={AeC:ImX>0}.
e(x, \) is called the Jost solution of (1.1) and it has an integral represantation

e(z,\) = 6N 4 / K(z, t)e™Mdt, AeCy, (1.2)
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under the condition -
/ z|q(z)|dx < oo, (1.3)
0

where K (x,t) is defined by the potential function ¢ [13]. So far, there exist various studies
on the concept of spectral singularities of differential equations [1,3,5,6,8,9,11].

On the other hand, during some physical and chemical phonemena, some discontinu-
ities can be seen which change the state of the process. Even if the duration of this
rapid change is negligible, it may cause some effects in scientific facts. The theory of
impulsive differential equations was studied in applied mathematics in detail [4,21]. Be-
sides, impulsive equations have been motivated by a number of problem in spectral theory
[2,7,10,16,17,23]. Especially, the mechanism by which spectral singularities spoil the com-
pleteness of the eigenfunctions and their difference with exceptional points is discussed in
[15]. In [14], the author provided the physical meanings of eigenvalues and spectral singu-
larities of a general point interaction of Schrédinger equation at a single point. But most
of these studies based on impulsive differantial equations were given on the whole axis.

In this paper, we are concerned with impulsive Sturm-Liouville operator on the semi
axis and obtain some spectral properties.

2. Asymptotic properties

Let L denote the Sturm-Liouville operator on the semi axis in L2[0, c0) by the equations

—y" 4+ q(x)y= Ny, =x€]0,1)U(l,o00), (2.1)
y(0) =0 (2.2)
with impulsive condition
y+(D] _ 5 ly-(1) _la b
vl=Elw B= ) (23)

where a, b, ¢, d are complex numbers, A is a spectral parameter and the complex valued ¢
is supposed to satisfy the condition

/OO z|gq(z)|dx < 0. (2.4)
0

Furthermore, y_ and y; be respectively the restrictions of the solution of (2.1) to the
interval [0,1) and (1, 00), i.e.

{ y—(x)

y+(x) =

Clearly, = = 1 is the interaction point and B is used to continue the solution of (2.1) from

[0,1) to (1,00). It is well known that S(x, A?) and C(x, A\?) are the fundamental solutions
of (2.1) in the interval [0, 1) satisfying the initial conditions

S(0,0%) =0, S0, ) =1

< <

(), 0<z<1
(), x>1

and
C(0,\?) =1, C'(0,2%) =0,
respectively. The solutions S(z,A?) and C(z, A\?) are entire functions of A and
W[S(z,\?),C(z,)\?)] = -1, AeC,
where W{yi,y2] denotes the wronskian of the solutions y; and y, of the equation (2.1).
Besides the solutions S(z, A2) and C(x, A\?) have integral representations

ind [T in M
S(, %) = 22T 4 / ol 1)t (2.5)
0
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and N
C(x, \?) = cos \x + / P(z,t) cos Atdt, (2.6)
0
where the kernels ¢(z,t) and P(z,t) can be expressed in terms of the potential function
q [12].
Furthermore, under the condition (2.4), é(x, \) is an unbounded solution of (2.1) in the
interval (1, 00) satisfying the condition

lim é(x,\)eM =1, A e C, (2.7)

T—00

and it has an integral representation [19]

- i(z—t)\ N - i(t—zx) N 9
2 )i, e q(t)é(t, N)dt + 57X e q(t)é(t, N)dt, (2.8)

where zg is a positive real number. From (1.2) and (2.8), it is easy to verify
Wie(x, ), é(z,\)] = —2i\, z€(l,00), AeCy.

Now by the help of linearly independent solutions of the equation (2.1) in the intervals
[0,1) and (1, 00), the general solution of (2.1) can be indicated as

y_(2,\) = A_C(z,)\2)+ B_S(x,\?), 0<z<1
y+($7 A) = A+€(x,)\) + B+é($, )‘)) x> 1,

where A4+ and B4 are )\ dependent coefficients. Next, we set

y£(1) = lim, ye(2)

é(x,\) = e 4

(2.9)

and then from (1.2), (2.5), (2.6) and (2.8), we obtain easily

. 1 .
s, = 52+ o5
0

1
C(1,)\?) :cos)\—l—/ P(1,t) cos Atdt,
0
e(1,)) :eiM/ K(1,0)eMdt,

1 /o 1 oo .
e(1,\) = *%Mﬂ e<1 DA q(t)e(t, A)dt+ﬂ e Vg (t)e(t, N)dt.

Combining the last equahtles, we find y_(1,\), v (1, N), y+(1,)\) and 3/ (1,)). Using
these solutions and the impulsive condition (2.3), we have

A AL
5| = B_}, (2.10)
where
M M12] ~1
M = = N""BD 2.11
{le Moo (2.11)
such that o 2) s 2)
1, 1,
D= G038 S (212)
and
N1t N12]
N = . 2.13
[N21 Nao (2.13)

Besides, components of N are given by

= e + / (1,t)eMdt,

ngzeiM;A(/ =02g( t)\dt+/ étA)dt)
? T
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. . oo .
Nop = ixe? — K(1,1)e™ +/ K. (1,t)eMdt,
1

) 1 1 . 1 oo
N22 = —Z'>\671)\ + 5/ 62(17t))\Q(t)é(t7 )‘)dt - ﬁ/l el(til)q(t)é(t )‘)dt
o

Now, let consider the Jost solution of boundary value problem (2.1)-(2.3) and denote by
f. Since é(z,)\) ¢ L?*(1,00), we can write f(x,\) — e(x,\), * — oo. Thus, from (2.9),
the coefficients A4 and By turn into 1 and 0, respectively. Moreover, using the impulsive
condition (2.3), we also get A_ and B_ uniquely. By (2.10), we find

 Mas(N)  Ma()
T detM’ T detM
Therefore,
Maz(N) 9y M21(N) 2
_ < 1
f@ ) =4 detnr CEN) T o S@ A 0sa< (2.14)
e(z, N, l<zr<oo

is called the Jost solution of impulsive boundary value problem (2.1)-(2.3).

On the other hand, if we consider another solution of (2.1)-(2.3) and denote by g, since
the boundary condition (2.2) is satisfied, we easily express the solution g by the help of
(2.9) and (2.10) as

hS(z,)\?), 0<z<1
g(z,\) = . (2.15)
hMiz(Ne(z, N) + hMaa(N)é(x, ), 1<z < oo,
where h is an arbitrary non-zero complex number.
Now, we can give the following theorem.
Theorem 2.1. The following equations hold:
WIf, gl(z,\) = —2iAhMaa(N), =z — oo, (2.16)
hMaa ()
A= ——22 . 2.1
WIS gl N) = 2 (2.17)

Proof. (2.14) and (2.15) can be used to calculate the Wronskian of the solutions for
x — oo and for z — 07. Clearly for x — oo, we see

W, gl(x,A) = e(z,\) {hMia(N)e'(x, \) + hMaa(N)€ (z,\)}
(2, 2)

—e'(x, \) {hMa(N)e(x, N) + hMag(N)é(z, \)}
= —2iAhMaa(N),
due to the fact that Wle(z, A), é(z, A)] = —2i\ independently of x. Next, for x — 07, we
find similarly
_ [ Mxn() 2y Mai(N) 2 } N2
Wit gl = {5200 - S8 s frs'(e.)
Maz(A) 2 Ms1(A) o 2 } 2
{ ) et 0?) - BN g1 2) L s, 22)
hMaa(N)
detM
It completes the proof. O

Note that the Wronskians of the solutions of (2.1) in the interval (0,1) and (1, 00) are
independent of z, but they are not equal because of the characteristic feature of impulsive
equations.
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Let y; is an arbitrary solution of (2.1) satisfying the boundary condition (2.2) and y,
is the Jost solution of (2.1). In this situation, we have spectral singularities which are the
real (non-vanishing) zeros of Wiyi, y2] [9].

Now using Theorem (2.1), we can give the following result.

Corollary 2.2. A necessary and sufficient condition to investigate the eigenvalues and
spectral singularities of the impulsive Sturm-Liouville operator L is to investigate the zeros
of the function Mos.

Thus, spectral singularities of operator L are given by A%, where \ is a (non-vanishing)
real zero of My and eigenvalues of L are given by A\?, where ) is a zero of Myy with
ImA > 0.

Theorem 2.3. Under the condition (2.4), the function May satisfies the following asymp-
totic equation for A € C4, |A\| = oo

M (A) = 2 {1 +0 (i)} : (2.18)

Proof. Since det N = —2iJ], it is easy to obtain from (2.11)-(2.13) that
My(\) = % {—e’ (1)) [as (1, )\2) b9 (1, AQ)} (2.19)
Fe(1,0) [cs (1,A2) 1 ds’ (1,)3)”.
The derivative of e (z, A) satisfies the following asymptotic equation
e (z,\) =[N+ 0(1)], ze€l0,00), Ae Ty, |\ — oo (2.20)
From (2.19) and (2.20), we can express the function May for A € C and |A| — oo,

My (\) = {_i; 6,(1’)‘)\)6_”\] {S (17)\2) ei)\} _% [6,(1’)‘)\)6_“] [S’ (17/\2) ei/\}
o {eu,A) e [5 (1.22) ¢ } + g ewne ][5 (1a2) }}

A1+ iN(1—t)
A/ o (1,1) }dt]
2iA

CB
‘G —
—~
=
—_
N—

bl 9ix

21 41 1.1
+4{ Hlte 1) 5y B

1 2)\(1+t) piA1—1)

i ) (1,1) ]dt

¢ |e* A(1+t) _ gir(1-t
15 )\2/(p1t ( th]

id e 1 ¥ p(1,1)

4[)\ e e~ e

+ML2 /01 on (11) {ei)\(l—l-t) _ ez')\(l—t)] dt]}
= o)+ i) o) o))
- 1[0 (3)]:

This completes the proof. ]
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3. Conclusion and an example

In this paper, we have established an impulsive Sturm-Liouville boundary value problem
under a certain condition. Then, we investigated eigenvalues and spectral singularities of
this problem. The biggest difference from other papers is that we use an another method
to make spectral analysis of the problem by determining a transfer matrix. Finally, we
give a detailed example to illustrate our results.

Example 3.1. Let us consider the following impulsive Sturm-Liouville boundary value
problem
—y" = N2y, x€1[0,1)U(1,00),

y(0) =0, (3.1)

e el Vac R

where a,d € C and ad # 0. It is easy to see from (1.2), (2.5), (2.6) and (2.8) that

in A . A
S(x,\?) = 2, C(x, A%) =coshx, e(x,\) =™, ez, \) =e ™7
Also, it follows from (2.19) that
Z'ei)\
Maa() = 535 (—iaAsin X — X% cos A + esin A + dAcos \) . (3.2)

In order to find eigenvalues and spectral singularities of (3.1), we examine the zeros of
Ms2(X). For this purpose, we obtain from (3.2) that

€2i)‘ a+d

a—d
Using the last equation, we find
i, |A+1 A+1
)\k——§ln A—l‘ Arg(A 1) + kmw, ke€Z,
where A = g
041 A+1
Case 1: Let A = Zw i_ 7 for 6 € R. In this case Arg (L) = # and we obtain

)\k:g+k7r, keZ.

Since A, € R, ur, = A2, k € Z are the spectral singularities of the impulsive boundary
value problem (3.1).
Case 2: Let ImA # 0.

If A be pure imaginer, that is ReA = 0, we get ‘AH’

=1 and so

1

That means, the numbers y;, = A2 are the spectral singularities of (3.1).
If ReA < 0, we have eigenvalues p = A\? with
A+1] 1 A+1

i ‘ Arg < +

M)‘f‘k‘ﬂ', keZ,

2

A, = —=1In

since \; € C,.
Case 3: Let A be real. Then, we need to investigate some special cases.
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(i): f0 < A< 1, we find

i A+1 1
=——In|—— — Z.
Ak 2D‘A_1+7T(k‘+2), ke
Since Ap € C_ :={\ € C: ImA < 0}, in this case, the spectral singularities and eigenval-
ues of (3.1) are not existing.
(ii): If 1 < A < o0, we see that

1 1
Ap=—=1 k kelZ
L 5 n A1 + kT, € 4,
for A\, € C_, so similarly to the Case 3 (i), (3.1) has no spectral singularities and eigen-

values.
(iii): If —1 < A < 0, we obtain that

A, = =1In

A-1 1
—_— k+ - k€ Z.
A+1'+7T< +2>’ ©
Since A\ € C4, the numbers pup = )\%, k € Z are the eigenvalues of (3.1) and in this case,
(3.1) has no spectral singularities.
(iv): If —oo < A < —1, we find

i | A-1
=—In

2 A+1
for A\, € C4 and similar to the Case 3 (iii), ux, = M2, k € Z are the eigenvalues of (3.1)
and in this case, (3.1) has no spectral singularities as well.

A + km
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