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Abstract

This study is concerned with the finite-difference solution of singularly perturbed initial
value problem for a linear first order Volterra integro-differential equation with delay.
The method is based on the method of integral identities with the use of exponential
basis functions and interpolating quadrature rules with the weight and remainder terms
in integral form. The emphasis is on the convergence of numerical method. It is shown
that the method displays uniform convergence in respect to the perturbation parameter.
Numerical results are also given.
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1. Introduction

Volterra delay-integro-differential equations (VDIDEs) have a major influence on the
field of science such as ecology, medicine, physics, biology and so on [7-9,15,22]. These
equations play a significant role in modelling of some phenomena in engineering and sci-
ences, and hence have led researchers to develop a theory and numerical computation and
analysis for VDIDEs.

Here we shall concern with the development of fitted difference method for singularly
perturbed Volterra delay-integro-differential equation (SPVDIDE):

t
Lu = eu’ + a(t)u + / K(t,s)u(s)ds = f(t), t € 1, (1.1)
t—r
subject to
u(t) = @(t), t € Iy, (1.2
where I = (0,7] = Glfpv IL={t:rp1<t<mrp},1<p<mandry=sr for0<s<
p:

~—

m, I =[0,T] and Io = [-r,0]. € € (0,1] is the perturbation parameter and r is a constant
delay, which is independent of €. a(t) > a > 0, f(t) (t € I), p(t) (t € Iy) and K(t,s)
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((t,s) € I x I) are assumed to be sufficiently smooth functions such that the solution,
u(t), has initial layer at ¢ = 0 for small values of .

Singularly perturbed differential equations are typically characterized by a small pa-
rameter € multiplying some or all of the highest order terms in the differential equation.
In general, the solutions of such equations exhibit multiscale phenomena. Within certain
thin subregions of the domain, the scale of some derivatives is significantly larger than
other derivatives. These thin regions of rapid change are called, boundary or interior lay-
ers, as appropriate. Such type of equations occur frequently in mathematical problems in
the sciences and engineering for example, in fluid flow at high Reynold number, electrical
networks, chemical reactions, control theory, the equations governing flow in porous media,
the drift-diffusion equations of semi-conductor device physics, and other physical models
[10,11,23,25,26]. It is well-known that standard discretization methods do not work well
for these problems as they often produce oscillatory solutions which are inaccurate if the
perturbed parameter ¢ is small. To obtain robust numerical methods it is necessary to
fit the coefficients (fitted operator methods) or the mesh (fitted mesh methods) to the
behavior of the exact solution [1-3,11,16,23,24,28, 34| (see also references cited in them).
For a survey of early results in the theoretical analysis of singularly perturbed Volterra
integro-differential equations (VIDEs) and in the numerical analysis and implementation
of various techniques for these problems we refer to the book [17]. An analysis of ap-
proximate methods when applied to singularly perturbed VIDEs can also be found in
[2,5,6,18,21,27,29,33].

In the last few years, a considerable amount of effort has been devoted to the numer-
ical solution of VDIDEs. An overview of the approximate methods for VDIDEs may be
obtained from [4, 12,14, 19,31, 32,38-40]. Effective methods for the numerical solutions
of high-order Fredholm and Volterra-Fredholm-Hammerstein integro-differential equations
were proposed by Turkyilmazoglu [35, 36].

The above mentioned papers, related to VDIDEs were only concerned with the regular
cases, i.e., in the absence of initial/boundary layers. SPVDIDEs also frequently arise
in many scientific applications. Wu and Gan [37] investigated error behaviour of linear
multistep methods applied to SPVDIDEs and derived global error estimates A(«)—stable
linear multistep methods with convergent quadrature rule. He and Xu [13] discussed
the exponential stability of impulsive SPVDIDEs. Amiraliyev and Yilmaz [3] gave an
exponentially fitted difference method on a uniform mesh for (1.1)-(1.2) except for a delay
term in differential part and shown that the method is first-order convergent uniformly
in €. A useful discussion of uniform convergence on a fitted mesh, for another form of
SPVDIDEs have been investigated in [20].

In this present paper, we analyze the numerical solution of the initial-value problem
(1.1)-(1.2). The numerical method presented here comprises a fitted difference scheme on
a uniform mesh. Fitted operator method is widely used to construct and analyze uniform
difference methods, especially for a linear differential problems. We have derived this
approach on the basis of the method of integral identities with the use of interpolating
quadrature rules with the weight and remainder terms in integral form. This results in a
local truncation error containing only first derivatives of exact solution and hence facili-
tates examination of the convergence. In Section 2, we state some important properties
of the exact solution. The derivation of the difference scheme has been given in Section
3. In Section 4, we present the error analysis for the approximate solution. The method
is shown to be first order uniformly convergent with respect to the singular perturbation
parameter. In Section 5, we give numerical example, which validate the theoretical anal-
ysis computationally. The approach to construct discrete problem and error analysis for
approximate solution is similar to those one’s from [1-3,20].

Notation. Throughout the paper C (sometimes subscripted) will denote a generic
positive constant independent of the mesh and perturbation parameter e. Also, |[|.||eo



A fitted approximate method for a Volterra delay-integro-differential equation 1419

indicates a continuous maximum norm on the corresponding closed interval, in particular

we shall use ||g]|cc = tre%uT(] lg(t)], for any g € C[0,T].

2. Properties of the exact solution

In this section, we will establish a priori bounds on the solution of (1.1)-(1.2) and its
first derivative. These bounds will be used in the error analysis in later sections.

Lemma 2.1. ([3]) Assume that a, f € C[0,T] such that a(t) > a > 0, |F(t)| < F(t) and
F(t) is a nondecreasing continuous function. Then the solution of the initial value problem

ev'(t) + a(t)v(t) = F(t), t €1, (2.1)
v(0) = A (2.2)

satisfies
lo(t)| < |A|+ o 1F(t), t eI

Lemma 2.2. For a, f € C'[0,T],

gtK(t, s)| < My < o0,
the solution of (1.1)-(1.2) satisfies
[ull o < Co (2.3)
|w@ﬂ§c{1+ia?},ogt§T, (2.4)

where
15 _ 1K
Co = (lp(0) + a7 K [l¢lly o+ a7 | fll) e KT,
K = max|K(t,s)|,
IxT

0
liellio = [ le(e)ldt.

Proof. Since
t

’ £b) — / K(t, s)u(s)ds

t—r

t
<o+ K [ Jus)lds
t—r

0 t

| S le(s)lds + [u(s)|ds, for t <r

Slflle+E§ 7 ’
[ |u(s)|ds, for t >r
t—r

then we can write

¢ t
10~ [ K| <Rl + 1+ [l 00
t—r 0
Now, applying the Lemma 2.1 to (1.1)-(1.2) we get

t
u(®)] < [0(0)] + @™ K [lplly o+t [ fll + 04_17(/ u(s)lds, tel.
0
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From here, by using the Gronwall’s inequality it follows that
1 _ 1K
()] < ()] +a 'K gl o+ o 1l )oK
which leads to (2.3).

We now prove (2.4). Differentiating (1.1) gives

ev' +a(t)v = ®(t), t >0, (2.5)

<Mw:j%ﬂ—damuy—/:;Kuﬁmgms—Kﬁ¢muy+Ka¢—rMQ—r)

Under the conditions of the Lemma 2.2 we have

B! < 1 o + 10l Nl + Mo (Il + ullog ) + K (Nl + Il ) for 0<t < r

D) < £l + ol s + Mo [l + 2K Jfull ., for ¢ > r
which by virtue of (2.3) implies that
()| <C, 0<t<T. (2.6)

Next, from (1.1) we have the estimate for u/(0) :

0
1
[W/(0)] < 2|£(0) - a(0)u(0) ~ [ K(0.5)u(s)ds
< 2 (Wflloe + llaloe Co + K ol ).
thereby
C
wO) < 2. (2.7)
From (2.5) and (2.7) it follows that
~L[a©ds 1 —2 [ almdn
o) =v(e 0+ / B(ee £ de.
0

Therefore
_at _alt=§)
(0] < o) % + - [ @) e dg
and after using (2.6) and (2.7)

lw(t)| < ge—%t +Ca(1-e%)

which immediately leads to (2.4). O
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3. The difference scheme

We introduce the uniform mesh on the [0,77] :

wNo :{ti:iT,i:1,2,...,NO§T:N£:%}

which contains NV mesh points at each subinterval I, (1 <p <m):
Wy, =1{ti: (p—=1)N+1<i<pN}, 1<p<m,

and consequently
m
Wy, = U Wy, -
p=1

To simplify the notation, we set g; = g(t;) for any function g(t) and moreover y; denotes
an approximation of u(t) at ¢;, also g;,_1 = g(¢; — ). For any mesh function g; defined on
2

wy, we use the backward difference and norms:
9, =" Mol = max ol
T T “Np o (p-1)N<i<pN

For the difference approximation to (1.1), we integrate (1.1) over (¢;—1,t;) :

ti ti
ptr [ e de= e [ p@eiodr (31)
ti—1 ti—1
with the exponential basis functions
pilt) = e 27D =12, Ny,
where
t;
_ 1 — e %P T
pi=1"" / pi(t)dt = ——, p=—.
a;p €
ti—1
We note that the function ¢;(t) is the solution of the problem
—ef(t) + aip(t) =0, ti1 <t <t
o(ti) = 1.
After applying the method of exact difference schemes (see e.g., [2,3] and [30, pp. 207-

214] for comprehensive description concerning to the second order differential equations)
we obtain

(3.2)

pr! / (e () + a(t)u(®)]i(t)dt = p; 7! / [/ (1) + a(ti)u(t) | ps(t)dt

ti—1

— a%uT 4+ aju; + Rz(l) (3.3)

with aip

R v —a;p
0; = T o—ar® (3.4)
and the remainder term
ti
1 1 —

RO =t [ fal) — att)Jupi(t)dt (3.5)
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Further .
pi / f(Ogi(t)dt = fi + R (3.6)
with - )
RY = pi'r ! / [£(t) = f(t)ei(t)at. (37)
lio1

For the integral term from (3.1), after applying the appropriate quadrature rules, we have
t,

u;lfl/ </Kts ) /K ) Ju(s)ds + R

— AV ®3) (4)
=T Z K(ti_%,s])u] + R+ R, (38)
j=i—N+1

ti t; &
RE?’) =p ! / dty;(t) / i( / K(¢, s)u(s)ds) [Tg(t —&) — To(ti_% - 5)}(15, (3.9)

ti—1 ti—1 E—r
i—1 tj+% d
RO= S [ (-l - ©) - (Kl u(e))de (3.10)
j=i—N+1 ¢ 1

and
To(A) =1, A>0; Tp(A\) =0, A<0.
Consequently we have the exact relation for u(¢;)

L, u; = aeiuw +a;u; + 7T Z Kz‘f%,j =fi—Ri (3.11)
j=i—N+1
with remainder term
R;=RY - R® + p® 4 pW (3.12)

where Rl(k) (k=1,2,3,4) are defined by (3.5),(3.7),(3.9),(3.10), respectively.

Based on (3.11) we propose the following difference scheme for approximating (1.1)-(1.2)

Lyyi=ebiy_ +aiyi+T7 Z K _, vj=fiu 1<i< N, (3.13)
Jj=i—N+1

yi =pi, —N<i1<0, (3.14)
where 0; is defined by (3.4).

4. Stability bound and convergence
Lemma 4.1. Consider the following difference problem
lyvi == 50ivﬂ_ +av; = F;, 1 <1i< Ny, (4.1)
vwo=A (4.2)
Let |F;| < F; and F; be a nondecreasing function. Then the solution of (4.1)-(4.2) satisfies
lvi| <Al + a7 'F;, 1 <i < Np. (4.3)
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Proof. First, we note that for the difference operator [, v; the maximum principle holds
in the form: If for any mesh function [,v; > 0, 1 <7 < N and vy > 0, then v; > 0, for
0<i<N.

Consider now the barrier functions
VE = v, + |A| + a7 1T,
and take into consideration that
SF% _ F; —Tfﬂ_l
since F; is a nondecreasing function. Therefore,
YiE=+A+ A +a71F; >0

>0

and
i = £F +ai|A + 0,07 T+ a0 T > £F;+ 5 >0,

so that according to the maximum principle wii > 0, which proves (4.3). O
Lemma 4.2. For the solution of (3.13)-(5.14) the following inequality holds

1Wlloez, <0(leol + 07 K [¢ll10) + 71 Il (4.4)

0 0
where _ —
o = ea’lKT, = afleoflKT.
Proof. Since
_ 0
K3 el i=1
j=i—N+1

Y

»J

il _ 0 _ -1
<TK > |yl K Y gl 7K Xy, 1<i<N-—1
j=i—N+1 j=i—N+1 Jj=1

i1
T K.

j=i—N+1

(S

_ i—1
™K Z ]yj] s 1 >N-—-1
j=i—N+1

then it is not hard to see that

1—1
fi - T Z Ki—%,jyj

i
<M fllooz, + K llellg+7E D lyj-al-
j=i—N+1 0

J=1

Next, after applying Lemma 4.1 to (3.13)-(3.14) we get

%
il < lol + 0 (Ifllezy, +Ellellig) +a™ 7K 3 gl
j=1

From here by using the difference analogue of Gronwall’s inequality we arrive at
_ = -1K¢, .
il < (leol + a7 (I ooy, + K llelho ) ) B0, 120 <

which implies the validity of (4.4).

N

According to (3.11),(3.13) for the error of the approximate solution z; = y; — u; we have
L,z =R, 1<i< N, (4.5)

=0, —-N<i<O. (4.6)

O
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Lemma 4.3. The error of the approzimate solution z; satisfies
ooy, <9 1Ry, @)
Proof. 1t evidently follows from (4.4) by taking ¢ =0 and f = R. O

Lemma 4.4. Let a,f € C'[0,T], ¢ € C[-7,0] and K € C’1<[O,T]2). Then for the trunca-

tion error R;, the following estimate holds
| R|| < CT. (4.8)

OOUJN

Proof. We begin with the inequality
4
R <> |RY| (4.9)
k=1

(k)

and estimate R;"’ separately.

For a(t), by the mean value theorem
la(t) — a(t;)| < |d'(&)| [t —ti] < CT on t—1 <t <t

Thereby for Rz(l), using also |u| < C from Lemma 2.2, we have
t;

7P| <7t [ fath) - att)Ju)pibde| < Orp' ! / pi(t)dt = Cr.

ti—1

For Rz@) similarly as above we get

For Rz@ using also (2.3), we have

ERIES Tt /dsgpl Z{/‘at (€, 5)

<2r(KW ul 7+ 2K)T,

W(N®+ﬂK@€N+Uﬂ€§—TH}§

with
—K(t,s)| <KW,
’é% 8)| =
Finally for R(4) by virtue of (2.4) we obtain
l
2
4 —
RY| < 2r 3 KO lul| 7+ K [u(&)])d¢
Jj=i— N+1t 1 '
-2
J+2
<2K® |luf| ;7N ~ 1)+ 27K Z / ! (€)| de
’ j=i— N+1t 1
-2
ti—l
2
< 2RO |lul| g7+ 2K / ()| de, (4.10)

ti—N+%
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with 5
—K < K®,
‘83 (t,5)| <
Since
ti—% 0 ti—% 1
_af
[ Weles [ oo [ (1) e
ti*NJr% ti7N+% 0
ati,l
<|l¢'ll1 0 +C<r+a1 (1 e )
<[lellg+C (r+at), for 1<i<N
and
ti,% tl‘,%
1 _«a
/ ()] d¢ < C / (1 + ge—f) d¢
ti*NJr% ti7N+%

. _ati7N+% Y3
<C ti_%—ti_N_’_%—l—Oz (e e —e < )

gC(r—i—a*l), for i>N+1
the inequality (4.10) along with (4.11),(4.12) implies that
RV <cr.
Consequently, from (4.9) the proof follows.

Now, we can formulate the main result of the paper.

1425

(4.11)

(4.12)

Theorem 4.5. For a,f € C1[0,T], ¢ € C[-r,0] and K € Cl([O,T]2>, the solution
of the difference problem (3.13)-(3.14) uniformly first order convergent to the solution of

(1.1)-(1.2):

Iy = s, <O
Proof. It evidently follows from (4.7) by taking into consideration (4.8).

5. Numerical example

Example 5.1. Consider the test problem
t

eu'—l—Qu—/u(s)ds:—1+t—%(1—e_%), t€(0,2],
t=1

u(t)=1, =1 <t<0.

The exact solution is given by

" e %, 0<t<1
u = e M (t=1) _g=Ag(t—1) _2t _2(t=1)
== —14+e = +e =, 1<t<2
where
1—+V1+e¢ 1 1+e
DU s VP e

9 9



1426 G.M. Amiraliyev, O. Yapman, M. Kudu

We define the exact error e2 and the computed ¢ —uniform maximum pointwise error e’

as follows
N =y =l
¢ = max eév,

where y is the numerical approximation to u for various of N and ¢. Parameter-uniform
rates of convergence are computed by

N =1In (eN/eQN) /In2.

The values of € and N for which we solve the test problem are e = 2%, i = 0,6,12,18,24; N =
64,128, 256,512,1024. From Table 1 we observe that the e—uniform experimental rate of
convergence is monotonically increasing towards one, so in agreement with the theoretical
rate given by Theorem 4.5.

Table 1 Errors ¢V eV and rates of convergence Y, r" for Example 5.1.

e N=64 N=128 N =256 N =512 N =1024
20 0.008613 0.004680 0.002473 0.001271  0.000644

0.88 0.92 0.96 0.98

276 0.008602 0.004739  0.002522  0.001305  0.000657
0.86 0.91 0.95 0.99

2712 0.008606 0.004741  0.002523  0.001305  0.000657
0.86 0.91 0.95 0.99

2718 0.008609 0.004743  0.002524 0.001306  0.000657
0.86 0.91 0.95 0.99

2724 0.008609 0.004743  0.002524  0.001306  0.000657
0.86 0.91 0.95 0.99

eV 0.008613 0.004743  0.002524  0.001306  0.000657
N 086 0.91 0.95 0.99

Example 5.2. Consider the initial-value problem

t

eu’+u+/su(s)ds:5t2—2, 0<t<2,
1-¢

ut) =5+t —1<t<0,

whose exact solution is not known.

We estimate errors in the computed solution and rates of convergence using the dou-
ble mesh principle. For this purpose, we calculate another approximate solution y?" on
a mesh that is obtained by uniformly bisecting the original mesh Wy, We estimate the
errors for different values of € and IV by

e Al

00W N,

e—uniform errors and e—uniform rates of convergence are computed in the same way as
in Example 5.1.
The values of € and N for which we solve the test problem are e = 2%, i = 0,6,12,18,24; N =
64,128, 256,512,1024. From Table 2 we see that the values of " close to one for large
values of N.
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Table 2 Errors ¢V eV and rates of convergence Y, r" for Example 5.2.

e N=64 N=128 N =256 N =512 N =1024
20 0.035015 0.019972 0.010703  0.005617  0.002867

0.81 0.90 0.93 0.97

276 0.044512 0.025213  0.013605 0.007091  0.003594
0.82 0.89 0.94 0.98

2712 0.060601 0.034326  0.018522  0.009721  0.004928
0.82 0.89 0.93 0.98

2718 0.066050 0.037155 0.019910  0.010449  0.005297
0.83 0.90 0.93 0.98

2724 0.067411 0.038450  0.020462  0.010739  0.005444
0.81 0.91 0.93 0.98

eV 0.067411 0.038450  0.020462 0.010739  0.005444
rNo .81 0.91 0.93 0.98

. Conclusion

In this paper, we have proposed the fitted finite-difference method for the linear first
order SPVDIDE exhibiting initial layer. We have shown that the method is first order
uniformly convergent with respect to perturbation parameter. The numerical results also
show that the presented method is first order uniformly accurate and hence it can be
strongly recommended for SPVDIDEs. The main lines for the analysis of the uniform
convergence carried out here can be used for study of more complicated linear SPVDIDESs
as well as quasilinear SPVDIDEs.
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