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ABSTRACT

The classification of almost contact B−metric manifolds is considered. It is shown that
D−homothetic deformation of these manifolds in the class Fi (i = 0, 1, 4, 5) remains in the same
the class Fi. We study almost contact B−metric structure on 5−dimensional nilpotent Lie algebras.
The class of the left invariant almost contact B−metric structures on corresponding Lie groups is
investigated. Finally, we determine the class of 5−dimensional nilpotent Lie algebras with almost
contact B−metric structure.

Keywords: 5-dimensional nilpotent Lie algebra; Almost contact B−metric manifold; Fundamental tensor.

AMS Subject Classification (2020): Primary: 53C05 ; Secondary: 53C15; 53C25.

1. Introduction

The classifications of almost contactB−metric manifolds and almost contact metric manifolds were obtained
in [2, 4, 5, 7]. The eleven basic classes of almost contact B−metric manifolds were obtained by using the
structure tensor of type (0, 3) [5]. In [1] the concept of D−homothetic deformation of an almost contact
B−metric manifolds is introduced and some properties of these are investigated. Left invariant almost contact
metric structure on every connected odd dimensional Lie group give rise to almost contact metric structure on
corresponding Lie algebras [8]. The classification of 5−dimensional nilpotent Lie algebras with almost contact
metric structure is given in [3].

Our aim in this paper is to determine the class of 5−dimensional nilpotent Lie algebras with respect to the
given almost contact B−metric structure. In Section 2 we recall some facts about the almost contact B−metric
manifolds and it is shown that D−homothetic deformation of these manifolds within a certain class remains
within the same class. In Section 3 we give almost contact B−metric structure on 5−dimensional nilpotent
Lie algebras gi for i = 1, . . . , 6. We determine the class of 5−dimensional nilpotent Lie algebras gi with this
structure. Finally, it is proved that the vector field ξ is a Killing vector field for each gi.

2. Almost Contact B−metric Manifolds

Let M be a smooth manifold of dimension (2n+ 1). If M has an almost contact structure (ϕ, η, ξ) consisting
of an endomorphism ϕ of the tangent bundle, a Reeb vector field ξ, its dual 1−form η such that the following
relations are satisfied

ϕ2 = −Id+ η ⊗ ξ, η(ξ) = 1, (2.1)

then, (M,ϕ, η, ξ) is called almost contact manifold. In addition, if (M,ϕ, ξ, η) admits a pseudo-Riemannian
metric g of signature (n+ 1, n) such that

g(ϕx, ϕy) = −g(x, y) + η(x)η(y),
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for all vector fields x, y, then, (M,ϕ, ξ, η, g) is called almost contact B−metric manifold.
The horizontal distribution induced by the contact 1−form η is denoted by H = kerη. Taking the restrictions

of ϕ to H and g to H , (H,ϕ|H , g|H) can be considered as an almost complex manifold with Norden metric of
dimension 2n.

The structure group of the almost contact B−metric manifolds is O(n,C)× 1, that is, O(n,C)× 1 consists of
(2n+ 1)× (2n+ 1) matrices of the following type A B 0n×1

−B A 0n×1

01×n 01×n 1

 , AAt −BBt = In, ABt +BAt = 0n,

where A,B ∈ GL(n,R) and In and 0n are the unit matrix and zero matrix, respectively.
In [5] the almost contact B−metric manifolds are classified using the tensor F of type (0, 3) defined by

F (x, y, z) = g((∇xϕ)y, z),

where ∇ is the Levi-Civita connection of g. Moreover, the following properties of F are valid:

F (x, y, z) = F (x, z, y) = F (x, ϕy, ϕz) + η(y)F (x, ξ, z) + η(z)F (x, y, ξ),
(∇xη)y = g(∇xξ, y) = F (x, ϕy, ξ).

(2.2)

Eleven basis classes of these manifolds are denoted by F1, . . . ,F11. The class of F0 is defined by the condition
F = 0, i.e., ∇ϕ = ∇ξ = ∇η = ∇g = 0.

The Lie 1-forms associated with F are defined by

θ(x) = gijF (ei, ej , x), θ∗(x) = gijF (ei, ϕej , x), ω(x) = F (ξ, ξ, x), (2.3)

where gij ’s are the entries of the inverse matrix of g with respect to the basis {ei, ξ} of TpM .
An almost contact B−metric structure (ϕ, η, ξ) on a connected Lie group G is said to be left invariant if g is

the left invariant and if the left multiplication map La : G→ G has the following properties

ϕ ◦ dLa = dLa ◦ ϕ and dLa(ξ) = ξ,

for all a ∈ G.
Let g be odd dimensional Lie algebra. An almost contact B−metric structure on g consists of a one-form η, a

tensor field ϕ, a vector field ξ such that

ϕ2 = −Id+ η ⊗ ξ, η(ξ) = 1, g(ϕx, ϕy) = −g(x, y) + η(x)η(y), (2.4)

for all vector fields x, y where g is a B−metric.

2.1. D−homothetic Deformation on Almost Contact B−metric Structures

Let (M,ϕ, ξ, η, g) be an almost contact B−metric manifold. The structure (ϕ̃, ξ̃, η̃, g̃) satisfying the relations

η̃ = tη, ξ̃ =
1

t
ξ, ϕ̃ = ϕ, g̃ = −tg + t(t+ 1)η ⊗ η, (2.5)

with the positive constant t is called a D−homothetic deformation of (M,ϕ, ξ, η, g).
The relation between the tensors F and F̃ can be found in [1]:

F̃ (x, y, z) = −tF (x, y, z) + t(t+ 1)

2
{dη(ϕy, z)η(x)− dη(y, ϕz)η(x)
−dη(x, ϕy)η(z)− dη(x, ϕz)η(y)}.

(2.6)

Theorem 2.1. The Lee forms θ̃, θ̃∗ and ω̃ ofD−homothetic deformation has the relation θ̃ (x) = −θ(x), θ̃∗ (x) = −θ∗(x),
ω̃ (x) =

1

t
ω (x).
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Proof. By using (2.6) we have

F̃ (ei, ei, x) = tF (ei, ei, x) +
t (t+ 1)

2
dη (ϕei, ei) η (x) ,

F̃ (ϕ̃ei, ϕ̃ei, x) = tF (ϕei, ϕei, x) +
t(t+ 1)

2
dη (ϕei, ei) η (x) ,

F̃ (ei, ϕ̃ei, x) = tF (ei, ϕei, x),

F̃ (ϕ̃ei, ei, x) = tF (ϕei, ei, x).

Therefore, by direct computations we have

θ̃ (x) = g̃ijF̃ (ei, ej , x)

=

n∑
i=1

−1

t
F̃ (ei, ei, x) +

2n∑
i=n+1

1

t
F̃ (ei, ei, x)

=

n∑
i=1

−1

t
F̃ (ei, ei, x) +

n∑
i=1

1

t
F̃ (ϕei, ϕei, x)

=

n∑
i=1

−1

t

[
tF (ei, ei, x) +

t (t+ 1)

2
dη (ϕei, ei) η (x)

−tF (ϕei, ϕei, x)−
t(t+ 1)

2
dη (ϕei, ei) η (x)

]

=

n∑
i=1

(−F (ei, ei, x) + F (ϕei, ϕei, x))

= −θ (x) .

and

θ̃∗ (x) = g̃ijF̃ (ei, ej , x)

=

n∑
i=1

−1

t
F̃ (ei, ϕei, x) +

2n∑
i=n+1

1

t
F̃ (ei, ϕei, x)

=

n∑
i=1

−1

t
F̃ (ei, ϕei, x)−

n∑
i=1

1

t
F̃ (ϕei, ei, x)

=

n∑
i=1

−1

t

[
F̃ (ei, ϕei, x) + F̃ (ϕei, ei, x)

]

=

n∑
i=1

−F (ei, ϕei, x)− F (ϕei, ei, x)

= −θ∗ (x) .

With the relation (2.6) we get the equality F̃ (ξ, ξ, x) = tF (ξ, ξ, x). Hence,

ω̃ (x) = F̃ (ξ̃, ξ̃, x) =
1

t2
F̃ (ξ, ξ, x) =

1

t2
tF (ξ, ξ, x) =

1

t
ω (x) .
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Theorem 2.2. [6] Let (M,ϕ, ξ, η, g) be the class Fi (i = 0, 1, 4, 5). In this case, the following conditions hold:
a) If M ∈ F0, then N = [ϕ,ϕ] = dη = F = ∇ϕ = ∇η = ∇ξ = θ = θ∗ = ω = 0,
b) If M ∈ F1, then N = [ϕ,ϕ] = dη = ∇η = ∇ξ = θ (ξ) = θ∗ (ξ) = ω = 0,
c) If M ∈ F4, then N = [ϕ,ϕ] = dη = θ∗ = ω = 0,
d) If M ∈ F5, then N = [ϕ,ϕ] = dη = θ = ω = 0.

Theorem 2.3. Let (M,ϕ, ξ, η, g) be the class Fi (i = 0, 1, 4, 5). Then, D−homothetic deformation
(
M, ϕ̃, ξ̃, η̃, g̃

)
of

(M,ϕ, ξ, η, g) belongs to the class Fi (i = 0, 1, 4, 5).

Proof. Let (M,ϕ, ξ, η, g) be the class Fi (i = 0, 1, 4, 5). From the Theorem (2.2) we know that dη = 0. Then,
according to the identity (2.6) we obtain immediately

F̃ (x, y, z) = tF (x, y, z) . (2.7)

1) If M belongs to the class F0 then, F = 0 and dη = 0. Hence, F̃ = 0. This implies that
(
M, ϕ̃, ξ̃, η̃, g̃

)
belongs

to the class F0.
2) If M belongs to the class F1, then, we have dη = 0 and the condition of the class F1 is satisfied. By using

this condition and (2.7) we obtain

1

2n
{g̃(x, ϕ̃y)θ̃(ϕ̃z) + g̃(x, ϕ̃z)θ̃(ϕ̃y)− g̃(ϕ̃x, ϕ̃y)θ̃(ϕ̃2z)− g̃(ϕ̃x, ϕ̃z)θ̃(ϕ̃2y)}

=
1

2n
{tg(x, ϕy)θ(ϕz) + tg(x, ϕz)θ(ϕy)− tg(ϕx, ϕy)θ(ϕ2z)− tg(ϕx, ϕz)θ(ϕ2y)}

= t

[
1

2n
{g(x, ϕy)θ(ϕz) + g(x, ϕz)θ(ϕy)− g(ϕx, ϕy)θ(ϕ2z)− g(ϕx, ϕz)θ(ϕ2y)}

]
= tF (x, y, z) = F̃ (x, y, z) .

Therefore,
(
M, ϕ̃, ξ̃, η̃, g̃

)
is in the class F1.

3) Let M be the class F4. Then, we have dη = 0 and the condition of the class F4 is satisfied. Bearing in mind
this condition and (2.7) we obtain the following equality:

− 1

2n
θ̃(ξ̃){η̃(y)g̃(ϕ̃x, ϕ̃z) + η̃(z)g(ϕ̃x, ϕ̃y)}

= − 1

2n

(
−1

t
θ (ξ) {−t2η(y)g(ϕx, ϕz)− t2η(z)g(ϕx, ϕy)}

)

= t

[
− 1

2n
θ (ξ) {η(y)g(ϕx, ϕz) + η(z)g(ϕx, ϕy)}

]
= tF (x, y, z) = F̃ (x, y, z) .

Hence,
(
M, ϕ̃, ξ̃, η̃, g̃

)
is the class F4.

4) Let M be the class F5. Bearing in mind dη = 0, the condition of F5 and (2.7) we get the relation

− 1

2n
θ̃∗(ξ̃){η̃(y)g̃(ϕ̃x, z) + η̃(z)g(ϕ̃x, y)}

= − 1

2n

(
−1

t
θ∗ (ξ) {−t2η(y)g(ϕx, z)− t2η(z)g(ϕx, y)}

)

= t

[
− 1

2n
θ∗ (ξ) {η(y)g(ϕx, z) + η(z)g(ϕx, y)}

]
= tF (x, y, z) = F̃ (x, y, z) .

This means that
(
M, ϕ̃, ξ̃, η̃, g̃

)
is in the class F5.
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3. Almost contact B−metric Structures on gi

5−dimensional nilpotent Lie algebras are divided into nine classes [3]. gi’s are five-dimensional nilpotent Lie
algebras with corresponding basis {e1, . . . , e5} and non-zero brackets in the following:

g1 : [e1, e2] = e5, [e3, e4] = e5
g2 : [e1, e2] = e3, [e1, e3] = e5, [e2, e4] = e5
g3 : [e1, e2] = e3, [e1, e3] = e4, [e1, e4] = e5, [e2, e3] = e5
g4 : [e1, e2] = e3, [e1, e3] = e4, [e1, e4] = e5
g5 : [e1, e2] = e3, [e1, e3] = e4, [e2, e3] = e5
g6 : [e1, e2] = e3, [e1, e3] = e4, [e2, e3] = e5

(3.1)

The rest of the classes g7, g8, g9 are abelian. Almost contact metric structures on gi were defined and the
classification of five-dimensional nilpotent Lie algebras are obtained in [3]. Moreover, almost contact metric
structures on 5-dimensional nilpotent Lie algebras are investigated in [9].

Firstly, we investigate the classes of the following almost contactB−metric structure with respect to the basis
{e1, . . . , e5} on each gi.

g (e1, e1) = g (e2, e2) = g (e5, e5) = −g (e3, e3) = −g (e4, e4) = 1,
ϕ (e1) = e3, ϕ (e2) = e4, ϕ (e3) = −e1, ϕ (e4) = −e2, ϕ (e5) = 0,
ξ = e5, η = e5.

Theorem 3.1. The Lie algebra g1 belongs to the class F8 ⊕F10.

Proof. By using the non-zero brackets [e1, e2] = e5, [e3, e4] = e5 and Kozsul’s formula, the covariant derivatives
of the non-zero basic elements are given by

∇e1e2 =
1

2
e5, ∇e1e5 = −1

2
e2, ∇e2e1 = −1

2
e5, ∇e2e5 =

1

2
e1,

∇e3e4 =
1

2
e5, ∇e3e5 =

1

2
e4, ∇e4e3 = −1

2
e5, ∇e4e5 = −1

2
e3,

∇e5e1 = −1

2
e2, ∇e5e2 =

1

2
e1, ∇e5e3 =

1

2
e4, ∇e5e4 = −1

2
e3.

For i = 1, . . . , 5, we get F (ei, ei, x) = 0 and F (ei, ϕei, x) = 0. Thus, by (2.3) it is easy to see that θ (x) = θ∗ (x) = 0.
Moreover, we get the following non-zero components F (ei, ej , ek) = Fijk of the structure tensor:

F145 = F415 = F154 = F451 = −1

2
,

F514 = F541 = −1,
F235 = F325 = F253 = F352 =

1

2
,

F523 = F532 = 1.

Then, we establish the following form of F for arbitrary vectors x, y, z:

F (x, y, z) = F

(∑
i

xiei,
∑
j

yjej ,
∑
k

zkek

)

=
∑
i,j,k

xiyjzkF (ei, ej,ek)

= −1

2
x1y4z5 −

1

2
x4y1z5 −

1

2
x1y5z4 −

1

2
x4y5z1 − x5y1z4 − x5y4z1

+
1

2
x2y3z5 +

1

2
x3y2z5 +

1

2
x2y5z3 +

1

2
x3y5z2 + x5y2z3 + x5y3z2.

The latter equality implies that F is represented in the form F (x, y, z) = F8(x, y, z) + F10(x, y, z). Therefore, we
prove that g1 belongs to the class F8 ⊕F10.
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Theorem 3.2. The Lie algebra g2 belongs to the class F2 ⊕F8 ⊕F10.

Proof. By using the relations [e1, e2] = e3, [e1, e3] = e5, [e2, e4] = e5 and Kozsul’s formula we get

∇e1e2 =
1

2
e3, ∇e1e3 =

1

2
e2 +

1

2
e5, ∇e1e5 =

1

2
e3, ∇e2e1 = −1

2
e3,

∇e2e3 = −1

2
e1, ∇e2e4 =

1

2
e5, ∇e2e5 =

1

2
e4, ∇e3e1 =

1

2
e2 −

1

2
e5,

∇e3e2 = −1

2
e1, ∇e3e5 =

1

2
e1, ∇e4e2 = −1

2
e5, ∇e4e5 =

1

2
e2,

∇e5e1 =
1

2
e3, ∇e5e2 =

1

2
e4, ∇e5e3 =

1

2
e1, ∇e5e4 =

1

2
e2.

By (2.3) we have θ(ξ) = θ∗(ξ) = 0 and θ (x) = x2, θ
∗ (x) = x4 for any x =

5∑
i=1

xiei.

The components of the structure tensor F (ei, ej , ek) = Fijk can be found as

F112 = F121 = F134 = F143 = F341 = F314 =
1

2
,

F115 = F225 = F335 = F445 = F151 = F252 = F353 = F454 =
1

2
,

F332 = F323 = −1

2
,

F511 = F522 = F533 = F544 = 1.

For any x, y, z, the tensor F can be written in the following way:

F (x, y, z) = F

(∑
i

xiei,
∑
j

yjej ,
∑
k

zkek

)

=
∑
i,j,k

xiyjzkF (ei, ej,ek)

=
1

2
x1y1z2 +

1

2
x1y2z1 +

1

2
x1y3z4 +

1

2
x1y4z3 +

1

2
x3y4z1 +

1

2
x3y1z4

+
1

2
x1y1z5 +

1

2
x2y2z5 +

1

2
x3y3z5 +

1

2
x4y4z5 +

1

2
x1y5z1 +

1

2
x2y5z2

+
1

2
x3y5z3 +

1

2
x4y5z4 −

1

2
x3y3z2 −

1

2
x3y2z3 + x5y1z1 + x5y2z2

+x5y3z3 + x5y4z4.

Since
F8(x, y, z) =

1

2
x1y1z5 +

1

2
x2y2z5 +

1

2
x3y3z5 +

1

2
x4y4z5 +

1

2
x1y5z1

+
1

2
x2y5z2 +

1

2
x3y5z3 +

1

2
x4y5z4,

F10(x, y, z) = x5y1z1 + x5y2z2 + x5y3z3 + x5y4z4

and the other terms are in the class F2, the tensor F can be written as F (x, y, z) = F2(x, y, z) + F8(x, y, z) +
F10(x, y, z). This means that F ∈ F2 ⊕F8 ⊕F10. Hence, the Lie algebra g2 is in the class F2 ⊕F8 ⊕F10.

Theorem 3.3. The Lie algebra g3 belongs to the class F1 ⊕F2 ⊕F3 ⊕F8 ⊕F10.
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Proof. Using [e1, e2] = e3, [e1, e3] = e4, [e1, e4] = e5, [e2, e3] = e5, we compute the non-zero components of the
Levi-Civita connection ∇with respect to g as follows:

∇e1e2 =
1

2
e3, ∇e1e3 =

1

2
e2 +

1

2
e4, ∇e1e4 = −1

2
e3 +

1

2
e5, ∇e1e5 =

1

2
e4,

∇e2e1 = −1

2
e3, ∇e2e3 = −1

2
e1 +

1

2
e5, ∇e2e5 =

1

2
e3, ∇e3e1 =

1

2
e2 −

1

2
e4,

∇e3e2 = −1

2
e1 −

1

2
e5, ∇e3e4 = −1

2
e1, ∇e3e5 =

1

2
e2, ∇e4e1 = −1

2
e3 −

1

2
e5,

∇e4e3 = −1

2
e1, ∇e4e5 =

1

2
e1, ∇e5e1 =

1

2
e4, ∇e5e2 =

1

2
e3, ∇e5e3 =

1

2
e2,

∇e5e4 =
1

2
e1.

By (2.3) it is easy to verify that θ(ξ) = θ∗(ξ) = 0 and θ (x) = x2, θ
∗ (x) = x4 for any x =

5∑
i=1

xiei. By virtue of the

latter equalities we establish the basic components F (ei, ej , ek) = Fijk of F in the following:

F112 = F121 = F123 = F132 = F125 = F152 = F134 = F143 =
1

2
,

F215 = F251 = F314 = F341 = F345 = F354 = F435 = F453 =
1

2
,

F114 = F141 = F312 = F321 = F323 = F332 = F334 = F343 = −1

2
,

F211 = F233 = F433 = F411 = −1,
F512 = F521 = F534 = F543 = 1.

Then, we have

F (x, y, z) = F

(∑
i

xiei,
∑
j

yjej ,
∑
k

zkek

)

=
∑
i,j,k

xiyjzkF (ei, ej,ek)

=
1

2
x1y1z2 +

1

2
x1y2z1 +

1

2
x1y2z3 +

1

2
x1y3z2 +

1

2
x1y2z5

+
1

2
x1y5z2 +

1

2
x1y3z4 +

1

2
x1y4z3 +

1

2
x2y1z5 +

1

2
x2y5z1

+
1

2
x3y1z4 +

1

2
x3y4z1 +

1

2
x3y4z5 +

1

2
x3y5z4 +

1

2
x4y3z5

+
1

2
x4y5z3 −

1

2
x1y1z4 −

1

2
x1y4z1 −

1

2
x3y1z2 −

1

2
x3y2z1

−1

2
x3y2z3 −

1

2
x3y3z2 −

1

2
x3y3z4 −

1

2
x3y4z3 − x2y1z1

−x2y3z3 − x4y3z3 − x4y1z1 + x5y1z2 + x5y2z1 + x5y3z4 + x5y4z3

where
F8(x, y, z) =

1

2
x1y2z5 +

1

2
x2y1z5 +

1

2
x3y4z5 +

1

2
x4y3z5 +

1

2
x1y5z2

+
1

2
x2y5z1 +

1

2
x3y5z4 +

1

2
x4y5z3

F10(x, y, z) = x5y1z2 + x5y2z1 + x5y3z4 + x5y4z3
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and the other terms are in the space W1 = F1(x, y, z) + F2(x, y, z) + F3(x, y, z), the tensor F is F (x, y, z) =
W1 + F8(x, y, z) + F10(x, y, z). That is, F ∈ F1 ⊕F2 ⊕F3 ⊕F8 ⊕F10. Therefore, the lie algebra g3 is in the class
F1 ⊕F2 ⊕F3 ⊕F8 ⊕F10.

Theorem 3.4. The Lie algebras g4 belongs to the class F2 ⊕F3 ⊕F8 ⊕F10.

Proof. With the aid of the relations given in g4, the basic components of the Levi-Civita connection ∇ can be
found as

∇e1e2 =
1

2
e3,∇e1e3 =

1

2
e2 +

1

2
e4,∇e1e4 = −1

2
e3 +

1

2
e5,∇e1e5 =

1

2
e4,

∇e2e1 = −1

2
e3, ∇e2e3 = −1

2
e1, ∇e3e1 =

1

2
e2 −

1

2
e4, ∇e3e2 = −1

2
e1,

∇e3e4 = −1

2
e1, ∇e4e1 = −1

2
e3 −

1

2
e5, ∇e4e3 = −1

2
e1, ∇e4e5 =

1

2
e1,

∇e5e1 =
1

2
e4, ∇e5e4 =

1

2
e1.

By (2.3) it can be easily check that θ(ξ) = θ∗(ξ) = 0 and θ (x) = θ∗ (x) = 0 for any x =

5∑
i=1

xiei. The components

F (ei, ej , ek) = Fijk of F are given by

F112 = F121 = F123 = F132 = F125 = F152 = F134 = F143 =
1

2
,

F314 = F341 = F435 = F453 = F512 = F521 = F534 = F543 =
1

2
,

F114 = F141 = F312 = F321 = F323 = F332 = F334 = F343 = −1

2
,

F411 = F433 = −1.

Hence, we obtain

F (x, y, z) = F

(∑
i

xiei,
∑
j

yjej ,
∑
k

zkek

)

=
∑
i,j,k

xiyjzkF (ei, ej,ek)

=
1

2
x1y1z2 +

1

2
x1y2z1 +

1

2
x1y2z3 +

1

2
x1y3z2 +

1

2
x1y2z5

+
1

2
x1y5z2 +

1

2
x1y3z4 +

1

2
x1y4z3 −

1

2
x3y2z3 −

1

2
x3y3z2

+
1

2
x4y3z5 +

1

2
x4y5z3 +

1

2
x5y1z2 +

1

2
x5y2z1 +

1

2
x5y3z4

+
1

2
x5y4z3 −

1

2
x1y1z4 −

1

2
x1y4z1 −

1

2
x3y1z2 −

1

2
x3y2z1

+
1

2
x3y1z4 +

1

2
x3y4z1 −

1

2
x3y3z4 −

1

2
x3y4z3 − x4y1z1 − x4y3z3

where
F8(x, y, z) =

1

2
x1y2z5 +

1

2
x3y4z5 +

1

2
x1y5z2 +

1

2
x4y5z3,

F10(x, y, z) =
1

2
x5y1z2 +

1

2
x5y2z1 +

1

2
x5y3z4 +

1

2
x5y4z3.

Since F (x, y, z) = F2(x, y, z) + F3(x, y, z) + F8(x, y, z) + F10(x, y, z), the tensor F is in the class F2 ⊕F3 ⊕F8 ⊕
F10. Then, the Lie algebra g4 belongs to the class F2 ⊕F3 ⊕F8 ⊕F10.
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Theorem 3.5. The class of the Lie algebra g5 is F1 ⊕F3 ⊕F8 ⊕F10.

Proof. In similar way, the basic terms of the Levi-Civita connection ∇ can be calculated as

∇e1e2 =
1

2
e4, ∇e1e3 =

1

2
e5, ∇e1e4 =

1

2
e2, ∇e1e5 =

1

2
e3,

∇e2e1 = −1

2
e4, ∇e2e4 = −1

2
e1, ∇e3e1 = −1

2
e5, ∇e3e5 =

1

2
e1,

∇e4e1 =
1

2
e2, ∇e4e2 = −1

2
e1, ∇e5e1 =

1

2
e3, ∇e5e3 =

1

2
e1.

By direct computation we obtain θ(ξ) = θ∗(ξ) = 0 and θ (x) = −x1, θ∗ (x) = −x3 for any x. We get the basic
components F (ei, ej , ek) = Fijk as follows:

F115 = F151 = F335 = F353 = F414 = F441 =
1

2

F212 = F221 = F234 = F243 = F423 = F432 = −1

2
F122 = F144 = F511 = F533 = 1

Therefore, the tensor F is written as

F (x, y, z) = F

(∑
i

xiei,
∑
j

yjej ,
∑
k

zkek

)

=
∑
i,j,k

xiyjzkF (ei, ej,ek)

=
1

2
x1y1z5 +

1

2
x1y5z1 +

1

2
x3y3z5 +

1

2
x3y5z3 +

1

2
x4y1z4

+
1

2
x4y4z1 −

1

2
x2y1z2 −

1

2
x2y2z1 −

1

2
x2y3z4 −

1

2
x2y4z3

−1

2
x4y2z3 −

1

2
x4y3z2 + x1y2z2 + x1y4z4 + x5y1z1 + x5y3z3.

It can be easily see that F is in the class F1 ⊕F3 ⊕F8 ⊕F10. Namely, the Lie algebra g5 belongs to F1 ⊕F3 ⊕
F8 ⊕F10.

Theorem 3.6. The Lie algebra g6 belongs to the class F1 ⊕F2 ⊕F3 ⊕F8 ⊕F10.

Proof. Similarly, the basic components of ∇ are computed as follows:

∇e1e2 =
1

2
e3, ∇e1e3 =

1

2
e2 +

1

2
e4, ∇e1e4 = −1

2
e3, ∇e2e1 = −1

2
e3,

∇e2e3 = −1

2
e1 +

1

2
e5, ∇e2e5 =

1

2
e3, ∇e3e1 =

1

2
e2 −

1

2
e4, ∇e3e2 = −1

2
e1 −

1

2
e5,

∇e3e4 = −1

2
e1, ∇e3e5 =

1

2
e2, ∇e4e1 = −1

2
e3, ∇e4e3 = −1

2
e1, ∇e5e2 =

1

2
e3, ∇e5e3 =

1

2
e2.

Then, using the equality (2.3) we get the identities θ(ξ) = θ∗(ξ) = 0, θ (x) = x2 and θ∗ (x) = x4 for any x. The
basic components Fijk are

F112 = F121 = F123 = F132 = F215 = F251 = F134 = F143 =
1

2
,

F314 = F341 = F512 = F521 = F534 = F543 = F345 = F354 =
1

2
,

F114 = F141 = F312 = F321 = F323 = F332 = F334 = F343 = −1

2
,

F211 = F233 = F433 = F411 = −1.
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Therefore, the latter equalities imply that F is represented in the form

F (x, y, z) = F

(∑
i

xiei,
∑
j

yjej ,
∑
k

zkek

)

=
∑
i,j,k

xiyjzkF (ei, ej,ek)

=
1

2
x1y1z2 +

1

2
x1y2z1 +

1

2
x1y2z3 +

1

2
x1y3z2 +

1

2
x2y1z5 +

1

2
x2y5z1

+
1

2
x1y3z4 +

1

2
x1y4z3 +

1

2
x3y1z4 +

1

2
x3y4z1 +

1

2
x5y1z2 +

1

2
x5y2z1

+
1

2
x5y3z4 +

1

2
x5y4z3 −

1

2
x1y1z4 −

1

2
x1y4z1 −

1

2
x3y1z2 −

1

2
x3y2z1

−1

2
x3y2z3 −

1

2
x3y3z2 −

1

2
x3y3z4 −

1

2
x3y4z3 +

1

2
x3y4z5 +

1

2
x3y5z4

−x2y1z1 − x2y3z3 − x4y3z3 − x4y1z1.

It is easily checked that F ∈ F1 ⊕F2 ⊕F3 ⊕F8 ⊕F10. That is, the Lie algebra g6 is in the class F1 ⊕F2 ⊕F3 ⊕
F8 ⊕F10.

Theorem 3.7. The vector field ξ defined on the Lie algebras gi for i = 1, . . . , 6 is a Killing vector field.

Proof. Let x =
∑
i

xiei and y =
∑
j

yjej . Now, we will show that the following condition is satisfied for every gi:

g (∇xξ, y) = −g (∇yξ, x) . (3.2)

For the Lie algebra g1, we obtain that

g (∇xξ, y) =
∑
i,j

xiyjg (∇eiξ, ej)

= −x1y2
1

2
+ x2y1

1

2
− x3y4

1

2
+ x4y3

1

2
,

g (∇yξ, x) =
∑
i,j

yjxig
(
∇ejξ, ei

)
= −y1x2

1

2
+ y2x1

1

2
− y3x4

1

2
+ y4x3

1

2
.

Thus, the vector field ξ is a Killing vector field for g1.
For the Lie algebra g2, we get

g (∇xξ, y) = −x1y3
1

2
− x2y4

1

2
+ x3y1

1

2
+ x4y2

1

2
= g (∇yξ, x) .

Therefore, ξ is a Killing vector field for g2. In similar way, it can be easily shown that the vector field ξ is a
Killing vector field for the Lie algebras g3, g4, g5 and g6.

Corollary 3.1. 5−dimensional nilpotent Lie algebras gi for i = 1, . . . , 6 are K−contact B−metric manifolds.

By the straightforward computations we establish the following theorem:

Theorem 3.8. The Ricci curvatures and scalar curvatures of 5−dimensional nilpotent Lie algebras gi for i = 1, . . . , 6 are
calculated as
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Ricci Curvature R(x, y) Scalar Curvature s

g1 −1

2
x1y1 − 1

2
x2y2 +

1

2
x3y3 +

1

2
x4y4 + x5y5 −1

g2 x1y1 + x2y2 − 1

2
x4y4 − x5y5 3

2

g3 −1

2
x1y1 − 1

2
x1y5 + x2y2 +

1

2
x3y3 − x4y4 − x5y5 1

2

g4
1

2
x1y1 +

1

2
x2y2 + x3y3 − 1

2
x4y4 +

1

2
x5y5 1

g5 x1y1 +
1

2
x2y2 − 1

2
x3y3 +

1

2
x4y4 − 1

2
x5y5 1

g6 x2y2 +
1

2
x3y3 − 1

2
x4y4 − 1

2
x5y5

1

2
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