Gazi University Journal of Science
GU J Sci
24(1):51-58 (2011)

GCUIS

WWW.gujs.org

Couple Fixed Point on Cone Metric Spaces

Erdal KARAPINAR*

"Atilim University, Department of Mathematics, 06836 Incek Ankara, Turkey

Received: 19/04/2010 Revised: 21/05/2010 Accepted:14/06/2010

ABSTRACT

In this article, some couple fixed point theorems are proved for the class of Banach valued metric spaces. The
results are proved without any additional conditions such as normality or regularity.
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1. INTRODUCTION AND PRELIMINARIES

In 1980, Bogdan Rzepecki [15], introduced a generalized
metric dE on a set X in a way that

d, : XxX —>S§ where E is Banach space and

S is a normal cone with partial order —' . In that paper,

the author generalized the fixed point theorems of Maia
type. Seven years later, Shy-Der Lin [11] considered the

notion K -metric spaces by replacing real numbers with
cone K in the metric function, that s,

d: XxX — K .Inthat manuscript, some results of
Khan and Imdad [10] on fixed point theorems were
considered for K -metric spaces. In 2007, Huang and
Zhang [7] announced the notion of cone metric spaces
(CMS) by replacing real numbers with an ordering
Banach space. In that paper, they also discussed some
properties of convergence of sequences and proved the
fixed point theorems of contractive mapping for cone
metric spaces: Any mapping | of a complete cone
metric space X into itself that satisfies, for some

0<k<1 ,theinequality

d(Tx,Ty)<kd (x,y) (1)
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forall Xx,ye X , has a unique fixed point. In this

manuscript, some results of Bhaskar, T.G.,
Lakshmikantham, V. [6] are extended to the class of cone
metric spaces.

Recently, many results on fixed point theorems have been
extended to cone metric spaces (see e.g. [7, 13, 16, 17, 1,
2, 3,4,8,9, 5] ). In [7], the authors extend some well
known contraction theorems on usual complete metric
space to complete cone metric spaces over regular cones.
In this article, main theorem and consequent results will
be proved in cone metric spaces without assuming any
additional conditions, such as, regularity and normality.

Throughout this paper £ stands for real Banach space.
Let P =P, always be closed subset of £ A subset

P of E s called cone if the following conditions are
satisfied:

(cy P+,
(C2) ax+bye P forall x,y € P andnon-

negative real numbers a,b ,

(c3) Pn(—P)={0} and P ={0}.

For a given cone P, one can define a partial ordering
(denoted by < or <p) with respectto P by x < yifand

only if y—x € P. The notation x < ) indicate that
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X<y and x#y while x<<y will show

y—xe¢€ Int P, where denotes the interior of P .
It can be easily shown that,

INtP +intP c intP and A(intP) c intP
where 0< A elIR.

The cone P is called (N) normal if there is a number
K > 1 suchthatforall x,y € E :

0<x < y:>Hx”£ K Hy” )

(R) regular if every increasing sequence which is
bounded from above is convergent.

That is, if {xn}n>lis a sequence such that
X, < x,<..< y forsome y € £ then there

is x € E suchthat lim, __||x —x|=0.

In (N), the least positive integer K satisfying equation
(2) is called the normal constant of P . Note that, in [7]
and [13], normal constant K is considered a positive
real number, (K>0), although it is proved that there is

no normal cone for K<1 in (Lemma 2.1, [13]).
Lemma 1.

(i)Every regular cone is normal.
(ii) For each k& >1, there is a normal cone with normal

constant K > k.

(iii) The cone P is regular if every decreasing sequence
which is bounded from below is convergent.

Proof of (i) and (ii) are given in [13] and the last one
follows from the definition.

Definition 2.(See |7|) Let X be non-empty set. Suppose
the mapping d : X X X — E satisfies:

M1 0< d(x,y) forallx,y € X,

M2) d(x,y)=0ifandonly if x=y,
(M3)

d(x,y)<d(x,z)+d(z,y), Vx,y,z € X.

Then d is said to be quasi-cone metric on X , and the
pair (X,d) is called a quasi-cone metric space

(QCMS). Additionally, if d also satisfies (M4)
d(x,y)zd(y,x)for al x,y € X .Then d is

called cone metric on X, and the pair (X,d) is
called a cone metric space (CMS).

Example 3. Let E=IR’ and
P:{(x,y,z) e E:x,y,z >0} and
X=IR. Define d: XxX—>E by
d(x,X)=(a|x=X|+f|x—X|+y|x—-X]),

where «, [3, ¥ are positive constants. Then (X, d) is

a CMS. Note that the cone P is normal with the normal
constant K =1.

Definition 4. (See [7]) Let (X,d) be a CMS,
x € X and {xn}

a sequence in X. Then,
n>1

(i) {xn}nzl converges to X whenever for every

¢ € E with 0 << ¢ there is a natural number N such
that d (xn : x) <<c forall n > N. Itis denoted by

lim__x =x orx, —> x
(ii) {xn }n>1 is a Cauchy sequence whenever for every

ce E with Q<< ¢ there is a natural number N
such that d(xn,xm) <<c foralln, m > N.

(iiy (X,d) is a complete cone metric space if every
Cauchy sequence is convergent.

Lemma 5 (See [7] Let (X,d) beacCMS, P bea
normal cone with normal constant K , and {xn} be a
sequence in X . Then, the sequence {xn} converges
to x ifandonly if d(x,,x)—> 0

(or equivalently Hd(xn,x)H —>0asn > .

(i) the sequence {xn} Cauchy if and only if
d (xn VX, ) —0 (or equivalently

H d(xn,xm)H—>0 asn — .
2. MAIN RESULTS

Let (X,d) beacMSand X>=X x X.Then
the mapping P X*x X* 5> E  such that
P ((xl)y1)'(xz’y2)):d(x1’xz)+d(y1’y2)

. 2
forms a cone metricon X .

Definition 6. Let (X,d) be a CMS. A function
f X —> X s said be (sequentially) continuous if

d (xn , x) — 0 implies that
d(f(xn),f(x)) — 0. Analogously, A function
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F:X x X — X is (sequentially) continuous if
yo, ((xn,yn),(x,y)) — 0 implies that
d(F(xn,yn),F(x,y))—>0 asn — .

Definition 7. (See [6]). Let (X, =) be partially
ordered setand FF: X x X —> X . Amap F is said
to have the mixed monotone property if F(x, y) is

monotone nondecreasing in X and is monotone
nonincreasing  in Yy, that is, for any

xye X, x, ¥x,= F(xl,y)jF(xz,y),
for x,,x, € X and

WY, = F(xv yz) = F(xv yl)'

for V1, ¥, € X. Note that this definition coincides
with the notion of mixed monotone function IR’
where = represents the usual total order < in IR?.

Definition 8 (See [6]) An element (x, y) e XxX

is said to be a couple fixed point of the mapping

F: XxX-o>Xif

F(x,y)=xand F(y,x)=y.

Throughout this paper, let (X', =) be partially ordered
set and d be a cone metric on X such that
(X, d) is a complete CMS. Further, the product
space XxX has the following ordering:
(u,v)j(x,y)@ U <x and y = v;forall

(x,y),(u,v)eXxX.

Theorem 9. Let /' . X x X — X be a continuous
mapping having the mixed monotone property on X .
Assume that there existsa k € [O,l) with

d(F(x,y),F(u,v))Sg [d(x,u)+d(y,v)]
forallu = x, y =v.

If there exist Xg, Vo€ X such  that
X, ~ F(xo,yo) and F(yo,xo)j Vo, then,
x,ye X such that

x:F(x,y) and y = F(y,x).

there exist

Proof: First step of the proof is the construction of
Cauchy  sequences:  Set X, = F (xo, yo)and

N ::F(yo,xo). By assumptions of the theorem,

Xy ¥ x andy, < y,. Set x, =F(x,y)and
y, = F(yl,xl), and denote

xz:F(xl,yl)zF(F(xo,yo),F(yo,xo)):Fz(xo,yo)
and

J’Z:F(J’llxl):F(F(J’ovxo)'F(XOlJ’o)):Fz(yO:xo)-

Under this notation, the mixed monotone property of F’
yields that

xl=F()c0,yo)_—<F(xl,yl)=F2(xo,y0)=x2
and

2
v, =F (yo’xo) :F(Jﬁ’xl) = F(J’ovxo):%-
For n=12,..., the general term of the sequences are
defined as follow:

xM:F(x,,,y”):F(F”(xo,yo),F”(yo,xo)):F”*l(xo,yo)
and

yn+1:F(ynrxn):F(F"(ymxo)vF”(xovyo))::F”A(yo'xo)-
Observe that

% S F(x,5) =% < F(2,01) =F (%, 0,) =% <. F (X0, Ys )

and

F”A(J/ovxo)j---jFz(yovxo):F()ﬁva:)/z 5Y1:F(J/ovxo)j%

Assert that
(5): d(F" (x4, ¥5), F" (x5, Vo))

S%(d(F(xo’yo)’xo)+d(F(yo'xo)’yo))
(6):d(FHl(yo’xo):Fn(yo’xo))

< k_zn(d(F(J’o’xo)’yo) +d(F(x0'y0)’x0))

holds for all 7 € IN .This assertion can be proved by
induction. For z =1, the inequalities (5) and (6) follow
by 3), (4) and
Xy < F(x5,5,) and F(yy,x,) < ¥,. Indeed

‘d(Fz(xo’yo)’F(XO’YO))
=d(F(F(xy, o) F (35, %)) F (x5, 1))

Sg[d(F(xo,yo),X0)+d(F(YO’x0)’yo)]

and similarly,
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d(Fz(ywxo)’F(yO'xo))
=d(F(F(y5: %) F (X0, Yo))s F (141 %))
=d[F(yo,XO),F(F()’O’xo):F(xo’yo))]

< %[d(F(yoaxo)aJ’o) +a’(F(x0,y0),x0)]

Now, assume that the inequalities (5) and (6) hold. By
using (3), (4) and

F"(x0,¥) = F"(x,,7,) and
Fn+1()’o’xo)an(J/o’xo)’

one can obtain

d(F’HZ (xovyo)vF’Hl(xmyo))

d(F" (xg, ¥0), F" (x5, ¥o))
Sd(Fm(xo’yo)’[:"’171(3601)}0))
Fot d(F" (g, o)y F" (x5, 1))
< (K"t .+ k")
2
K@kt Y A (F (xg, 20), %)
- 2 ['Fd(F(yovxo)lyo)}

B kn _kﬂl
2(1—k)

< K
2(1—k)

[d(F(xO,yo),xo) +d(F(y0'xo)vyo)]

:d(F(F'7+1(xO,yo),F"+1(y0,xo)),F(Fn(xo,yO),F”(W@P)&ID))m>n2N0. Thus, {F” (xovyo)} is a

S%I:d(Fnﬂ(xo,yo),Fn (xo,yo))_i_d(Fnﬂ(yo,xo)’F”({ﬁyocpxos)é}ﬂence in X.

k; [d(F(xo’yo)ax0)+d(F(y°’x0)’y0)]

Analogously, one can get
A(F™ (3: %), F"™ (36, %) )

<

n+l

Ské [d(F (y0:%) . 30) +d (F (x0,7).%) |

Let us show that
{F" (xo,yo)} and {F" (y,,x,)} are Cauchy

sequences in X .

Suppose m >n. Let O<<c be given. Choose
0 >0 such that c+B; (O)C P where
B; (0) ={yekE: Hy” < 0}. Now, choose a natural

number N, such that
—2(1]{_nk) [d(F (x5, %), %) +d (F (¥, %), )] € B (0)
forall n = N,. Then

kﬂ
2(1_k) [d(F(xO’yO)! xo) + d(F(yo,Xo), yo)]

<<c.
Thus,

Analogously, one can show that {F" (yo,xo)} is

Cauchy sequence in X . Since X is complete CMS,
there exist x,yeX such that

X" =F" (x5, ) > x and

V'=F"(yy, %)y as n—>w.

To conclude the proof, we show F(x,y) =X and
F(y,x) =y. Let 0<<c. Choose a natural

number N, such that
d(x,,x)= d(F"+1(x0,y0),x) <<% , for all

n = N,. Since F is continuous, there exists IV,

such that, for  all n>N,,one has

(xn,yn)—)(x,y) implies that
d(F(xn,yn),F(x,y)) <<% , for all
n 2 N,. By triangle inequality,

d(F(x,y),x) <d(F(x,),x,.,)+d(x,,,x)
:d(F(x!y)!FHl(xo:yo))"'d(Fn+1(xoayo)ax)
=d(F(x, ), F(F"(x0, o), F" (5, %))
+d(Fn+l(xovyo)vx)

Hence, choose NV, = max{Nl,Nz}, for all

n>N,:

[d(F(on’o)vxo) +d(F(yovxo)vyo)]

[d(F(xy,70): %) +d (F vy, %), )] << ¢
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d(F(x,y),x)
Sd(F(x,y),F(F”(xo,yo),F”(yo,xo)))+d(F”+1(x0,yo),x)
<<c.

Thus, d(F(x,y),x) <<§ for all [>1.Thus,

%—d(F(x,y),x)eP forall [/ >1.

C
Regarding — —> 0 as / — 0. One can conclude that

—d(F(x,y),x)eP.

On account of d(F(x,y),x) € P, one can obtain
that d(F(x,y),x)=0. This yields that
F(x, y) = X .Analogously, one can show
F(y,x) = ).

Theorem 10. Let /. X x X — X be a mapping
having the mixed monotone property on X . Suppose
that X has the following properties:

0} if a non-decreasing sequence
{xn}—> x, then x, < x, forall n,

(i) if a
{yn} — y, theny <y , foral n.

non-increasing sequence

Assume that there existsa k € [0,1) with
k
d(F(x,y),F(u,v)) < E[d(x,u)er(y,v)]
forallu =" x, y <.

If there exist

xojF(xO,yo) and F(yo,xo)jyo, then

Xg: Vo €X  such  that

there exist X,y € X such that x = F(x,y) and
y= F(y, x).

Proof: Regarding the proof of Theorem 9, it is sufficient
to show that x = F(x,y) and y = F(y,x).

Let O<<ec. Since x, =F" (xo,yo) — X and

vy, =F" (yo,xo) — y, then there exists N, such

that d(F" (xo,yo),x) <<% and

d(Fm (yo,xo),y) <<% for all n, m>N,.
Using triangle inequality and regarding
F"(x0,5,)=x, < x and
ysy, =F" (xo,yo) one can get
d(F(x, ), x) <d(F(x,),X,,1) +d (.1, %)
=d(F(x, ), F" (%0, %)) +d (F"™ (x5, %), %)
=d(F(x,y), F(F"(x, o), " (¥, %))
+d(F"(x, %), )

sg[d(x,F"(xo,yo»+d(y,F" )
+d(F"*l(xo,yo),x)

<K€ 484 o (since 0 <k <1),
272 202

for all n>N.This yields that F(x,y)=x.

Analogously, one can show £ (y, x) =).m

The couple fixed point is unique if the product space

X XX endowed with the partial order mentioned
earlier has one of the equivalent conditions:

(8): Every pair of elements has either a lower bound or an
upper bound.

(9): For every(x,y), (x*,y*) e XxX, there
exists a (z, W) € X x X which is comparable
with(x, y) and (x*, y*).

Equivalence of these conditions is proved in [12]. Notice
that Theorem 9 can not guarantee the uniqueness of the
fixed point. But under the condition (8) or (9), it yield the

uniqueness of the fixed point. The following theorem will
clarify and explain this consideration.

Theorem 11: Under the hypothesis of Theorem 9, the

uniqueness of the couple fixed point of I is obtained by
the condition (9).

Proof: By Theorem 9, there exists
(x,v) € X x X suchthat F" (xo,yo) — X and

F" (Y6, %) = .

Let (x*,y*) € X x X be another couple fixed

point of F' . Consider two cases:

Case (i): Suppose that (x, y) and(x*, y*) are

comparable with respect to the ordering in X x X .
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n=0,12,.., the pair
(F" (x,y),F" (y,x)) = (x,y) is comparable to

(F" (x*,y*),F” (y*,x*)) = (x*,y*). Furthe
rmore, by (4),

p((x.2).(x*y%)) =d (x.x*)+d (y.y*)
=d(F" (x,y), F" (x*,y*))
+d(F" (v, x), F" (y*,x*))
<k"[d(x,x*)+d(y,y*)]
= k" p((x,y)+(x* %))

which yields that o ((x,),(x*, y*))=0. That
is, couple fixed point is unique.
Case (ii): Suppose that (x,y) and (x*

Then for each

,y*) are not

comparable with respect to the ordering in X x X .
Then, there exists an upper bound or lower bound

(zl,zz) e X xX of (x,y) and (x*,y*). Thus,

for each n=012,..., the pair
(F" (Zl,zz),F" (zz,zl)) :(x,y) is
comparable with the pair

(F” (x,»),F" (y,x)) and

(F" (x*, y*) VT (y*, x*)) = (x*, y*). Hence,
by (4) and triangle inequality,

p((x.3), (x5, %)
<P((F7 (). F () (F7 (2,7, " (37%.24)))

<p((F"0 ) F" 00).(F"(202,), F (2,2) )

+p((F”(Zl,ZZ),F”(zz,zl)),(F” (X*vy*)an (y*,x*)))

<K' [d(x,5)+d(,2) +d(z0) +d (2,07

whose right hand side tends to zero whenever n— co.

That is equivalent to saying that

p((x.2),(x*,y%))=0 =

Theorem 12. Under the hypothesis of Theorem 9,
suppose that each pair of elements of X has an upper
bound or lower bound in X . Then X = .

Proof: By Theorem 9, there exists couple fixed point

(x,y) e XxX such that

F(x,y) =x and F(y,x) = ). Consider two

cases:
Case (i): Suppose X is comparable with ). That is,

x:F(x,y) is comparable with yzF(y,x).
Thus, by ),
d(x,y)=d(F(x,»),F(»x))< kd(xy).
Since 0 < k <1, then d(x,y)=O.That is,

xX=y.
Case (ii): Suppose X is not comparable with ) . Then,
there exists an upper bound or lower bound of X and y

. That is, there exists z € X which is comparable with
x=F(x,y)andy=F(y,x).

Suppose that x < z andy = z holds. Then, it
follows

F(x,y) jF(z,y) andF(x,z) jF(x,y)
F(y,x) jF(z,x) andF(y,z) jF(y,x)

By the mixed monotone property of /', one can obtain
(4)
Fz(x,y)zF(F(x,y),F(y,x
jF(F(z,y),F(y,z))) =F?
which implies that F (x,y) =< F
(8)

F* (%)= F(F (y,x),F (x,7))
jF(F(z,x),F(x,z))) =F2(z,x)
which implies that F (y,x) = F?(z,x)
(€)

F*(x, Z)=F(F( 2).F(z, )))

< F(F(x, y.x))=F

which implies that F ( z) < ( )
(D)
F!(y.2)=F(F(y.2),F(2.5)))
jF(F(y,x),F(x,y)):Fz(y,x)
which implies that 7~ (,z) < F*(,x).

For 1> 2, one can obtain the analogous form of (A),
(B), (C) and (D). Consider the following:
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d(x,y)=d(F"*(x,y), F"*(y,x))

d(F(F”(xy F" y,x),F(F ), F" XJ/))

gd(F(F (x,7), F" y,x),F(F

+d(F(F”(x,z),F ),F( (x,y ))

sd(F(F" x,3).F" (3.x)), (F

+d(F(F"(x,Z),F"(Z,x)),F(F"(z,x),F"(x,z)))

+d(F(F” (z,x),F” (x,z)),F(F” (y,x),F" (x,y))).

The contractivity condition on F' vyields that

ﬂ%ﬂSSWUWMﬁJWMﬂ)

+d(F"(y,x),F"(z,x))
+d(F"(x,z),F"(z,x))
+d(F"(z,x),F"(x,2))
+d(F"(z,x),F"(y,x))
+d(F"(x,2), F" (x, )]
=k[d(F"(x, ), F"(z,x))
+d(F"(x,z),F"(z,x))
+d(F"(z,x), F" (x, »))]

Simple calculations imply that
d(x,y) =k""[d(x,z)+d(z,y)]. The right-hand
side tends to as7z —> 00, Thatis, d(x,y) =0 . m

Theorem 13: Under the hypothesis of Theorem 9,

suppose that the normal constant of the cone K =1 and
X9y Vo € X are comparable. Then x = y.

Proof: By Theorem 9, x,€ X satisfies that
X, =~ F(x5, 1) Consider the case
Xy = Vo-We assert that x <~ y  for all

n € IN. For n=1 , it is followed by the mixed
property of F', that is,

x1:F(xovyo)j F(ymxo):yr
Suppose that x, < y,. Consider

X1 :Fn+l(x01yo)

:F(F"(xo,yo),F”(yO,xo))
:F(xn’yn)j F(y"’x”):y”+1

which implies that our assertion is true, that is,
x, = y, forall n € IN. .Foragiven

0<<c, thereexistsa N, € IN such that

d(x,F” (xo,yo))<<% and

d(F" (J’o:xo)’y) <<§ forall n > N,. By (4)

and triangle inequality,

d(x,y) <d(x, F"" (x5, 7))
+d(F"" (x5, %), )
<d(x,F"*(xy,¥,))
+d(F" (%0, ) F" (9, %))
+d(F"+1(yO,xO),y)
<d(x,F""(x,,1,))
dV«F%%JwJﬂ@m%»,J
F(F" (35, %), F" (X9, %))
+d(F"" (y5,%,), )
<d(x, F"" (x5, 7))

2 (3,30 P (3, 3
+d(F" (3, %), ¥)
<d(x, F"(x,, v,))
+§(d(F” (o, %), ¥) +d(x,»)
+d (x, F" (x5, v,)) +d(F" (74, X, ), ¥)

Thus,
(L-K)d (x,y) <d(x, F"" (x5, )

+§wwmw%xw

+d(x, F" (xy, ,))
+d(Fn+1(J/o’xo) )

<<—+—(=+=
32(33)3

<<c (since0<k <)
which turns leads to d(x,y)zo. Thus X = .

Analogously, the other case ), = X, s obtained that
conclude the proof. m
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Remark 14: If we assume that Xy, ), € X are

comparable in addition to the hypothesis of Theorem 9,
then x = y.
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