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Abstract

In this work, n-th nilpotent and minimal nilpotent products of parafree Lie algebras are examined and it is
shown that these products are parafree. Also, a base set is obtained for the n-th nilpotent products of two

abelian Lie algebras that are nilpotent of class n.
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Paraserbest Lie Cebirlerinin Nilpotent Carpimi ve Bu Carpimin Bir Bazi

Oz

Bu c¢aligmada paraserbest Lie cebirlerinin n-inci nilpotent ve minimal nilpotent ¢arpimlar incelenmis ve bu
carpimlarin paraserbest oldugu gosterilmistir. Ayrica iki paraserbest abelyen ve n-inci siniftan nilpotent Lie
cebirinin n-inci nilpotent ¢arpimlari i¢in bir baz kiimesi elde edilmistir.

Anahtar Kelimeler: Paraserbest Lie Cebirleri, Serbest Lie Cebirleri, Hall bazlari, Nilpotent Carpim

1. Introduction

A parafree group is residually nilpotent and
has the same lower central sequence as a
given free group. These groups have been
introduced by Baumslag (1967). Baumslag
(1969) has obtained some important results
about these groups. Parafree Lie algebras
firstly arose from the work of Baur (1978).
He has translated the definition of parafree
groups to parafree Lie algebras. In literature,
there are not many studies on parafree Lie
algebras. Ekici (2013); Velioglu (2013) have
studied some important basic results on
parafree Lie algebras and they have defined

*Corresponding Author: zehrav@harran.edu.tr

the metabelian product of parafree Lie
algebras and have investigated verbal
subalgebra and 2-symmetric words of this
product (2019). Velioglu (2019) has studied
some residual properties of the soluble
product of parafree Lie algebras The
nilpotent products of groups were introduced
by Golovin (1950) as examples of regular
products of groups. Akdogan (2014) has
defined these products for Lie algebras. In
this work, we deal with the nilpotent
products of parafree Lie algebras and obtain
a base set for the n-th nilpotent product of
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two abelian Lie algebras that are nilpotent of
class n.

2. Preliminaries

This section contains necessary preliminary
notation and results. We use standard
notation. Let (Ly)qe; be a family of Lie
algebras. Throughout this paper, [Ig* Ly
denotes the free product of the family of Lie
algebras (L) ger-

Definition 2.1. Let L be a Lie algebra. The
Lie subalgebra

[L, L] =sp{[xy] : xy € L}

is called commutator subalgebra of L and
denoted by L'.

Definition 2.2. Let L be a Lie algebra over a
field k. The lower central series of L

L=y1(L)2y2(L)2....2y (L) =2...
is defined inductively by y2 (L)=[L, L], ...,
Yn+1 (L) :[Yn (L) , L], n>1.

The term yk(L) is called the k-th term of the
lower central series of L and sometimes
denoted by Lk.

If n is the smallest integer satisfying yn (L) =
0, then L is called nilpotent of class n. If L is
nilpotent of class 2, then L is called abelian.

Definition 2.3. A Lie algebra L is called
residually nilpotent if

ﬁ (L) = {0,

We associate with the lower central series

of L its lower central sequence:
L/y2 (L), Liys (L), ...

Definition 2.4. Let F = F(X) be a free Lie
algebra freely generated by a set X. A Lie
algebra L is called parafree over X if,
i) L is residually nilpotent,
ii)The natural homomorphism ¢:F = L
determines isomorphisms

o Yy

foreveryi > 1.

It is clear that, for every n > 1,

Pra®) = iy
We express that as ‘L has the same lower
central sequence as the free Lie algebra F’.
Definition 2.5. Let L be a Lie algebra and B
be a subset of L such that

L = L(mod y,(L))
and

B = B(mod y,(L)).
If B freely generates L, then it is said that * B
freely generates L modulo y,(L)’.
If L is a parafree Lie algebra, then the subset
B of L is called parabasis set of L .
For proof of the following propositions, see
Velioglu (2013).
Proposition 2.1. The quotient algebra of a
parafree Lie algebra is parafree.
Proposition 2.2. The direct sum of two
parafree Lie algebras is parafree.

3. The Main Results

In this section, we investigate nilpotent and
minimal nilpotent products of parafree Lie
algebras. Later, we obtain a basis set for the
n-th nilpotent product of two abelian Lie
algebras that are nilpotent of class n.

Definition 3.1. Let (Ly)qe; be a family of
Lie algebras and @L, be the direct sum of
this family. Define an epimorphism as

X: [a* Lg = ®Lg,
xe=e,
where e €L,. The kernel of the
epimorphism y is called the cartesian
subalgebra of the free product of (L,) 4¢;-

Definition 3.2. Let L; and L, be two Lie
algebras and D be the cartesian subalgebra of
the free product of L, and L,. The n-nilpotent

918



Nilpotent Product of Parafree Lie Algebras and A Basis of This Product

product of L, and L,, denoted by L *};; L,,
defined to be the algebra

Ly +L
Lysqg L, ="1""%/ (Ly*L,)N D

Proposition 3.1. Let P; and P, be two
parafree Lie algebras that have the same
lower central sequence as two free Lie
algebras that are freely generated by sets X
and Y, respectively. Then P; xP, is a
parafree Lie algebra that has the same lower
central sequence as a free Lie algebra
generated by X U Y.

Proof. For the proof, see Baur (1978).

Lemma 3.1. Let P, and P, be two parafree
Lie algebras then the n-nilpotent product of
P, and P, is parafree.

Proof. Consider parafree Lie algebras P,
and P,. By Proposition 3.1. the free product
P = P, = P, is parafree. Now let

w€ i (P np)

Then for every n,

& ¥ () 0 23)
_¥a(P) + (ra(P) N D) /
(ra(P) N DY)
Suppose that u = a + (y,,(P) N D), where
a € u(P) + (rn(P) N D).

Therefore

ac[] _m®+GaP)nD),
n=
Since P is residually nilpotent, then a €

n(P)n D) and so u = (y,(P) N D). Thus
we have

Niavn (P ey 0 py) =

It means that
nilpotent. It

Py sy Py s
remains to

residually
show that

P h h me | r central
/(yn(P)nD) as the same lower centra

sequence as a free Lie algebra. Now consider

(a(P) + (ya(P) N D)) /( )0y =
Vn

(P
Il )/()/n(P) nD)

Therefore

Gexon D))/

Yn (P/yn(P) n D))

R

(

()Tl

P
~ /(yn(P)nD)/ .
Yn
( /(yn(P)nD))
~ P
=Py

Since P is a parafree Lie algebra, then there
exists a free Lie algebra F such that

Ly = ey

So we have
Ve D))/ -
" (% apy 0 )
F/ )
Yu(F)

Therefore P, *,;, P, is parafree. m

Definition 3.3. Let L be a Lie algebra. The
minimal central series of L determined by a
subalgebra A is the decreasing series of
ideals whose terms are given by recursive
formulas:
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oA =(A),.., A=]G,,_4]

where [ > 1 and (A) is ideal of L generated
by the subalgebra A. Forevery k > 1, ;A is
the k-th term of the minimal central series of
L determined by A and it is called k-th
minimal central term of L determined by A.

The lower central series of L is an example of
a minimal central series of L.

Definition 3.4. Let L, and L, be two Lie
algebras, L =L;*L, and ming[L,,L,];
denotes the k-th the minimal central term of
L determined by [L;,L,]. The k-th minimal
nilpotent product of L, and L, determined
by [L;,L,] is defined as

[L1 ,Lz] — L
Ly #py ™% Ly = /mink[L1;L2]L'

Lemma 3.1. Let P; and P, be two parafree

Lie algebras then P, « 72! p, is parafree.
Proof. Suppose that k=0, then
ming[Py , P,]p = [Py, P,].

Therefore, we have

IR

nil

Py *[Pl'PZ]P2=P1 ) Pz/[P P,]
1,12

PPy =p @b,

So by Proposition 2.1. the 0-th minimal
nilpotent product of P, and P, defined by
[P, , P,] is parafree.

Now , let k > 0, then

ming [Py ,P,]p = [P, [P, [...[P, [Py, P2]] ---11]

k—times
That is the k-th nilpotent commutator
subalgebra. Denote that algebra by
[Pll PZ](k)

Hence

[P,P] , _ Py * P
st B =T o

By the Proposition 3.1 P; = P, is parafree so

[Py
nil

by Proposition 2.2. P; * Pl P, is parafree.

Note that if P; and P, are parafree abelian
Lie algebra that are nilpotent of class n, then

D Ny, (P * Py) =y, (P, * Py)
and so

Pl*PZ/

Py Py = Yn(Py * Py)

Now we want to obtain a base set for
Py *3i; Ps.

Consider sets X = {xy,x5,...,x,} and Y =

{y1i,v2, 0, Vn}. Let Py(resp.P,) be a
parafree Lie algebra that has same lower

central sequence as the free Lie algebra
F(X)(resp.F(Y)). On the other hand let P; *
P,=L and FXUY)=F. By the
Proposition 3.1,

Y = ey
We index the set X U Y as
V1= Xn+1,Y2 = Xn42, 0 Vn = Xon
with
X1 > Xy > > Xope
Consider the bijection

¢:XUY > B

Xi—)ii
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where B is a generating set of L. We extend
the bijection ¢ to the epimorphism

o:F->1L
bilinearly. Then
PXUY)={9(x1), P(x2),...0 (X2)}
={%; ,%, , ..., %oy }=B.

Now consider Hall sets of the free Lie
algebra F.

H,=XUY,

H, ={xy:x,y € H;, x > y},

H, = {x = (ab)c:a,b,c,ab € H; U
“wUH,_;,a>b,b<cl(x)=n}.
H=U;>,H, is Hall base of the free Lie
algebra F. Since @ is the restriction of ¢ to
X UY,then

o(Hy) = ¢(H,) = B.

Denote @(H,) by H;". Now we define

following sets

@(Hy) = Hy” = {p()@(): ¢(x), 9(¥)
€ H', ¢(x)>o(0}

@(Hy) = H," =

{x = (@@oB))p(c): p(a)@(b),
@(a), p(b), P(c) € Hy" U ..UH,_;*
¢(a) > @(b), p(b) < ¢(c), I(¥) = n}.

Since L is parafree, then  there exist

isomorphisms such that

- .F L
Py (k) 7 )

X+¥(F) — ¢ (X) + v, (L).

Therefore forn =2 and i € {1,2, ...,2n}, we
have

= .F L L
bz /Vz(F) /YZ(L)
X+y2(F) — ¢ (X) +ya2(L).

Suppose that

B*={ ¢(x1) + y2(L), 9(X2) + y2(L)...., ¢(Xzn)
+ 7y, (L)}

= {@2(X1 + y2(F)),@2(X2 + y2(F)),...,02(Xzn
+y,(F))}.

Now we want to show that the set B” is
linearly independent. For i € {1,2, ...,2n} and
a; € K, let

X a5 Ga(xi +y2(F)) = 0.
Then we have
2 @a(aixi + y2(F) =0
and
P2(ZE (aixi + v2(F)) =0,

Since @, is an isomorphism then

> @i + 2B = 1a(P)

If a; #0, then a;x; € y,(F). But it is
imposible. Then a; = 0 and so B is lineerly
independent. Since each Pn 1S an
isomorphism, we have the result for each n.
That is, the set

{p(x1) + yu(L), (X2) + 5 (L),..., @(Xan) +
Ya(L)}
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:{(pn(xl + yn(F))a(l_)n(XZ + Vn(F))a-”a(ﬁn(in
+ ¥ (F))}

is lineerly independent. It is known that the
set H is Hall basis for F, so the set {HiU

HoU...U Hn.1} is a basis for F/y F)
n

Now consider the isomorphism

. F L L
Pty 7 yaLy

Thus we get

ya@y =Py )

= @, (sp{ HiU HaU...U Hn1})
=span { @, (H1U HaU...U Hna).
So the set

¢, (H1U HaU...U Hna)
={H,;”UH," U..UH,_;"}

is a basis set for L/y (L)
n
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