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ABSTRACT

In (1), a study based on pointed open covers was made in order to solve “the point-
countable base problem”. In this paper, some extensions of the results in that study
is obtained and the problem is transformed into “point<k base” problem where « is
an infinite cardinal.
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NOKTA-SAYILABILIR TABAN PROBLEMININ KARDINAL GENISLEMESI

OZET

Nokta-sayilabilir taban probleminin ¢6ziimiine yonelik (1)’ de yapilmis olan,
noktalanmig agik Ortiiye dayali, ¢alismalarin kardinal genislemeleri elde edilmis
ve bu problem, k sonsuz bir kardinal say1 olmak {izere, nokta<k taban problemine
dontistirilmistir. W 4 8 vV,

Anahtar Kelimeler: Nokta-sayilabilir, nokta<ik, G-kosulu.

1. GiRIiS VE NOTASYON

Bu ¢aligmada X ile bir T;-topolojik uzay, « ile sonsuz
bir kardinal say1, k" ile  « kardinalinden sonra gelen ilk
kardinal sayi, o ile ilk sonsuz kardinal ve ; ile
ilk sayilamaz kardinal gosterilecektir. Herhangi bir A
kiimesinin kardinalitesi ‘ A | ile gosterilecektir.

X wuzaymin her x elemani i¢in x’ i igeren bazi
altkiimelerden olusan W (x) ailesi verilsin ve
wW={ W(x): xeX} olsun. Eger her xeX i¢in | W(x) |<x
ise ve
“eger xeU ve U agik ise x’ i iceren dyle bir V(x,U) acig1
vardir ki X’ in yeV(x,U) bicimindeki her y elemani i¢in
xe W< U olacak bigimde bir We %/ (y) vardir” kosulu
saglantyorsa ¥ sistemi (G,)-kosulunu sagliyor denir.
kK=o ise W sistemi (G)- kosulunu sagliyor denir. Eger
(Gy)-kosulunu saglayan 9/ sistemindeki 7/ (x) aileleri
X’in agik altkiimelerinden olusuyorsa bu durumda W
sistemi agik (Gy)-kosulunu sagliyor denir.

A X’ in altkiimelerinin bir ailesi olmak {izere, eger her
xeX i¢in
| {Ae 4:xeA} | < ise 4 ailesine nokta< , K= igin
nokta-sayilabilir aile denir. Eger her xeX igin
| {Ae 4 : UnA=J } |< «x olacak bigimde x’ in bir U
komsulugu varsa 4 ailesine yerel< k , Kk = ® igin yerel-
sayilabilir aile denir.

A ve B X’ in altkiimelerinden olusan aileler olmak

lizere eger U A :U B ve her Be B i¢in BCA olacak

bigimde bir Ae 4 varsa B ailesine 4 ailesinin incelmisi
(refinement) denir.

1. INTRODUCTION AND TERMINOLOGY

All through this paper X is a T;-topological space, « is
an infinite cardinal number, k" is the smallest cardinal
after k, o is the first infinite cardinal and ®; is the first
uncountable cardinal. For a set A, the cardinality of A is
denoted by |A , and the closure of A is denoted by A .

Let %/ (x) be a family of subsets containing x for all x in
X, and let
wW={ W(x):xeX}. We say that ¥ satisfies (G,) when
w(x) | <k for all x in X and W satisfies
“if xeU and U is open, then there exists an open set
V=V(x,U)
containing x such that xeWcU for some We W (y)
whenever ye V”
We say that o/
definition.

It is also said that W satisfies open (G,), if 7/ satisfies
(Gy) and each element of each 7/ (x) is open.

Let 4 be a family of subsets of X. 4 is said to be
point<k , if
| {Ae 4 :xeA} | <k for each point xeX; if k=0 4 is a
point countable family. 4 is said to be locally<k, if for
every x in X, there is a neighbourhood U of x such that
| {Ae A4: UnA=J} | <k ; if k=, 4 is a locally countable
family.

Let 4 and B be families of subsets of X. We will say
that B is a refinement of 4, if U A= U B and for every

B in Bthere is an A in 4 such that BCA.

satisfies (G), if kK=o in the above
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Burada yer almayan kavram ve notasyonlar (3) ve (4)’
de bulunabilir.

Acik (G)-kosulunu saglayan bir 9/ sistemine sahip
olan topolojik uzaylarin nokta-sayilabilir bir tabana sahip
oldugu genel bir kani1 olmakla birlikte halen ¢6ziillememis
bir problemdir. Bu probleme (1)’de noktalanmuis agik ortii
kavramiyla yaklasilmis ve yazarlar bazi 6nemli sonuglar
elde etmislerdir. Bu makalede (1)’deki sonuglarin sonsuz
bir « kardinali i¢in genislemeleri elde edilmistir.

2. ACIK (G,)-KOSULU VE UZAYIN NOKTA
<x TABANI
Eger X uzaymin bir B nokta< k tabani varsa o zaman
her xe X igin
W(x)={Be B: xeB}denilirse W={ W (x): xeX} sistemi
acik (Gy)-kosulunu saglar.Y ani nokta<i tabana sahip olan
her topolojik uzayin agik (Gy)-kosulunu saglayan bir 4/
sistemi vardir. Bu ¢alismada bunun tersinin hangi
kosullar altinda dogru oldugu (1) deki calismalarin
kardinal  genislemelerini  elde etmek  suretiyle
incelenecektir. Bu amagla oncelikle agagidaki tanimi
verelim.
Tanim 2.1. (X,t) bir topolojik uzay, ¢ < X x © olmak
iizere eger {U : 3 xeX, (x,U)egp} ailesi X igin Ortii
oluyorsa @’ ye X wuzaymin noktalanmis agik
ortiisti(pointed open cover) denir. Eger her yeX igin
| {x,U)e p : yeU} | <« ise % ye nokta < k ve eger her

yeXiginye {x:(x,U)ep, yeU} ise @’ye yogun denir.
Nokta<k taban ile noktalanmis agik 6rtii ve (G,)-kosulu
arasindaki iliski asagidaki lemma ile verilecektir.
Lemma 2.2. X bir topolojik uzay olsun.
i) X’ in nokta < k tabani varsa X in yogun ve nokta < K
olan bir noktalanmus agik oOrtiisii vardir.
i) X’ in agik (Gy)-kosulunu saglayan bir %/ sistemi var ve
X in yogun ve nokta< k olan bir noktalanmig agik Ortiisii
varsa X in bir nokta < k tabani vardir.
ispat. i) B X uzaymin bir nokta < « tabam olsun ve B
nin bos olmayan her U elemanindan bir x, elemant
secerek p={(x,,U) : Ue B\ {J}} kiimesini olusturalim.
@ taban oldugundan ¢ noktalannmus acik ortlidiir. Ayrica
B nokta < k oldugundan her ye X i¢in | {Ue B:yeU} | <
k olup her yeX i¢in |{xu,U)e o: yeU} |< x dir ve
bdylece ¢ nokta < k dir. g nin yogun oldugu da
kolayca goriilebilir.
il) W={ W (x) : xeX} sistemi agik (G,)-kosulunu saglasin
ve ¢ X’ in yogun ve nokta< k olan noktalanmis agik
ortiisii olsun.
B={UnW : IxeX x,U)e p ve We W (x) } olsun. p
nokta<k oldugundan her yeX i¢in | { xU)e gp:
yeU} |<k ve her xeX icin | ’W(x)|SK oldugundan
B ailesi nokta< k dir. O halde B nin taban oldugunu
gorelim.
xeX ve O X’in agik bir altkiimesi olmak iizere xeO
olsun. W sistemi (G,)-kosulunu sagladigindan xeV(x,0)
olacak bigcimde bir V(x,0) acig1 vardir. @ yogun
xe{y:(y,U)ep, xeU} dir. O halde
(y,U)e p, xeU ve yeV(x,0) olacak bigimde bir yeX

oldugundan
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We refer to (3) and (4) for unexplained terminology
and notations.

Although, it is a common preconception that
topological spaces having 9/ satisfying (G) have a point-
countable base, it has never been proved. As in (1), some
approached this problem with the notion of pointed open
cover and got important results. In this paper we extend
those results to an infinite cardinal «.

2. ON THE RELATIONS OF % SATISFYING
OPEN (G,) AND POINT<x BASE

If X has a point<k base B then X has W satisfying
open (G,). (By defining W(x)={Be @B: xeB} for each
xeX, it is clear that W ={ W (x): xeX} satisfies open
(G-

In this paper, the structure cited above and conditions
for which the converse is true, as treated in (1), would be
extended to an infinite cardinal k.

Definition 2.1. Let (X,t) be a topological space and
gpcXxt. g is called pointed open cover for X, if the
family {U : 3xeX, (x,U)e g} is a cover for X. g is said
to be pointk, if | {x,U)e p: yeU} | <k for each point
yeX, and dense if for each point yeX,
ye{x:(x,U)ep, yeU}.

The relation between point<k and pointed open cover
and (Gy) is given in the following lemma.
Lemma 2.2. Let X be a topological space.
i) If X has a point<k base, then X has a dense, point<k,
pointed open cover.
i) If X has 7/ satistying open (G,) and a dense, point<xk,
pointed open cover, then X has a point<k base.

Proof. i) Let B be a point<k base of X. Choose an x,eU
for each non-empty element U of B and define
P={(x,,U) : Ue B\{J}}. As Bis a base,  is a pointed
open cover. Since B is point<k, we
| {Ue B:yeU} | <k for each yeX, and then

| {xp,U)e gp:yeU} | <k for each yeX. So, g is point<k.
It is easily seen that g is dense.

ii) Let @ be a dense, point<k, pointed open cover for X.
Define

B ={UnW : IxeX (x,U)egp and We 9 (x)}. Since
| rW(X)|SK for each xeX, and | {x,U)e gp:yeU} |SK
for each yeX, the family 3 is point<k. To see that B is a
base, consider any xeX and any open set O containing x.
As W satisfies (G,), there is an open set V(x,0) containing

have

x. Since g is dense, we have xe {y:(y,U)ep, xeU} . So,
we have a yeX such that (y,U)e g, xeU and yeV(x,0).
yeV(x,0) led us to the fact that xeWcO for some
We W (y), and xe WNUCO. Thus B is a base of X.
Therefore, the point<k base problem ( that is; has every
topological space with 7/ satisfying open (G) a point<k
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vardir. yeV(x,0) oldugundan xeW < O olacak bi¢imde
bir We % (y) vardir. Béylece xe WnU < Oolup 8 X
i¢in bir tabandir.

Boylece nokta<i taban problemi yani acik (Gy)-
kosulunu saglayan bir 74/ sistemine sahip olan topolojik
uzaylarin nokta<k tabana sahip olup olmadig1 problemi,
acik (G,)-kosulunu saglayan bir 9/ sistemine sahip olan
topolojik uzaylarin yogun ve nokta<k olan bir
noktalanmig agik Ortiisiiniin var olup olmadig1 problemine
indirgenmis olur.

Simdi de bir sonraki
asagidaki lemmay1 verelim.
Lemma 23. X  topolojik uzaymin (G,)-kosulunu
saglayan bir 7/ sistemi varsa X uzaymnin her acik
ortiistiniin nokta < k agik incelmisi vardir.

ispat. © bir kardinal say1 olmak iizere 9 ={O, : o < T }
ailesi X uzay1 i¢in herhangi bir acik ortii olsun. Her o < ©
icin Py, = Oy \ U {Op : B< a } ve V(x,0,) kiimesi
(G)-kosulundan  gelen a¢ik kiime olmak
V, = U { V(x,0,) : xeP, } olsun. 1={V, :
denilirse 7/ ailesinin 9 agik Ortiisiiniin nokta <k agik
incelmisi oldugunu gérmek kolaydir.

Asagidaki tamim yari-katmanlanabilir (semi-strafiable)
uzay (1) kavramindan daha zayiftir ve, dogal sayilar
yerine  herhangi bir sonsuz « kardinali ile
tanimlandigindan, daha genistir.

Tanim 2.4. (X,7) bir topolojik uzay olmak iizere eger dyle
bir G:kxX — t fonksiyonu var ve eger

i) Her xeX ve her a< « igin xe G(a,X)

ii) yeX ve {x4: o< k }< X olmak iizere eger her a< k i¢in

teoremde kullanilmak {izere

lizere

o<1t}

yeG(a,x,) iken ye {xq 1o <}

kosullart saglaniyorsa X uzayina
katmanlanabilir topolojik uzay denir.
Teorem 2.5. X topolojik uzayr zayif «-yari-
katmanlanabilir ve X’ in (Gy)-kosulunu saglayan bir W/
sistemi varsa X’ in yogun ve nokta <k olan bir
noktalanmis agik Ortiisti vardir.

Ispat. G fonksiyonu yukarida tanimlandig gibi olsun. Her

zayif K-yari-

o< K igin 4 «—{G(a,x):xeX} ailesi X uzayi i¢in bir agik
ortiidiir. O halde yukaridaki lemmadan her o< « igin G,
acik Ortilistiniin bir v/
Ve v,

nokta< « agik incelmisi vardir.

a< k olsun. Her icin VcG(a, X ) olacak

bigimde bir X, X segelim. p={ (X,,V): Ve ¥, ve
o< K } olsun. Her a< k igin 7, acik ortii oldugundan g
noktalanmig agik ortiidiir ve her a< « igin 7, nokta< k
oldugundan ¢ nokta< k dir. O halde @ nin yogun
oldugunu gorelim. yeX olsun. Her o< k i¢in V, ortii
oldugundan her a< x i¢in yeV, olacak bi¢imde bir

V,e v, vardir. Her o< x igin Xva =X, denilirse her

a<k igin yeG(a,X,) olur ve ye{xq:a<x} dir
{xg o<k} S{xq :(xq,Vg) €@, yeVy}oldugundan
yogundur.

Eger X uzayinin bir B nokta< x tabani varsa, her xeX
icin W (x)={ Be B:xeB } olmak iizere
W ={ W (x) : xeX} denilirse X uzayr acik (Gy)-

base?) can be reduced to the problem of existence of a
dense, point<k, pointed open cover for X where X has W
which satisfies open (Gy).

The following lemma is needed in the proof of Theorem
2.5.

Lemma 2.3. If the space X has ¥/ satisfying open (Gy)
then each open cover of X has a point<k open refinement.

Proof. Let 3 ={O,, : a<t} be an open cover for X where ©
is a cardinal number. Let
P,=0,\U {Og : p<a} and v .= { ¥ (x,0,) : xeP,} for
each a<r. It is easily seen that the family ©/={V,, : a<t} is
an point<k open refinement of 9.

The definition below is weaker than semi-stratifiable
space notion and since instead of natural numbers, an
infinite cardinal number is used, it is broader.

Definition 2.4. A space X with topology 7 is called weak
k-semi-stratifiable topological space, if there exists a
function G from kxX to t such that
i) xeG(a,x) for each xeX and a<x.
ii) If yeX and {x,: o<k} is a subset of X such that

yeG(a,x,) for each a<k, then ye {xq :a <x} .

Theorem 2.5. If X is a weak «-semi-stratifiable
topological space with 7/ satisfying (G,) then X has a
dense, point<k, pointed open cover.

Proof. Let G be a function as in the above definition. The
family lga:{G(Q,X):XEX} is an open cover for X, for
each a<k. From Lemma 2.3 there exists a point<k open
refinement ¥, of &, for each a<k. Take an a<k. For

each Ve 7, , choose an X X such that VeG(a, X ).

Define p={(X,,V): VeV , and a<xk}. Since for each

a< Kk V¥, is an open cover for X, ¢ is a pointed open
cover, and since ¥ , is point<k, for each o<k,  is
point<k. Now we will show that ¢ is dense. Consider any
yeX, for each a<k, pick a V,e 7/, which contains y.

Letting X, =X, for each o<k we have that

yeG(a, X, ) for each a< x, and by Definition 2.4(ii),

ye{xq:a<x}.  Hence @ is  dense  since
{xOL ra< K} g{xa (Xg,Va)EpP, ye V(x} .

If X has a point<k base, say B, then for all x in X, for
the family W (x)={Be B : xeB}, W={ W (x) : xeX}

satisfies a stronger condition than open (G,). Now we give
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kosulundan daha kuvvetli bir kosulu saglayan bir ¥/
sistemine sahip olur ki simdi bu tanim1 verelim.

Tamim 2.6. X bir topolojik uzay olmak {izere her xe X igin

| W (x) |£ K olsun.Eger her xeX ve x elemanini igeren
her U agik alt kiimesi i¢in xe V(x,U) < U olacak bi¢imde
bir V(x,U) ag1g1 var ve her ye V(x,U) icin xe W < V(x,U)
olacak bigimde bir We %/ (y) varsa W ={ W (x) : xeX}
sistemine (G',)-kosulunu sagliyor denir.

Dikkat edilirse (G,)-kosulu ile (G’ )-kosulu arasinda
cok kiiciik bir fark vardir. Asagidaki teorem ile, (G-
kosulunu saglayan %/ sistemindeki her bir 9/ (x) ailesi
X’in agik altkiimelerinden olusmasa bile bu kosulu
saglayan 94/ sistemine sahip olan topolojik uzaylarin
nokta< k tabana sahip oldugu sonucuna varilacaktir.
Teorem 2.7. Eger (X,1) topolojik uzay1 (G'y)-kosulunu
saglayan bir W ={ %W (x) : xeX} sistemine sahipse X
uzayimin yogun ve nokta < k olan noktalanmis agik ortiisii
vardir.

ispat. k™ iizerine tiimevarimla her a.ex” icin X x t nun
bir g, altkiimesini, X’in bir X, altkiimesini ve her xeX
icin X’ in kapali bir D altkiimesini tanimlayacagiz.
ok’ olsun ve her B < a icin $p, Xg ve her xeX igin Dé
kiimeleri tanimlanmis olsun.

Ve =U{gpsp B<a }, her

Dy ={y:3y,U)eVy.,xeU} ve X, = {x

xeX  igin

xe DY }

olsun. 4 , = {(x,V(x,X \D})) : xg¢X, } olmak iizere
a,={ AcA,:xU), (y,V)e A ise x¢V veya yeU}
olsun. (Burada U= V(x,X \D} ), V=V(y,X \ Dg) dir).
Zorn lemma’dan, a , nm bir ¢, maksimal elemant
vardir. ¢, a, nin maksimal elemani oldugundan her
yeX\ X, i¢in yeV=V(x , X \D} ) olacak bigimde bir
x,V)e g vardrr.

p=U{@pq:aex'} olsun. ¥ = J oldugundan X,= @
dir ve ¢ @, ’in maksimal elemani oldugundan her yeX
icin yeV olacak bigimde bir (x,V)e g, vardir. Béylece
{V:3x x,V)e g } ailesinin X’i Orttiigii goriildigiinden
@0 X i¢in noktalanmig agik Ortii olur ve dolayisiyla o de
X’in noktalanmis agik Ortiisiidiir. Simdi g ’nin nokta<k
oldugunu yani her yeX icin |{(X,V)e @ 1 yeV} <«
oldugunu gorelim. yeX olmak iizere B~{(x,V)e p:
yeV} olsun ve f;, : B, —— W (y) fonksiyonu soyle
tammlansin. p= U {p, : oaek'} oldugundan, eger
(x,V)e B, ise (x,V)ep, ve yeV olacak bicimde bir
ae ¥ vardir. y € V = V(x, X \ D¥) oldugundan
xe Wy cV olacak bigimde bir W, € W/ (y) vardir. O halde
fy fonksiyonu fi((x,V))=W, bigiminde tanimlansin. $imdi
fy  fonksiyonunun  bire-bir  oldugunu  gorelim.
(Xl,Vl)E (By veE (Xz,Vz)G @y olmak tizere (val) #* (Xz,Vz)
olsun. (x;,V)) ve (x2,V2) @B, nin elemanlar1 oldugundan
yeVi NV, olup xj€ Wy, &V ve xp€ Wy, cV, dir
(x1,V)) ve (X2,V,) aynt bir @, nin elemanlar1 olabilirler
veya a#p olmak iizere (x,Vi)€ g , (X2,V2)€ o olabilir.
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this condition.

Definition 2.6. Let X be a topological space and 7/ (x) be
a family of subsets of X containing x such that
|W (X)|SK, for each xeX, and let W ={ W (x) : xeX}.
We say that W satisfies (G',), if it satisfies

“if xeU and U is open, then there exists an open set
V=V(x,U)cU containing x such that xe W < V for some
WeW (y) whenever yeV.”

Note that there is a small difference between (G,) and
(G'). We will show that even if each %W/ (x) in W satisfying
(G',) does not consist of open subset of X, the topological
spaces having W satisfying (G',) have a point<i base.

Theorem 2.7. If the space X with topology t has o/
satisfying (G/K) then X has a dense, point<k, pointed open
cover.

Proof. We shall construct, with induction on k™, for each
oeck’, a subset g, of X x 1, a subset X, of X, and for

each xeX a closed subset DX of X. Let acek’. Suppose
that g, X and Dé have been constructed for all f<a
and xeX. Define

Vo=U{@p: P<a}, D§ ={y:3(y,U)e Vy,x e U} for each
: xe DY ). Let 4, ={(x,V(x,X\D})) :

x, and X, ={x
xeX, } and

a ~{AcA, : (x,U)eA and (y,V)eA
yeU}, where U=V(x,X\ D} ) and V=V(y,X\ D}, ). By Zorn

lemma, there exists a maximal element @, of a , . Thus
for each yeX\X, , there exists a (x,V)e ¢, such that

yeV=V(x, X\D}).
Let p=U {p, : aex'}. We have that X, =2 and since

o is a maximal element of @ there exists a (x,V)e ¢

implies x¢V or

such that yeV for each yeX. So, the family

{V:3x (x,V)e g} covers X, and hence g, is a pointed
open cover for X. Therefore g is a pointed open cover.
Now we will show that g is point<k. Take a yeX. Let
B ={(x,V)e p: yeV}. Define a function f; from @B, to
W (y) : If (x,V)e B, then there exists an oex’ such that
x,V)e p, and yeV since p=U{gp, :
yeV=V(x, X\Dy ), there exists a W, € % (y) such that
xeWycV. So, the function fy is well-defined as follows:
fy((x,V))=W,. Now we shall show that f, is one to one. Let
(Xl,Vl)E @y and (Xz,Vz)E @y with (Xl,Vl)i(Xz,Vz). As
yeVinV,, we have that x;e Wy, cV, and x,€ Wy, V).

+ .
oek }. Since

There are two cases:

Case I : If (x,V))e p, and (xp,Vy)€ @4 ; In this case,
since x; ¢V, or X, V,, we have that Wy # Wy, -

Case II : If (x,,V))e o, , (X2,V2)€ 2 and o=B ; In this

case, we have that o<f} or f<a. Without loss of generality,
we may assume that a<f. Suppose that Wyp =Wy, . Then
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Eger (x1,V)) ve (x5,V;,) ayni bir @, nin elemanlart ise;
X2V, veya x,¢V, dir. Boylece Wy, # Wy, dir. Eger a=f

olmak iizere (x,Vi)€ pq , (X2,V2)€ ¢ ise; a< B olsun.

Wy, =Wy, oldugunu kabul edelim. O zaman x,eV; ve

x1€V, dir. V=V(x, , X\ Dg2 ) oldugundan x, e X\Dg2

dir. Ote yandan o< B oldugundan g, <V g olup
(x1,V1)eVg dirAym zamanda x,€V; oldugundan

x;e{x:3x,U)e Vg, x,eU}c DEZ olur ki bu geliskidir.

B<a olmast
gosterilebileceginden

durumu da benzer bigimde
Wy; # Wy, olup fi((x1,Vy)) #

fy((x2,V>)) dir. Boylece her yeX igin f, fonksiyonu bire-
bir dir. Ayni zamanda w (y) |< oldugundan
| B, | <k olup ¢ nokta< k dir.

¢ ’nin yogun oldugunu gérmek icin X=U {X, : aek'}
oldugunu goérmek yeterlidir. yeX olmak {izere her aex”
igin yeX, olsun. O zaman her aex’ icin yeT, olacak
bicimde bir (X,T,)€ @, vardir. Ayrica  a=p
bigimindeki her o, Pek’ icin (X, To)#(xp, Tp) dir.
Séyleki; a,Bex’ olmak iizere a<B ve (X4, Tq) = (xp , Tp)
olsun. (X4, To)€ g2 ve o< oldugundan g,V g olup
(Xa» To)eV g dir. Aym1 zamanda x,€T, oldugundan

Xq € DEZ olur. Ote yandan x, = x5 Ve

xpTg=Vix  X\DP) = XipgP  oldugundan

Xo& DEZ = DEZ olur ki bu geliskidir. B<o olmas1 durumu

da benzer bigimde gosterilebilir. Bdylece a#=f
bigimindeki her o,Bex’ igin (X, Ty) # (xp, Tp) olur ancak
bu | {(x, V)e p: yeV}|< k olmasi ile gelisir. O halde
X=U{X,:aex'}olup ¢ yogundur.

(2)’de acik (G)-kosulunu saglayan bir 94/ sistemine
sahip olan ayrilabilir her topolojik uzayin sayilabilir bir
tabana sahip oldugu goriilmistir. Ayrica (1)’de
yogunlugu< o, olan birinci sayilabilir her topolojik uzayin
yogun, nokta-sayilabilir bir noktalanmig agik ortiiye sahip
oldugu gosterilmistir.  Asagidaki teoremde bunun,
sayilabilirlik yerine herhangi bir sonsuz k kardinali igin
uyarlamasi verilmistir. Bu teorem ile, yogunlugu<k' olan
ve agik (G,)-kosulunu saglayan bir 7/ sistemine sahip olan
her topolojik uzaym nokta<k tabaninin varligi garanti
edilmis olur.

X topolojik uzayinin karakteri x(X) ve yogunlugu d(X)
ile gosterilmek iizere, asagidaki teoremi verelim.

Teorem 2.8. X bir topolojik uzay olmak tizere eger x(X)<
k ve dX)< «' ise X uzaymin yogun ve nokta< k olan
noktalanmis agik Ortiisii vardir.

Ispat. D={x, : ae «} X’in yogun altkiimesi olsun.
K= {xg:p<a}
={(Xq, X\K,) : e k" } olsun. Ky = @ oldugundan g
noktalanmig agik ortiidiir. Simdi g ’nin nokta< x ve yogun
oldugunu gorelim. y X’in herhangi bir elemani olsun.
x(y,X)< & oldugundan y’nin o(y)={B(,y): iex}
bi¢iminde bir komguluklar tabani vardir. D yogun

Her aex' igin olmak {izere

oldugundan her iex i¢in X, €B(i,y) olacak bigimde bir

oex’ vardir. sup{o; : iek}= y denilirse, k* regiiler

x2€V] and x,€V,. x,€V| implies that x;eX\ Dgz . Since

o<f we have that
# o= Vp, and hence (x;,V;)e V. But x,€V, implies that

xje{x: 3(x,U)eVy, x,eUlc Dgz . This is a contradiction.
Thus Wy # Wy, - Therefore fi((x1,V1))#f,((x2,V2)). So

that, for each yeX, the function f, is one to one. Also,
since | wW(y) |§K, | @y|SK, and hence g is point<k.
Now we will show that g is dense. For this, it is
sufficient to show
X=U {X, : aek’}. Take a yeX. Suppose that ygX,, , for
each aex’. For each aex’, there exists a (X, , To)€ 4
such that yeT,. Furthermore, for each a, Bex’ with a=p
we have (Xq, To)#(Xp, Tp). Indeed, if (x,, To) = (X , Tp)
for a<P then (x,, To)€ ., . Also, we have that o,V g

since a<B. So (X4 Ty)eV p. As x,€T, , we have
Xo € DEO‘ . The equality Xa=Xg, and

xgeTp=V(xp, X\ D;B =X\ D;B led us to the fact that

Xy & DEB =D

This is a contradiction. Hence for each o, Bex” with
o#B, we have that (xq, To)#(xp, Tp). But this contradicts
with the fact that | {x,V)ep :yeV} |SK. So, X=U {Xq :
aex'}. Hence g is dense.

In (1), it has been shown that every separable spaces
having W/ satisfying open (G) have a countable base.
Furthermore, in (1), it has been shown that every first
countable space has a dense, point-countable, pointed open
cover, if their density is less or equal to ®;. This result is
extended to any infinite cardinal k from the first infinite
cardinal o.

With the following theorem we show that every
topological space which has 9/ satisfying open (G,) and
with density less or equal to k", has a point<k base.

The character of the space X is denoted by y%(X), and
density is denoted by d(X).

Theorem 2.8. Let X be a topological space. If y(X)<x and
d(X)<k", then X has a dense point<k, pointed open cover.

Proof. Let D={x, : oc k'} be a dense subset of

X, Ko =f{xg:B<a} for each oek’, and let

P={(Xq , X\K,) : aek’}. @ is a pointed open cover since
K¢=. Now, we will show that @ is dense and point<k.
Take any yeX. Since y(y,X)<k, there exists a local base
o(y)={B(Ly): iex} at y. As D is dense, there exists an

a;ex’ for each iek such that Xai €B(i,y). Define sup{o;

: iex}=y. Regularity of k" leads us to the fact that yex",
and yeK,. Also, we have that yeKg for each B>y. Thus (o
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oldugundan ye «" dir ve yeK, olur. Ayni zamanda her

B>y i¢in yeKp oldugundan ¢  nokta< k  dir.

oo = minfoek’: yeK,} denilirse ye {xo 1y Kgy,a <og}

dir ve boylece g ’nin yogun oldugu da goriilmiis olur.
Asagidaki lemma ve teorem yardimiyla, agik (G,)-

kosulunu saglayan bir 9/ sistemine sahip her X topolojik

uzaymin nokta<i tabana sahip olan yogun bir

altkiimesinin var oldugu goriilecektir.

Lemma 2.9. (X,t) bir topolojik uzay olmak iizere X’in

(Gy)-kosulunu saglayan bir %/ sistemi var olsun ve YcX

olsun. Eger her yeY i¢in yeT, olacak bigimde X’in bir T,

acik altkiimesi varsa bu durumda Yxt nun

i) HerxeXicin | {(y,U)e p : xeU} |<x

i) Yo U{U:3yeY (y,U)ep}

iii) (y,U)e p=>yeUcT,

kosullarimi saglayan bir g alt kiimesi vardir.

ispat. X bir kardinal say1 olmak iizere Y kiimesinin

indekslenmis bicimi Y={y, : a< A} olsun. indiiksiyon ile

her a< Ai¢in X’in O, agik altkiimesi soyle tanimlansin.

o< A olmak iizere her < a igin Og tanimlanmus olsun ve

o i Ya<€ U Og
B<a

o

UV Ty ) ixeTy, _BU Op} : yaeBU op
<o <

olsun. p={(y, , Oy) : O, #J}< Yxt aranilan kiimedir.
Soyleki; xeX olsun.
I={ae) : xeO,} olmak iizere f:[— W (x) fonksiyonu
sOyle tanimlansin. a€l olsun. Bu durumda xe€O, olup
xeV(pg , Ty, ) olacak bigimde bir p,e Tyq, \U {0, : y<ai}

elemani vardir. XxeV(py, Ty, ) oldugundan p,e W, < Ty,

olacak bi¢imde bir
W, € W (x) vardir. O halde f fonksiyonu, ael olmak
izere, fla) = W, bigiminde tanimlansin. f bire-bir
oldugundan |1]=|{aer:xe0,} | < | wx) <« dirve
boylece her xeX igin |{(yOL , Og)ep : xe04} l< x
""" kosullarint sagladigi da
kolayca goriilebilir.
Teorem 2.10. Eger (X , 1) topolojik uzaymnin (G,)-
kosulunu saglayan bir 9/ sistemi varsa X’in dyle bir @
nokta<k, noktalanmig agik  Ortiisi  vardir ki
{xeX:aU,(x,U)e o} kiimesi X iginde yogundur ve
(x,U)e g iken xeU saglanir.
ispat. " iizerine tiimevarim ile her ae k¥ igin Xxt nun
@ altkiimesi ve X’in bir X, altkiimesi s6yle insa edilsin.
ock’ olsun ve her B< a igin fpp ve Xg tanimlanmig
olsun. X¢=(J olmak iizere X,={x: 3JU, (x,U)e g3,
B<alolsun.Y=X \ X, ve her yeY icin T, =V(y,Y)
denilirse yukaridaki lemmadan Yxt nun
i) HerxeXi¢in | {y,U)e p,:xeU} |£ K
i) X\ X, cU{U:Fye X\ X, y,U) epq}
iii) (y,U)e p = yeU c V(y, X\ X, )
kosullarini saglayan bir g, altkimesi vardir.
o= U{p,: aex'} olsun. X, =7 oldugundan ¢, Xxt
nun (ii) kosulunu saglayan bir altkiimesi olup g, X i¢in
noktalanmig agik Ortiidiir.O halde g de noktalanmis agik
ortiidiir. Simdi  @’nin nokta<k  oldugunu gorelim.
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is point<k. Since

V€ {Xo v Kg,a<ag} , where ag=min{aek’: yeK,},
 1s dense.

By the following lemma and theorem, it will be shown
that if the space X has W satisfying open (G,) then X has a
dense subspace which has a point<xk base.

Lemma 2.9. Let the space X, with topology t, have %/
satisfying (G,), and let Y&X. If for each yeY, there is an
open set (in X) T, which contains y, then there exists a
subset g of Yxt which satisfies

i) | {(y,U)e p :xeU} |SK for each xeX.

i) YcU{U:3yeY (y,U)ep}

iii ) (y,U)e p= yeUCT,.

Proof. Let Y={y, : a<A} where A is a cardinal number.
We shall construct with induction for each a< A an open
subset O, of X. Suppose that O has been constructed for
each B<a, and define

¢ i Ya€ U Op
_ B<a
“ UV Ty )ixeTy, - U Ogt 5 yg e U O
B<a B<a
P={(Yo ,» Og) : Ox#} is a subset of Yxt which we
want. Indeed, it is easily seen that g satisfies (ii) and (iii).

We will only show that g satisfies (i). Take any xeX. Let
I={ae) : xeO,}. Define a function f from I to W (x) : if

ol then xeO, , and so there exists a py€ TYa \U {0, :
y<o} such that xe V(p, , Tya ). Thus we have a W, e W(x)
with p,eW,, gTya . So, the function f is well-defined as

follows: f(a)=W,. It is clear that f is one to one. So, by the
inequality |I|:| {oel : xeOy} |S‘ w (x) | <k, we have,
for each xeX, | {(Ya, Oy)e @ : x€O04} | <k.

Theorem 2.10. If the space (X,t) has W satistying (Gy),
then X has a point<k, pointed open cover g such that xeU
whenever (x,U)e ¢ and {xeX : 3U, (x,U)e ¢} is dense in
X.
Proof. For each o.e k" we shall construct a subset @ of
Xxt and a subset X,, of X. Suppose that g and Xg have
been defined for each f<a. Define

Xo={x: U, (x,U)e pp, P<a} (and so X~ ). Let
Y=X\X, and Ty=V(y,Y) for each yeY. By the previous
lemma, there exixts a subset g, of Yxt which satisfies
i) [ {(y,U)e @ : xeU} | <« for all xeX.
1) X\X .cU{U:3yeX\ X, (v,U)e 0o}
iii ) (y,U)e o = yeUcV(y, X\ X ,).

Define p= U {g,: aek'}. Since X;=3, by (ii), ¢, is
a pointed open cover for X. Thus g is a pointed open
cover. We shall show that g is point<k. Let
I={aex’ Ix,U)ep, , yeU}, and a function
f: —> W (y) be defined as follows: if ael then there
exists a (X,Ug)E o, such that yeU, By (iii),
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I={aex :3I(x,U)e pq,,yeU} olsun ve f:1— W(y)
fonksiyonu sdyle tanimlansin. o€l olsun. Bu durumda
yeU, olacak bigimde bir (x,,Uy)€ ¢, vardir. (iii)’den
Xq€Uy C V(X , X\ X o) olup ye V(X4 , X\ X ) olur. O
halde x,e W, = X \ X, olacak bicimde bir W, € % (y)
secilebilir. f(a)=W, bi¢iminde tanimlansin. o, <l ve a<f
olmak iizere W,=W; olsun. Bu durumda x,e W5 olup
X,€X \ Xp dir. Ancak a< B ve (X Uy € Pq
oldugundan x,€Xg olur ki bu geligkidir. O halde W, # Wg
olmak zorundadir ve bdylece f bire-bir fonksiyon olup
|I|S k dir. Aym zamanda (i)’den, her a<x’ igin
A o ={x,U)e p, : yeU} olmak iizere, | Ay, l<
dir.{x,U)e o : yeU}= U{ 4 o ael} oldugundan
| {x,U)e p :yeU} | <k dirve bdylece g nokta< k dir.
(iii)’den (x,U)e g iken xeU saglanir.

Simdi de {xeX : U, (x,U)e g} kiimesinin X
iginde yogun oldugunu godrelim. X=U{Xy ok’ }
oldugunu gormek yeterlidir. yeX olmak iizere her o< "
i¢in y& Xo olsun. (ii)’den her ae ' i¢in yeU, olacak
bicimde (X, ,Uy)€ ¢, vardir ve o= igin (X, ,Ug)#(Xp ,
Ug) oldugu kolayca goriilebilir. Boylece | {(Xq, ,Up)E P
iyeUy} | =K' olur ki bu ¢ ’nin nokta<k olmas ile gelisir.
O halde X=U{Xy :a ek } olup {xeX : 3U, (x,U)e p}
kiimesi X i¢inde yogundur.

Yukaridaki teorem ve Lemma 2.2’den asagidaki sonug
verilebilir
Sonu¢ 2.11. X topolojik uzayr agik (G,)-kosulunu
saglayan 9/ sistemine sahipse X’in nokta< k tabani olan
yogun bir altkiimesi vardir.

Asagidaki teorem, acik (G,)-kosulunu saglayan bir
sisteme sahip olup da nokta<k tabani olmayan topolojik
uzay Orneginin, herbiri nokta<ik tabana sahip olan
uzaylarin yerel< k birlesiminden insa edilemeyecegi
sonucunu verecektir.

Teorem 2.12. X topolojik uzay1 (Gy)-kosulunu saglayan
W  sistemine sahip olsun.Eger X’in 0Oyle bir yerel
<k {Y;:iel} ortiisii var ve her i€l i¢in Y; altuzaymimn
yogun, nokta<i noktalanmig agik Ortiisii varsa X uzaymin
da yogun, nokta<k noktalanmis ag¢ik Ortiisii vardir.

ispat. {Y;: iel} ailesi yerel<k oldugundan her xeX igin
x’in |{iel : Ty N Y; # @} | < k olacak bigimde bir T,
komsulugu vardir. Her i€l icin ¢; Y nin yogun,
nokta<k, noktalanmis agik Ortiisii olsun. Sabit bir iel
alalim. Her (y,U)e o; i¢in U kiimesi Y; i¢inde acik
oldugundan, X’in, U Y; = U olacak bigimde bir U
acik altkiimesi vardir. Si(y, U) = U {V(x, UNTy): xeU}
olsun.  Si(y,U) kiimesi X icinde agiktir ve

S.U) N Y= U dur. ©,={(y, StV 1 (U)e pi}
olmak {izere p=U {(E: iel} olsun. X =U{Y; : iel}

oldugundan g noktalanmis agik ortiidiir. ¢ ’nin nokta<k
oldugunu gérmek icin oncelikle her xeX ve her i€l i¢in

| {(v,0)e §, :xe0} | <k oldugunu gorelim. xeX ve iel
olmak iizere | {(y,0)e 85

 :xe0} |>k olsun. O zaman

pinin | 4 |=«" olacak bicimde Syle bir 4 altkiimesi
vardir ki her (y,U)e 4 i¢in xeSi(y,U) olur. Si(y,U)

Xe€UaCV(X, , X\ X ) and s0 ye V(x4 , X\ X o). Choose a
Wee W (y) with x,e W, =X\ X ,, and define the function f
; f(0)=W,. Observe that f is one to one, and hence 1] <x.
Let

A ~{x,U)e g, : yeU} for each a<k’. From (i), we
have that |jél(x | <. Since {x,U)e g):yeU}=U {Agael},
| {x,U)e p :yeU} |SK, and thus g is point<k.

By (iii), xeU whenever (x,U)e p.

We will show that the set {xeX : U, (x,U)ep} is
dense in X. For this, it is sufficient to see the equality

X=U{Xy :a ek’ }. Take any yeX. Suppose that ye X
for each a<k’. By (ii), there exists a (X, ,Uy)€ @ such
that yeUs,,. It is clear that

(XasUo)#(xp,Up) for each o, Bex” with a=B. Hence
| {(xo,Uy)e @ :yeU,} |=x". But,  was point<k. This is

a contradiction. Thus X=U{Xy :acx™ }, and so

{xeX:3U, (x,U)e g} is a dense subset of X.
The above theorem and Lemma give us,

Corollary 2.11. If the space X has 9/ satisfying open (G,),
then X has a dense subspace Y which has a point<k base.

As we will show below a topological space which has
W satisfying open (G) but does not have a point<k base,
can not be constructed as a locally<k union of spaces
which have point<k base.

Theorem 2.12. Suppose that the space X has o

satisfying (G,) and is the locally<k union of subspaces Y;
(iel), each of which has a dense, point<k, pointed open
cover. Then X also has a dense, point<k, pointed open
cover.
Proof. Since the family {Y;: iel} is locally<k, for each
xeX, there is an open neighbourhood T, of x such that
|{ieI : TinY =} |SK. Let g; be a dense, point<k,
pointed open cover of Y; for each i€l. Fix an i€l, for each
(y,U)e po; pick an open subset U of X such that
U NY=U, and define Si(y, U)= U {V(x, UNT,) : xeU}.
Observe that S;(y,U) is open in X and that Si(y,U)nY;=U.
Define

§2,={0. Si(y.U) : (vU)epi} and p=U{F: iel}.
Since X=U {Y;: iel}, g is a pointed open cover. In order
to show that g is point<k we first show that

| {(y,0)e gEi xeO} |SK for each xeX and iel. Observe

that if | {(y,0)e ({Bi: xeO} |>K then there must exist a
subset 4 of @; with | 4 |=«" such that xeS(y,U) for
each (y,U)e 4 . For each (y,U)e 4, pick a Zyuy eU

such that xeV(zy1), U N Ty ) Since W satisfies
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kiimesinin ~ tammmindan, her (y,U)e A4 ig¢in
xeV(Z(y ) Un To(y.0) ) olacak bigimde Z, ;) €U
vardir. (G,) kosulundan, her (y,U)e A4 i¢in

Zyu)€ Wy, u) S Uun TZ(y,U) bi¢iminde Wy,U) € Mx)
vardir. | 4]=x", k" regiiler ve | % (x)|<x oldugundan
Anm | A | =« olacak bicimde dyle bir 4 altailesi ve
Mx)’in  Oyle bir W(YOaUO)

elemanm vardir ki her

(y,U)eﬁ iginw(y,U) =W(yo.Up) olur. Boylece her

(y,U)e 4 igin Z(yy.Up) € W(y,U) S U oldugundan her
(y,U)e /?l igin = Z(, y,) € U dir. Aym1 zamanda

Z(y,.Uy) €Yo <Yi oldugundan her (vU)e A igin

Z(y,.Uy) € U Y; =U olur ancak bu ;’nin nokta< x
olmast ile celisir. O halde her xeX ve her i€l i¢in
| 1(v.0)e @

‘nin  nokta<k olmadigmi varsayalim. O zaman
{y,0)e p : x,€0} |> x olacak bicimde bir xpeX

vardir. Her i€l icin |{(y,O)e gZi

: xeO} |S k olmak zorundadir. Simdi

: xon}|S K ve

p=U {(E :iel} oldugundan I'nin |J | = K" bigiminde
Oyle bir J altkiimesi vardir ki her i€J i¢in X € O; olacak
bicimde bir (y;,0;)e 851 vardir. gBi ‘nin tanimindan her
iel] igin (v, Upe g olmak ilizere
O; = Si(y;,U;) bicimindedir. Bdylece her i€l igin xo €
Si(vi,U;) olup, xo €V(z;, Tj; NTy ) olacak bigimde z;eU;
vardir ve (G,)-kosulundan, her i€J i¢in zeW; cUj; NTy
bi¢ciminde W; € 7/ (x,) vardir. | W (Xq) |S k oldugundan,
W (X0)’1n dyle bir Wi elemani ve J’nin |L | = k" olacak
bicimde Oyle bir L altkiimesi vardir ki her ieL i¢in

Wi=Wj, olup her ieL i¢in

zeW; =W, gﬁio 0 dir. Aym zamanda her

ieL icin z;eY; oldugundan ze Tzi() N'Y; dir ve bdylece

N Tzi() c TZi

herieL ig¢in TZiO NY; # D olur ki bu {Y; : iel} ailesinin

yerel< k¥ olmasi ile gelisir. O halde ¢ nokta<ik olmak
zorundadir. X =U {Y; : iel} ve her iel igin g; ailesi Y;
icinde yogun oldugundan @’nin yogunlugunu gérmek
kolaydir.

Yukaridaki teorem ve Lemma 2.2 (ii)’den, buraya kadar
yapilanlar toparlayan, agagidaki teorem verilebilir.
Teorem 2.13. X topolojik uzayr acgik (Gy)-kosulunu
saglayan 9/ sistemine sahip olsun. Eger asagidakilerden
herhangi biri saglantyorsa X uzayinin nokta<k tabani
vardir.

1) X zay1f k-yar1 katmanlanabilir uzaydir,

2)X (G{c )-kosulunu saglayan bir sisteme sahiptir,
3) d(X) < ",

4) X, herbiri nokta<x
yerel< k birlesimidir.

tabana sahip olan altuzaylariin
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(Gy), there is a Wy, U) €M x) which satisfies
Zyu € Wiy,U) cU mTZ(y,U) , for each (y,U)e 4. Since

|4l=x", " regular and |w (x)|<x, there exists a

of A4 with | 4]=" and a
Wiyo.Up) € W (x) such that Wiy,0) =~ Wiyo.Uo) for each

subcollection /?l

(y,U)e ﬁ ) Therefore Z(y, Uy € U since

Z(yoUp) € WyuycU  for each (y,U)e A. Since
Z(y, u,) €UocYi we have that Z, ;)€ U NY;=U for

each (y,U)e 4 . But this is a contradiction to the fact that

i 1s point<k. Thus, it must be | {y,0)e gBi : xe0} |SK
for each xeX and iel. Now suppose ¢ is not point<k.
Then there exists a XpeX such that

| {(y,0)e  : 00} |>x. Since | {(y,0)e @; :x0€0} | <
for eachiel and p=U { (E : iel}, there exists a subset J of
I with | J | =", and there exists a (y;,0;)e @i such that x,

€O0; for each ielJ. From the definition of gEi , O; is of the
form O; =Si(y;,U;) where (y;,U;)e g for each ieJ. Hence
x0€Si(y;,U;) for each iel, and there exists a z;eU; such
that xoeV(z; , Uj; NTy ), and since 7/ satisfies (G,) there
exists a W; € W (xo) such that zeW;,c U; NTy for each
icl. Since | W (X0) | <k there exists a Wig € W (xo) and

there exists a subset L of J with |L|:K+ such that W;
= WiO for each iel. So, we have that

z,e W= Wio c ﬁio

z,eY; for each ieL, ze TZiO NY;. Thus TZiO NYz2 for

NT,. <T, foreachieLl. Also, since
ZIO ZIO

each ieL .As the family {Y; : i€l} is locally<xk, this is a
contradiction. Hence ¢ is point<k. It is easily seen that @
is dense; this follows from the fact X=U {Y; : iel} and
each ;s dense in Y; for each iel.

Now we can conclude;

Theorem 2.13. Suppose that the space X has 9/ satisfying
open (G,). Then if X is also satisfies one of the following,
then X has a point<k base:
1) X is weak k-semi-stratifiable space,
2) X has W' satisfying (G,
3) d(X)<x’,
4) X is the locally<ik union of subspaces each of which has
a point<x base.

The following theorem, can be handy when one tries to



Cardinal Extension of The Point... /Nokta-Sayilabilir Taban Probleminin...

Asagidaki teorem, agik (Gy)-kosulunu saglayan W
sistemine sahip olupta nokta<k tabani olmayan uzaylara
Ornek ararken kullanish olabilir.

Teorem 2.14. Eger X topolojik uzaymin acik (G,)-
kosulunu saglayan bir sistemi var fakat nokta< x tabani
yok ise o zaman X’in bos olmayan dyle bir X altuzay:
vardir ki X ’nin bos olmayan higbir agik altkiimesinin
nokta< Kk tabani yoktur.

ispat. 9 ={O « X : O X iginde agik ve O’nun nokta<i
tabani var} olmak lizere Y =U 9 olsun. X uzay1 agik (G,)-
kosulunu saglayan sisteme sahip oldugundan her alt uzay1
da agik (G,)-kosulunu saglayan bir sisteme sahiptir. O
halde Y’nin acik (G,)-kosulunu saglayan bir 9/ sistemi
vardir ve bdylece Lemma 2.3’den  Y’nin her acik
Ortlisiiniin - nokta<k ag¢ik incelmisi bulunabilir.d Yig¢in
acik Ortli oldugundan 9’nun bir ¥ nokta <k acik
incelmisi vardir. ¢ nin her V elemani i¢in $’nun V’yi
iceren bir elemani var oldugundan ve 3 nun her elemani
nokta <k tabana sahip oldugundan her Ve %’ i¢in V’nin
de bir B (V) nokta<k tabami vardir. O halde
B={B: B € B(V), Ve ¥} ailesi Y i¢in nokta <x taban
olur.

X V'Y =X olsun. Y’ nin nokta<k
oldugundan eger X ’nin da nokta<k
durumda X nokta<k tabana sahip olacagindan, X ’nin
nokta<ik tabam yoktur. Simdi X ’nin bostan farkli her
acik altkiimesinin de nokta<k tabana sahip olmadigini
gorelim. U X ’min agik altkiimesi olmak {izere U’ nun
nokta<k tabani var olsun. Y acik oldugundan X kapali
olup X\ U kiimesi X iginde kapalidir. Boylece
X\ (X\U)=Y u U kiimesi X iginde agiktir. Ayni
zamanda Y ve U kiimelerinin her ikisi de nokta< k tabana
sahip oldugundan Y U U kiimesi de nokta<i tabana
sahiptir. O halde Y U U €3 dur. Y =U9 oldugundan
Y U UCY olup U cY dir. Ote yandan U c X =X\Y idi.
O halde U= olmak zorundadir.

taban1 var
taban1 varsa bu
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find an example for a space which has 74/ satisfying open
(Gy) but not a point<k base.

Theorem 2.14. If the space X has 9/ satisfying open (G)
but not a point<k base then there exists a non-empty
subspace X such that every non-empty open subset of
which does not have point<k base.

Proof. Let 3 ={OcX : O is open in X and has a point<k
base} and defineY=U 9. Since. X has %/ satisfying open
(Gy), every subspace of X has w satisfying open (G,).
So, from Lemma 2.3, every open cover for Y has a
point<k, open refinement. Let 9’ be a point<k, open
refinement of 9. Since 7/is a refinement of 3, and each
member of 3 has a point<k base then each element V of 7/
has a point<k base B(V). Therefore the family

B={B: Be B(V), Ve 7} is a point<k base for Y.

Let X\Y=X. If X had a point<k base then X would
have a point<k base since Y has a point<k base. So, X
does not have a point<k base. Suppose that U is a subset
of X which is open in X and has a point<k base. Since
X is closed in X, X\U is closed in X, and so
X\(X\U)=YUWU is open in X. But by Theorem 2.13 (4),
the subspace YUU has a point<k base, and hence
YuUed. Since Y=U 9, we have that UcCY. Also we have
that UcX\Y. Hence U=(.
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