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ABSTRACT

In this article it is proved that the derived series of a Baer g@-group terminates

after a finite number of steps.
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BAER GRUBUNUN DERIVED (TURETILMIS) SERiSI

OZET

Bu makalede bir Baer g -grubun derived (tiiretilmis) serisinin uzunlugunun sonlu

adimda durdugu gosterilmistir.

Anahtar Kelimeler: Baer grup, Coziilebilir grup, Normal kapanis uzunlugu.

1. GIRIiS

¢ asagidaki Ozelligi saglayan G gruplarin bir grup
sinifi olsun: G nin her H < K < G altgruplari igin H ve K
ya baglh 0&yle bir dogal n sayist vardir ki

o =gt = i Kullamilan notasyon ve
tanimlar (1) de bulunabilir. Burada siklikla kulladigimiz
tanimlar1 verelim. G bir grup olmak iizere X and Y, G nin

bostan farkl: alt kiimleri olsun. xY =(x¥:xeX,yeY)
altgrubuna X in Y i¢indeki normal kapamigi denir. Her

x,yeG icin
[XDY]:X_I}’_IX}’s[X,n}’]=[[X, (n—l)y], y] olarak
tammlamir.  H, G nin  bir  altgrubu  olsun.

[G, H]z( [x, y]:x €G,yeH) altgrubuna G ile H nin

komiitator altgrubu denir. n>2 dogal say1 olsun. O

zaman

[G, nH]=[[G,(n-1DH] H] =| G,H....,H

seklinde tanimlanir. G bir grup ve H, G nin bir altgrubu
H90 =G, H%'=HO =H[G,H] ve

olsun.

i> 2,HG’i =HHGH olarak tanimlanan seriye H nin G
icindeki normal kapanis serisi denir. Eger H, G’nin
altnormal altgrubu gerek ve yeter sart dyle bir n>0
dogal sayis1 vardir ki HOM =H. [G, nH]SH yapan en
kiicik dogal saytya H nin G icindeki indeksi denir.
H<" G gerek ve yeter sart H dan G ye
H=H, <H,; <...<H; <Hy =G serisi vardir. G

bir grup olmak iizere G nin devirli altgruplart altnormal

1.INTRODUCTION

Let @ denote the class of groups G with the following
property: For every subgroups H < K < G, there exists a
natural number n depending on H and K such that

gin gkl _ ... . The notations and the definitions

are standart and may be found in (1) but we state here
those that are frequently used. Let X and Y be nonempty
subsets of a group G. Then the subgroup

XY =(xY:xeX,yeY) is called the normal closure of
X in Y. Let be a H subgroup of
G. [x, y]= x_ly_lxy , [x, ny]z [ [x, (n— l)y]7 y] for all
X,yeG, and [G, H]z([x,y]:x €G,yeH) and

[G, nH]=[[G,(n-DH]H] =|G,H,....H | for a

natural number n. For a subgroup H of a group G, the

normal closure series of H in G is defined by HOY =G

and HO'=HC ZH[G,H]; for all natural number

i1

. Gi _ O . :
122 ,H” =H . It is easy to prove that H is

subnormal in G if and only if HO"=H for some
n>0. So, H is subnormal in G if and only if
[G, nH]S H for some n >0, and the defect of Hin G is

defined as the smallest such n. We write H <™ G if and
only if there exsits a chain
H=H, <H,;<...<H; <Hy =G connecting H to
G. A subnormal subgroup H of G is therefore one for
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ise G ye Baer grup denir. G bir Baer grup ve n bir pozitif
bir tamsayr Oyle ki G nin her H altgrubu igin
HO" =g = | olsun. O zaman G is nilpotent

gruptur(2). Eger G faktorleri abelyan olan sonlu seriye
sahip ise G ye ¢oziilebilir grup denir. Eger G faktorleri
abeliyan olan artan bir seriye sahip ise G ye hypoabelyan
grup denir.

Her altgrubu altnormal olan gruplarin sinifi N0 ile
gosterilsin. N0 -gruplarin smift bir ¢ok matematikgi
tarafindan incelenmis ve 6nemli sonuglar elde edilmistir.
Eger G bir N0 -grup ise G ¢oziilebilirdir(3). G bir grup
olsun. G0 =g ve
G :[G(n—l) ,G(n_l) ] seklinde tanimlansin. g™
y¢e G nin n
G=G69>60>6® > .

komiitator serisi denir. Eger G ¢6ziilebilir ise bir pozitif

n >1 olmak lizere

yinci  derived  altgrubu ve

serisine G nin

dogal say1 n igin G™ =1dir. % bir grup smifi olsun.
Her 1# g € G igin bir normal altgrup N, vardir yle ki

geN Vey bir R-grup ise G ye
g Ng

residually R-grup denir.

Q bir nilpotent olmayan grup iceren bir grup sinifi
olsun. (4) de Casolo, (5) deki Teorem B yi
genellestirmistir.

Teorem 1.1. G bir N0 -grup olsun. O zaman G nin
derived serisi sonlu adimda durur (4).
Lemma 1.1. G bir Q-grup ve No-grup olsun. O

zaman, bir pozitif tamsay1 r, G nin dyle bir Q-altgrubu K
ve K nin 6yle bir sonlu iretegli altgrubu H vardir ki
H < U <K olan her U Q-altgrubunun K igindeki indeksi
encok r dir (4).

Roseblade asagidaki sonucu elde etmistir (6);

Sonu¢ 1.1. G bir grup olsun. Eger G nin her
altgrubunun altnormallik indeksi bir n dogal sayisi ile

sinirli ise G nilpotent ve nilpotentlik sinifi p(n) .

Her N0 -grup bir g@-grup. Eger G bir No -grup ise G
¢oziilebilirdir. Boylece G’nin derived serisi sonlu adimda
durur. Bu makalede G bir gp-grup fakat N0 -grup

olmayan gruplar incelenecektir. Bu makalenin amaci -
gruplarin derived serisinin sonlu adimda durdugunu
gostermek.

2. TEMEL SONUCLAR

G bir y-grup gerek ve yeter sart G ¢oziilebilir olmayan
bir altgruba sahiptir, burada y ¢6ziilebilir olmayan gruplar
siifl.

Lemma 2.1. G bir y-grup ve Baer g-grup. Kabul
edelim ki G nin herhangi bir altgrubu H ve n bir dogal

HG,n :HG,n+l =

sayisi olmak {izere iken her
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which H <™ G for some n. A group G is a Baer if every
cyclic subgroup of G is subnormal in G. Let G be a Baer
group and let n be a non-negative integer such that

HO? =g = for every H<G, then G is

nilpotent (2). A group is called soluble if it has an abelian
series of finite length. A group is an hypoabelian if it has
an descending series with abelian factors.

We denote by N0 the class of all groups in which

every subgroup is subnormal. N0 -groups are considered
by several authors and obtained remarkable results. If G is

an NO -group, then G is soluble (3). For any group G we
denote by ™ (n>1) the n™ term of the derived series
of G, G =cG
G(n) =[ G(n_l), G(n_l) } n>1.If G is soluble,

where and

then G™ =1 , for some n natural number. Let R be a
class of groups; a group G is said to be a residually R-
group, if given 1# g € G, there exists a normal subgroup

N suchthat g ¢ N, and %g is a R-group.

Q is a class of groups, such that it has some non-
nilpotent group. In (4), Casolo generalized Theorem B of

5).

Theorem 1.1. The derived series of a No-group
teminates after a finite number of steps (4).

Lemma 1.1. If G is a Q-group and N0 -group, then

there exists a positive integer r, and a Q -subgroup K of
G, containing a finitely generated subgroup H, such that
every Q -group of K which contains H has defect at most
rin K (4).

In (6), Roseblade obtained the following corollary;

Corollary 1.1. If N, denotes the class of all groups G

with H<" G for every subgroup H of G then G is
nilpotent and its nilpotent class is p(n) .

Every N0 -group is a g -group. If G is a N0 -group,
then G a soluble. Therefore the derive series of G
terminates after a finite number of steps. In this paper we
will examine a group which is a gp-group but is not a

N0 -group. The aim of this paper is to prove that the

derived series of a g-group teminates after a finite
number of steps.

2. MAIN RESULTS

G is a y-group if only if G has a non-soluble subgroup,
where y is a class of groups with some non-soluble group.

Lemma 2.1. Let G be a x-group and also be a Baer -
group. Suppose that for any subgroup H of G, if

HOn —gOn+l =... then gbn —ghntl =... for
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H<L<LG igin HY =B = olsun. O zaman

6yle bir r pozitif tamsay1, G nin dyle bir y-altgrubu K ve K
nin §yle bir sonlu tiretegli altgrup F vardir ki F< U <K
olan her U y-altgrubunun K icindeki normal kapanis
uzunlugu en ¢ok r dir.

ispat: G bir y-grup ve G bir Baer g -grup olsun. Kabul
edelim ki, G nin her hangi bir y-altgrubu K, K nin her
hangi bir sonlu {retegli altgrubu F d&yle ki
F<U<Kolan U y-altgrubunun K ig¢indeki indeksi r

den daha biiyik olsun. Indiiksiyonla K; nin -
altgruplarmi ve G nin F; sonlu iiretegli altgruplari dyle ki;
her i1 € IN i¢in

iy <Kj, Ky 2K F < (K;

ielN
ve dogal sayilarin azalan bir serisi {ni i eIN} ni ingaa
edelim.
K;{=G,F; =1 ve ny=1. Kabul edelim ki

n; >1 olsun. Ayrica Fj,...,F,_; sonlu iiretecli ve K;_;
altgruplart tammlanmis olsun. Simdi K;_; bir y-altgrup
oyle ki (F,...,F;_;) sonlu iretecli altgrubunu igerir o
zaman indiiksiiyon hipotezinden dolayr K;_; nin dyle bir
y-altgrubu  K; vardir 6yle ki, (F,...,F_;) sonlu
tiretegli altgrubunu iceren K;_; icindeki normal kapanis
uzunlugu n; den daha biiyiiktir. Béylece K;nin dyle bir
sonlu altkiimesi S ve K;_; nin dyle bir sonlu altkiimesi T
vardir [T, (n; =D S]i[Ki_l, n; Ki]~
F, =(S)<K; Yukaridaki
[T,(n; -D)S]z[K;_, n; K;](F,...F,_ )<K; dir.
Eger L<K; ise o zaman (F;,L) nin K;_; i¢indeki

Oyleki

olsun. gbzlemden

indeksi N, ; daha biiyiiktir. F, =(F; :ieN) oslun. m

bir dogal say1 olmak iizere F, i, G i¢inde uzunlugu m
olan bir normal kapanis serisine sahiptir. O zaman Gyle

bir ieIN vardir dyle ki n; >m ve F, K; nin

m K,
uzunlugu n; daha biiyliktiir. Bu hipotezle ¢elismektedir.
Lemma 2.2. K bir Baer grup ve H, K nin bir altgrubu
olsun. Eger H<Y <K olan her Y altgrubunun K
igindeki normal kapanig serisinin uzunlugu en ¢ok n ise

altgrubudur. F, icindeki normal kapanig

n
K™ <HK | buradaki t(n)= Y ([log, p@)]+1) ve
i=1

(i) Roseblade fonksiyonudur (6).
ispat: K™ <HX oldugunu n iizerine indiiksiyon
yaparak gosterelim. Eger Nn=1 1ise o

HY?2 —HK 9K ve K/HK nin  her altgrubunun

zaman

normal kapanig uzunlugu 1 dir. Lemma 1 (2) den K/ gk

nilpotenttir. Boylece K/ gk metabelyan gruptur. 13.4.2

H <L <G, where n is a natural number. Then, there
exists a positive integer r, and a y-subgroup K of G,
containing a finitely generated subgroup F, such that every
x-subgroup of K which contains F has normal closure
length at most r in K.

Proof: Let G be a y-group. Let G be a Baer g -group
and assume, by contradiction, that for any y-subgroup K of
G, any finitely generated subgroup F of K and any positive
integer r, there exists a y-subgroup of K, containing F,
which normal closure length in K is greater than r. By

inductive procedure we constract y-subgroups K; and

finitely generated subgroups F; of G such that:

K 2Ky, Kij #Ks F < ﬂKi for every 1€ IN
ieIN

and a strictly ascending sequence {ni 31 EIN} of natural

numbers.
We put Kl :G,Fl =1 and ng =1. Let n; >1 and

assume we have already defined Fj,...,F;_; and K;_;.
Now K;_; is a x-subgroup which contains the finitely

(F,...F1),
hypothesis, there exists a y-subgroup K; of K;_;,

generated  subgroup then, by our

containing (Fy,...,F;_; ) of normal closure length greater
than or equal to n; in K;_;. Hence there exists a finite
subset S of K, and a finite subset T of K;_; such that
[T,(n; ~DS]z[Ki_;, n; K] We put
F, =(S)<K;, and
[T,(n; -1)S]z[K;_y, n; K;](F,...F,_; )<K; and
that if L<K; then (F;,L) has normal closure length

observe that

greater than n,, in K; ;. We put

F.=(F, :ieN), F, is has normal closure length m in

now

G, where m is a natural number. Then there exists 1 € IN
such that n; >m and F, is subgroup of K;. F, has

normal closure length greater than n; in K ; it follows
that this is a contradiction by our hypothesis.

Lemma 2.2. Let H be a subgroup of a Baer group K. If
every subgroup Y =H of K is normal closure length at

most n in K, then K(T(n))SHK, where

n
t(n)= Y ([log, u(@)]+1) and p(i) is the function of
i=1
Roseblade’s (6).
Proof: We shall show, by induction on n, that

K™ <HX 1f n=1, then H®? =HX <K and
every subgroup of K/ HX is normal closure length 1; in
this case K/ HX s nilpotent by Lemma 1 (2). Thus
K/HK is metabelian group. p(1)=2 by 13.4.2 (7), and
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(7) den dolay1 pn(l)=2 ve sonug olarak KW <gk
dir.

n>1 veT, H* nnH y1 i¢eren her hangi bir altgrubu
olsun. O zaman TX =H® dir. T nin K icindeki normal
kapanis uzunlugu en ¢ok n oldugundan T nin uk
igindeki normal kapanis uzunlugu en ok N — 1 dir. T ve
uk indiiksiyon hipotezi uygulanirsa T™ <gX ar. T,
H* wn H y1 altgrubu
(HK)(T(H_I)) <H®  dr. Simdi, K/HK nin  her
altgrubunun normal kapanis uzunlugu en ¢ok n dir.

igeren oldugundan

Boylece Lemma 1 (2) den dolay1 K/ uk nilpotenttir ve

K/ HX nm nilpotentlik smifi en ¢ok p(n)dir, p(n)
Roseblade fonksiyonudur (6). 5.1.12 (7) den dolay1
K/ gk nin

¢ozilebilir ~ uzunlugu en

K©® <HK e

¢ok

e=[10g2 w(n)+ 1] dir. Boylece

K M) — (g (©)(T0-D) <K g0

Teorem 2.1. G bir Baer g -grup olsun. Kabul edelim ki

:HG,n+l -

H, G nin bir altgrubu olsun, eger Hon .. ise

dyle bir n dogal sayisi vardir ki H<L <G olan her L
altgrubu i¢in H""=H""" =...
grubunun derived serisi sonlu adimda durur.

Ispat: Hypoabelian g-grubun ¢oziilebilir oldugunu
gostermek yeterlidir. Béylece G bir hypoabelian ¢ -grup
olsun. Kabul edelim ki G ¢oziilebilir grup olmasin. O
zaman Lemma 2.1. den dolay1, G nin ¢6ziilebilir olmayan
bir altgrubu K ve K nin sonlu iiretegli altgrubu H vardir ve
bir r pozitif tamsay1r olmak iizere K nin H y1 igeren
¢oziilebilir olmayan altgruplarinin K igindeki normal
kapanis uzunluklar1 en ¢ok r dir. Eger S, K nin bdyle bir
altgrubu ise o zaman K nin S yi igeren her altgrubu
¢oziilebilir degildir. Sonu¢ olarak K igindeki normal
kapanis uzunluklart en ¢ok r dir. Lemma 2.2. den dolay1

K™ <sk,

olsun. O zaman Baer

T=1(r) dir. Eger V, K nin ¢oziilebilir
olmayan bir altgrubu ise o zaman R<(V ,H)X',
R =K dir. Her hangi bir n pozitif tamsayisi igin K
¢oziilebilir olmadigindan K™ ¢oziilebilir degildir ve
boylece R<K™H dir. G Baer grup oldugundan H
nilpotenttir. H nin derived serisi t ve d=t+1t+1 olsun.
o zaman
R< K(d)H(t) _ K(d) — (K(T) )(t‘*'l) _ R(Hl) — (R(t) )'
dir. Fakat, G hypoabelian grup oldugundan G nin asikar
olmayan perfekt altgrubu yoktur. Boylece
K™D =R =1 dir. Bu bir celiskidir.

Sonug 2.1. G bir residually ¢oziilebilir grup ve H, G nin

_ HG,n+1 _

bir altgrubu olsun, eger Ho" ... 1se Oyle bir

n dogal sayis1 vardir ki H<L <G olan her L altgrubu
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so KM <gk
Let n>1 and T be any subgroup of H* containing H,
then TX =HX . Since T has normal closure at most n in

K, it has normal closure length at most 1 —1 in k.
Applying the induction hypothesis to T and HX we
obtain T™ <HX | Since T is a subgroup of H*
containing H, (HK )(T(n_l)) <HK. Now, every subgroup

of K/ HK is normal closure length at most n; therefore,

by Lemma 1 (2), K/HK is nilpotent and K/HK is
nilpotent class at most p(n), where p(n) is the function
of Roseblade’s (6). In particular it is soluble of derived
length at most e=[10g2 u(n)+l] by 5.1.12 (7). Hence

K® <HX, and so KM =K ())(-D) <K

Theorem 2.1. Let G be a Baer g-group and suppose
that for any subgroup H of G, if o =gOnH = ,

L L.n+l .
then H""=H""" =... for H<L<G,wherenisa

natural number. The derived series of a Baer group
terminates after a finite number of steps.

Proof: It suffices to prove that hypoabelian groups in @
are soluble. Thus, let G be a hypoabelian group in g, and
assume that G is a non-soluble group. Then by Lemma
2.1., there exists a non-soluble subgroup K of G, a finitely
generated subgroup H of K, and a positive integer r, such
that every non-soluble subgroup of K which contains H
has normal closure length at most r in K. If S is such a
subgroup of K, then every subgroup of K containing S is
non-soluble. So it has normal closure length at most r in K.

By Lemma 2.2., K® <sk , where T = 1(1) . Therefore,
if V is a non-soluble subgroup of K, then R<{V,H)K",

where R =K In particulary, for any positive integer

n, we have R SK(H)H , since K is non-soluble, so K(n)

is non-soluble, for every n natural number. Since G is a
Baer group, H is nilpotent. Let t be the derived length of H

and put d=t+t+1 then

R<KWy® g @ _ (K(T) )(t+1) —RWD (R(t) )'
. But, since G is a hypoabelian group, no non-trivial
subgroup of G is perfect; therefore KD RO =1 ,
that is a contradiction.

Corollary 2.1. Let G be a residually soluble group and
suppose that for any subgroup H of G, if

HG,n =HG,n+1 = . HL,n :HL,rH—l =

then for

H <L <G, where n is a natural number. If G is a Baer
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i¢in HL’n =HL’n+1 =...
grup ise G ¢oziilebilirdir.

Ispat: G bir residually ¢oziilebilir Baer @ -grup olsun.
G residually c¢oziilebilir oldugundan G hypoabelian
gruptur. Boylece, Teorem 2.1 in ispatina benzer yolla G
nin ¢dziibelir oldugu gosterilebilir.

olsun. Eger G bir Baer -
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g -group then G is soluble.
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