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ABSTRACT

This paper presents the sensitivity notion of the solution of the
homogeneous two-point boundary value problem for the systems of the linear
difference equations of the form

x(n+1)= Ax(n)
Lx(n0)= (p;Rx(nl)= Lp;{n in,ng,ny € Z,n0 =n Snl},

where A NxN matrix, L kxN matrix and R (N-k)XxN matrix are real matrices, ¢
and W are real column vectors of N and N-k orderly.
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LINEER FARK DENKLEMLER SISTEMI iCIN IKi-NOKTASINIR DEGER
PROBLEMININ HASSASIYETI UZERINE

OZET
Bu ¢alisma lineer fark denklemler sistemi igin
x(n + 1) = Ax(n)
{Lx(no)z (p;Rx(nl)z w;{n in,ng,ng € Z,n0 <n Snl},

bicimindeki homogen iki-nokta sinir deger probleminin ¢oziimiiniin hassasiyeti
kavramini vermektedir. Burada A, Lve R matrisleri sirastyla Nx N, kxN ve (N-k)xN

tipinde reel matrisler, @ ve W sirastyla N ve N-k bilesenli reel siitun vektorleridir.

Anahtar Kelimeler: Fark denklemleri, iki-nokta sinir deger problemi,
hassasiyet AMS subject classification 39 A 99

1. INTRODUCTION

The theory of difference equations is a lot richer than the corresponding theory of differential
equations. Many authors have been studied on difference equations and some problems related
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with them, such as stability theory (1), existence and uniqueness theorem (2,3), transmission of
information (4), signal processing, oscillation (5), control and dynamic systems (6,7), etc. (see also
8). Knowledge about the accuracy in the computation of the solution components is important (9).
First-order sensitivity analysis involves examination of the effects of differential variations in the
fixed coefficients or boundary conditions of a mathematical model. Sensitivity calculations may be
required for gradient evaluation in optimizations, in experimental design and analysis, and in many
phases of chemical process design (10). Our aim in this article is to present sensitivity notion about
the TPBVP. The system of difference equations x(n+1) = Ax(n) has N-linearly independent solu-
tions. Here A is NxN nonsingular matrix and x(n)=(x,(n),x,(n),...x(n))" is N column vector. The
matrix obtained by using these independent solutions as its columns is called fundamental matrix of
the system and denoted by W(A,n)=( ¥, ¥, ..., ¥ )(1,2,6).

2. TWO-POINT BOUNDARY VALUE PROBLEMS FOR THE SYSTEM OF LINEAR
DIFFERENCE EQUATIONS WITH CONSTANT COEFFICIENTS

We consider the system of difference equations

X(Il + 1) = Ax(n).

If for some ngp = 0, x(ng) = xp is specified, then the considered system with this condition is
called as an initial value problem. If the matrix A is a NxN real nonsingular matrix then this
problem has

X(Il)= An_nox(no) [2.1]

the unique solution. Now we consider the initial value problem about the system of the
nonhomogeneous difference equations

x(n +1)= Ax(n }+ £(n), x(ng)=xo.
Therefore the solution of this system is

Mg B anhd

)

x(n)=A f(k)

[2.2]
(3,11). We give the following two definitions and a lemma for the sake of use in the sequel:

Definition 2.1. Let A NxN matrix, L kxN matrix and R (N-k)xN matrix are real matrices ,
@,y and f(n) are real column vectors with N, (N-k) and N elements orderly. Then the following
problem is called as a two-point boundary value problem for the system of the linear difference
equations with constant coefficients (2):

{x(nﬂ):pﬂ(n)ﬁ(n)

Lx(nO)Z(p;RX(nl)z L|,l;{n:n,n0,nlez,n0 <n Snl}’ [2.3]

Definition 2.2. For an NxN nonsingular matrix A the number 1L(A)=[A] ”A_l” is called as the

condition number of A, where |A| denotes matrix norm of A (9,12).

Lemma 2.1. Let A and B are real NxN matrices and let |B| <||A|| then the following inequality

1s satisfied:
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(e an)< A"
[B| [2.4]
A

Proof. To show this inequality we need to consider the following initial-value problem :

X(n +1) = AX(n)+BX(n)

X(O) -1 [2.5]
With the help of [2.1] the unique solution of this problem is
X(n)=(a+B)" [2.6]

If we consider this problem as a nonhomogeneous system problem then with the help of [2.2]
the unique solution of this problem is

n-1 .
X(n)z A" +kZ‘,OAn k 1BX(k) [2.7]
Since the [2.5] problem has only one solution we can write the following equality of

1 n-k-1

(A+B)! -A" = :goA B(a+B)"

By using this equality we continue as follows:

|(a+B) - - | Jla-+n¥|
—k-1 &
£||B|| Eu g ) +B)
- n1%+n”
IB] = |4 Ial
1rll “i
N
<[B] | 1
B
- A
<[5 IIAIIn NE
=[B 4™ "_B
1—e"A
B Al
[(a+B) - a7 < TR
LAl

This completes the proof.

71



G.U.-J. Sci., 16(1):69-79, 2003 / Nurettin DOGAN

2.1. Existing and Uniqueness Theorems For The TPBVP

Theorem 2.1. We consider the following two-point boundary value problem;
x(n + 1) = Ax(n)

{Lx(n0)= (p;Rx(n1)= qJ;{n in,ng,ny € Z,n0 <n inl},

Then the following two cases can be met:

Case 1. If A is a nonsingular matrix and ¥ (A,n) is the fundamental matrix of,

x(n+1)=Ax(n),n=0,4+1,+2,---.

Furthermore let W be given as W =¥ (A,n; —nO)‘P_l (0).

Case 2. If A is a singular matrix then there exists an orthogonal matrix U such that

* Al B
U AU =
0 Al]

is satisfied. Where Ag is Ngx Ny real matrix having all eigenvalues as 0 and det A;=0.
¥(Aq.n) is the fundamental matrix of x(n+1)= A x(n).Let W be given as

W=W(An —nO)(‘P_l(AI,O),O)U* .

For these two cases we can define the matrix H as

= ).

If the matrix H is a nonsingular matrix, then the problem has a unique solution (2).
Proof.
Case 1. By the hypothesis, A is a nonsingular matrix. Since W (A,n) is the fundamental matrix

then the general solution of the given x(n+1)=Ax(n) difference system can be written as

X(n) = lP(A,n - m)‘P_l (A,O)x(m)'
Therefore
x(nl ) = ‘P(A,nl —-ng ){’_I(A,O)x(no );

is satisfied. For the given two boundary conditions in the theorem
Lx(no)z q;R‘P(A,nl —no)‘P_l(A,O)X(nO) =y,

should be verified. So by using W = ¥(A,n; —n ¥ ~'(A,0) we can see that det H# = 0 istrue.
Therefore the problem has a unique solution in this case.

Case 2. By the hypothesis, A is a singular matrix. Therefore the general solution of the differerence
system can be written as

x(n) = ‘P(A,n - m)(‘P_l (Al ,O)O)J*x(m)
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So

x(n; )= #(an, —ng o (Al,O),O)U*X(no )

is satisfied. We also know that

LX(IIO ) =@ R‘P(A,nl -n X‘P_l (Al ,O)O)U*X(no ) =y
must hold. By using
W =""P(A,n, —nu)(‘P_l(Al,O),O)U*

we can see that detH = 0 is satisfied. So the problem has a umque solution for this
case. o
It is clear that the solution of the TPBVP is x@)= An_n"H_l(W],ﬂu =n=ng

3. ON THE SENSITIVITY OF TPBVP

In this part, we examine the behavior of the solution of given any TPBVP according to the small
changes of initial values. Therefore, here we examine the sensitivity property of a TPBVP.

Theorem 3.1. We consider the following two TPBVP's :

{x(n +1)= Ax(n)

Lx(n0)= (p;Rx(n1)= lp;{n in,ng,n; €Z,ng <n snl}, [3.1]

Suppose the following problem is given

{Y(n +1)= Ay(n)

Ly(n0)= (0] ;Ry(n1)= i]i,{n in,ng,n; €Z,ng <n :inl}, [3:2]
Then, for the problems [3.1] and [3.2]
o)1)
||X(n)—y(n)|| S].J,(AH_HOH_I) bt A g <N S1ny
||X(ﬂ)|| [3.3]

M

Proof. Since A is a nonsingular matrix then the solutions of [3.1] and [3.2] can be written
orderly as

is satisfied. Where A is a nonsingular matrix.

x(n)zAn_no -1 :5 21 <n <n1
yl)=a" On! 2’"0 <n<ny

Here the matrix H has the following form

") o)
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Therefore, by the hypothesis we can see that the following is satisfied:

x(n)-y(a)=a" © H‘IK;'D —@ﬂo <n<ny [3.4]

| ¥ g

—1
n-n
o

"x(n)—y(nm < An

)

||x(n)||,n0 snsny

1y SnSnl )

K0 H_l)[f.'ﬂ'@i\

)

If we examine the upper bound of this relative error, we get the result that the condition number

WA 0H 1) is effective. Therefore as the condition number 1 gets bigger, the relative error also

gets bigger. By looking at the above upper bound we see that this holds locally. In the above
inequality if the upper bound does not depend on the number n then it will be the global upper bound

for the relative error.
Now we give the following theorem, which deals with the sensitivity of the problem, only when
the elements of L. and R have small changes.

Theorem 3.2. Let the following problems are given:

x(n +1)= Ax(n)
{Lx(no)z q);Rx(nl)z q};{n in,ng,ng € Z,n0 <n Snl}, [3.5]
yn+1)= Ay(n)
Ly(ng)=@;Ry(n,)=wif:n,ng,n e Zny <n<n} 13.6]
Then for these two problems the inequality of
SR [P (N T . R 1 37
AL { T TR R =7
el IR

is satisfied.
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Proof. As it can be obtained easily the solutions of these problems are

X(n) = An—nO gl (:;j,n 0 Sn<ny

y(n)z An_noﬁ_l(;’;}no =nsny

orderly. By using the hypotheses and these solutions we can see that the below equalities and
inequalities are satisfied:

x(n)-(n)=-a" 071 - H_l{q’j 3.8]

v

= A" (ﬁ‘l -H™ XA“‘“U H! )'1 x(n)
}An—nU (ﬁ_l —g! J“ (An—nU H_l)_l
i )

:u(An—ngH—I]‘H(ﬁ—l _gl ]‘
HE-H)=-H-uHE"
e -} < -

-Fi-Hi g

) - )] _
Y

<

(An—nu H—l )‘1

Here oy ( ) is the least singular values of the matrix H.

a7 <[t i i

T ;
||r1|"m H*' =

W_W
e i B
IIHII i

IIHII

lien)- y(o ) g1 ) [E- H ! [3.9]
oo b i

IIX -]

[
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-~ L-T
H-H= -
(R-R) Am™

L-L 0
0 (R-R) A"l""0

<[L-Ef+|(R-F)a"1R0

|- < +

[2-H] |L-if [R-R]

< APITQ

[T

L] [R-R] ) agng

T frane

i S

TR g fa)

-1, R (am-s

< Al 0)

bR

O (o, g B o)
TR T R L g

M IR

Thus, the proof of the theorem is completed.

Now, we have arrived at the point that when the elements of A, L, R, ¢, y have too small

changes and the behavior of the solutions of some TPBVPs regarding with these changes. To
do these, we need the following theorem:

Theorem 3.3.

{X(nﬂ): ax(n)

Lx(no)z (p;Rx(nl)z Lp;{n in,ng,ng € Z,n0 <n £n1}, [3.10]
J[y(n +1)=Ay(n)
Ly(ng)=¢ ;Ry(n;)=%; {n:n,ng,n € Zng <n <n}. 3.11]

Suppose the problems [3.10] and [3.11] be considered. Where as we mentioned above,
A,L,R,$,p and A, L, R, ¢,y are too close to each other respectively in the sense of norm

respectively. In addition to these the inequality of |R-R|<(0.1)|R| be at hand. The closeness

of these solutions depends on the condition number p(H)= ||H||“H1“ .Let
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N B A K my-ng-1
0= el ) o - - - Rfan +(1-11|Ru%
1—e 4l
1
Sl A A
F—n ) e -]+ R - Rffan +<1-11|R||%
1—e &l
[(P]_[?J ||A—A||"A"n_n0_l .
s i 0 I b7 L H
5 e M
Then the inequality of
||y(n)—x(n]|ssl+sz +85 [3.12]

holds.
Proof. As it can be obtained easily, the solutions of the problems [3.10] and [3.11] are

- L
X(n):An HOH—I[(I)], ng =n ﬁlll, H:{ },
v

RAHI_HO

o1 (@ . L
y(n):An noH 1 (f » g =n=ny, H=| 5
W R Alnhg

orderly. By using them we can see that the following equalities are satisfied:
n—n _ (@ n—n b (P T T
x(n)—y(n)zA 0 H l(q)j—H 1[?) +[A 0 —A 0}" l[fj
W v Wy
n—n I n—Nq._ [0 n—n ~n—n 1 @
= A O[HI—HII(')}LA 0f1 ((pj—[ffj +[A 0_ A ohl[il’j_
W b3 Y W

For the sake of shortness let us write the following.

C, = Ao [H—l —ﬁ_l ][:)J , Cy = An_n°ﬁ_1 |:[(P] _[;Tj} , Cy= [An—ng _ Kn—no F—l[?ﬂ

Y

So, the following inequality can be written:

[x@)-y@)] <[cifl+ ] +lcs] -

With the help of the Lemma 2.1, the Theorem 3.1 and finally the Theorem 3.2 the followings
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ol s~ = | ¥
v
s LA
e« IR o)
l—eW

Mat
y

o] <[ xto)ufa™ " he)f - 1]

oo <lari)

o)

1

- et
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[3.13]

[3.14]

[3.15]

By the hypotheses on H and H we can write the following inequality

Iz -H] < +

0
n,—n e 1111
[RAl 0 _RA 0]

L-1
0
,.,,,..,Ill—ﬂo

<[ -+ HRAHI_HO ~RA

1] <o~ - R)a"t "0 a0 &0 )

<[L-]+|R-R]ja’ "0 A0

+[R]

~y—1N
_A 170

is obtained easily. By the Lemma 2.1 that the last inequality takes the following form:

- o= o]

ja-aja

1y -1 -1

1-

|2-2]
o T

Thus, by using the results obtained above and adding the hypotheses of “R—ﬁ“ﬁ (0.1) IR]|

to these we can see that the inequality (3.15) takes the following form
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(pmou- el L gy AT
R T A Y [ R R e
_ L A
1
— Y 111—110—1
Jer] -z ||L—f||+||R—ﬁ||Hzﬂs111 "o +(1_1]|R||||A Allla ™
A—A
_ L A

So, this completes the proof.
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