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ABSTRACT
 This paper presents the sensitivity notion of the solution of the
homogeneous two-point boundary value problem for the systems of the linear
difference equations of the form
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 where A  NxN matrix, L  kxN matrix and R   (N-k)xN matrix are real matrices, !
and " are real column vectors of N and N-k orderly.
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sensitivity

LÝNEER FARK DENKLEMLER  SÝSTEMÝ  ÝÇÝN ÝKÝ-NOKTA SINIR DEÐER
PROBLEMÝNÝN HASSASÝYETÝ ÜZERÝNE

ÖZET
Bu çalýþma lineer fark denklemler sistemi için
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biçimindeki homogen iki-nokta sýnýr deðer probleminin çözümünün hassasiyeti
kavramýný vermektedir. Burada  A, L ve R matrisleri sýrasýyla  Nx N, kxN ve (N-k)xN
tipinde reel matrisler,  A  ve B  sýrasýyla N ve N-k  bileþenli reel sütun vektörleridir.
Anahtar Kelimeler: Fark denklemleri, iki-nokta sýnýr deðer problemi,

hassasiyet AMS subject classification 39 A 99

1. INTRODUCTION
The theory of difference equations is a lot richer than the corresponding theory of differential

equations. Many authors have been studied on difference equations and some problems related
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with them, such as stability theory (1), existence and uniqueness theorem (2,3), transmission of
information (4), signal processing, oscillation (5), control and dynamic systems (6,7), etc. (see also
8). Knowledge about the accuracy in the computation of the solution components is important (9).
First-order sensitivity analysis involves examination of the effects of differential variations in the
fixed coefficients or boundary conditions of a mathematical model. Sensitivity calculations may be
required for gradient evaluation in optimizations, in experimental design and analysis, and in many
phases of chemical process design (10). Our aim in this article is to present sensitivity notion about
the TPBVP. The system of difference equations x(n+1) = Ax(n) has N-linearly independent solu-
tions. Here A is NxN nonsingular matrix and x(n)=(x1(n),x2(n),...xN(n))T is N column vector. The
matrix obtained by using these independent solutions as its columns is called fundamental matrix of
the system and denoted by s (A, n) = ( t 1,  u 2 ,..., v n) (1,2,6).
2. TWO-POINT BOUNDARY VALUE PROBLEMS FOR THE SYSTEM OF LINEAR
DIFFERENCE EQUATIONS WITH CONSTANT COEFFICIENTS

We consider the system of difference equationsw x w xyz|{}y{ ~� .�K���S�I���S�I�f�����|���?�����O���O���������O���S���G�I���G�O�G�?���O���G���O���f�I�I���S�K�?�S�G�G���S���S�K�G� ���O�O���O���O���I�I���?���K�O�I���O��I�I�O�O�I���G���G���O�?���S�O�I�� ��G�O¡?���?�S�I¢��O�G��£��K�|�O�����f�G�O�S����¤¥�O����¦�§ ¦¥�S�I�I�����I���S�O�?¨I¡��O�S���f�S�K�S�����O���G���O���O��?�G�I¢��O�S�����I�
          ©�ª « ¬­®¯­®®°®¯ ±² [2.1]

the unique solution. Now we consider the initial value problem about the system of the
nonhomogeneous difference equations³ ´ ³ ´ ³ ´µ¶µ· ¸¹µ¸ º»º ¼�½�¾K¿�ÀKÁSÂ ½�ÀGÃ
Therefore the solution of this system is

         Ä�Å Æ Ç È ÉÊ ÉÉËÉÊ ÌÍÏÎÍÐ ÑÐÒÓÌÐÍÔÎÍÕÎÍÍÔÍÕ [2.2]
(3,11). We give the following two definitions and a lemma for the sake of use in the sequel:

Definition 2.1. Let A   NxN matrix, L   kxN matrix and R  (N-k)xN matrix are real matrices ,Ö , ×  and  f(n) are real column vectors with N , (N-k) and N  elements orderly. Then the following
problem is called as a two-point boundary value problem for the system of the linear difference
equations with constant coefficients (2):

                       
Ø Ù Ø Ù Ø ÙÚ Û Ü)Ý Þ ßàá�â ããäåæçæ èæè éêëëìëéíêëéìëéëîëïêëð�ñïìëò?ñ ëóëô ñêëñ

[2.3]

Definition 2.2. For an NxN nonsingular matrix A the number õ�ö ÷ø ø)ø ùú û  is called as the
condition number of A, where ü  denotes matrix norm of A (9,12).

Lemma 2.1.  Let A and B are real NxN matrices and let ý þÿ   then the following inequality
is satisfied:
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Proof. To show this inequality we need to consider the following initial-value problem :

            
� � � � � �������� ����������� � ���

[2.5]
With the help of  [2.1] the unique solution of this problem is� � � � �� �! "#  [2.6]
If we consider this problem as a nonhomogeneous system problem then with the help of [2.2]

the unique solution of this problem is

           $&% $'%( )* ))+* ,-/.0 01�2,0-3-3-2 [2.7]
Since the [2.5] problem has only one solution we can write the following equality of4 5 4 56 78 977879 :;/<= =>?>:=;?;?;>?
By using this equality we continue as follows:

    

@ A @ AB CDEC FG FFHIKJL LHLIII MNNMNMN O PQ RS TU TTVW�XY YVYW Z[[Z
\ ]]^_``ab&cd ef egh�ij jgh k lmkl

no pqp rsKtu vwurs xyz
no { qp tu vwurs xyz

| }~�
��
��� �� �

� � �����
���� ��

������ ���� �

This completes the proof.
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2.1. Existing and Uniqueness Theorems For The TPBVP
Theorem 2.1. We consider the following two-point boundary value problem;� � � �� � ���   ¡¢£¥¤ ¦¦§¨©ª© ©« ¬­®®¯®¬°­®¬¯®¬®±®²­®³µ´²¯®¶·´ ®¸¹´­®´
Then the following two cases can be met:
Case 1. If A is a nonsingular matrix and º  (A,n) is the fundamental matrix  of ,» ¼ » ¼½¿¾�À Á¹½¿¾Â Ã , Ä ÅÇÆ&ÈÉÆ&ÊËÆÌ ÍÎÍ Ï .
Furthermore let W be given as Ð Ñ Ò�ÓÔÕ ÖØ×ÚÙ Ù ÛÔ Û ÜÝKÞ Ü Þ .
Case 2. If A is a singular matrix then there exists an orthogonal matrix U such thatßàáâãäå ææÉç�èêéèè�ëìë

íïî&îËðêñêíïîÉòËíïóÇôöõµ÷¿øöóËùêó¿ú�û�íïîýüþûÉÿ¿üþûÎùêóÇð�����ðêñÉùêí��/ø·ð��öí��
	/ð����KóÇí�	öó��
�öð��
�öóËî&ðÇî��¿ð��öô¿ô·óËñ�ú������ õ� �������� íïîµñïøöó¹ò��
�öô·ð���ó��·ñÉð��
��ðêñÉùêí����Çò �  �� !#"%$ &'!#"$( ) õ�*¹óËñö÷,+öó-	öí��öó���ðËî
. / 0 12 34 56 7�8
9 9 7:8�;�8�;�<4 ; 4=>�? = ? .

For these two cases we can define the matrix H as
@@ABCCDEF,GIHJK .

If the matrix H is a nonsingular matrix, then the problem has a unique solution (2).
Proof.
Case 1. By the hypothesis,  A is a nonsingular matrix. Since L (A,n)  is the fundamental matrix

then the general solution of the given  M N M NO#PRQ S-O#PT U   difference  system can be written asV W V W V W V WXYZ[\]X^[\^Y _`_`a .
Therefore b c d e f g d ehijhklmhimiklmij nonop ;

is satisfied. For the given two boundary conditions in the theorem
      q r q r s t'q ruvxw#y z�{ |~}�y y |~}���w#y� u � ����� � � � ��� ,���x���x�
���x�-�x�������������x���x���
���x���
�
� � � � ���������  ¡  ¢£¤£¥ ¦ ��§�¨��������-©
�x¨�© ª«x¬�­ ®¯ ���x©����x�
�° �x�������������-©
�x�-±
�����x�
��²³�x¨��-¨-�
�x��´��x�����
���
©��
�����
��©
�x�
�-§�¨����
�

Case 2. By the hypothesis, A is a singular matrix. Therefore the general solution of the differerence
system can be written as µ ¶ µ ¶ · ¸¹ º µ ¶»¼½¾¿À¿ÀÁÂÁ»ÃÀÂÃ¼ ÄÅÄÅÆ
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So Ç È É Ê Ç ÈË Ì É Ê
ÍÎÏÐÑÍÒÍÒÓÔÓÍÎÓÎÒÔÓÎÏ ÕÖÕÖ×

is satisfied. We also know thatØ Ù Ø Ù Ú ÛÜ Ý Ø Ù Þßàáàáâß ãäåæçãèãèéêéãäéäèêëìãäí å
must hold. By using î ï î ïð ñ òóóôó õö÷ö÷øùù÷øú ûüýüþÿ��������	������
��
��
 ������ �� � � ����
 � ��� � ���
���
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��
����� ��!�" ��#$�
���%��&�� � ' &
������"�&�
 � ���	� ���(
�� � ����������

 It is clear that the solution of the TPBVP is  )%* +,+-- .../01.2 3 445567889:�; <= >> .
3. ON THE SENSITIVITY OF TPBVP

In this part, we examine the behavior of the solution of given any TPBVP according to the small
changes of initial values. Therefore, here we examine the sensitivity property of a TPBVP.

Theorem 3.1. We consider the following  two TPBVP's :? @ ? @A B CED F GHIKJ LLMNOPO OQ RSTTUTRVSTRUTRTWTXSTY
ZXUT[�Z T\�ZSTZ
[3.1]

Suppose the following problem is given] ^ ] ^_ ` aEb c defKg hhijklk km noppqpnropnqpnpsptuopvxwtuqpyzw p{|wopw
[3.2]

Then, for the problems [3.1] and [3.2]}�~ }�~}�~ � � ���������������� ���� ��� �
� ��� ������ ������

������������
[3.3]

is satisfied. Where A is a nonsingular matrix.
Proof. Since A is a nonsingular matrix then the solutions of  [3.1] and  [3.2] can be written

orderly as ��� �������������� ���  ¡¡¢ £¤¥¦§¨ ,©�ª «¬¬­¬®¯¯«°­¬¬±¬² ³³´ µ¶¶· ¸¹º»¼½ .

Here the matrix H has the following form

     ¾¿ÀÁÂÃÄÆÅ�ÇÈÉ Ê ¾¿ÀÁÂÃ Ë%ÌÍÎÍÅ�Ï È Ð
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Therefore, by the hypothesis we can see that the following is satisfied:

           Ñ�Ò Ñ�Ò ÓÔÔÕÔÖ××ÓØÕÔÔÙÔÚÔÛ ÜÜÝ ÞßÝ Þßßàß áâãäåæ çèéêëìçèéêëì
  [3.4]

í(î í(î ï ð ñòóôõöñòóôõö ñòóôõöñòóôõö ÷ øùù÷ ø ÷ øù÷ øùùùùùúù ûüýþþÿ��ûûüýþþÿûüýþþÿþ�þ�
ï ð �þ����ûüýþþÿ ñòóôõö ñòóôõöñòóôõö ÷ ø ÷ øù÷ øùù�ú

í î í(î ï ð ûþþýþ��þ����ûüýþþÿþ�þ� úú÷ ø ÷ øù÷ øùù�úù ñòóôõö ñòóôõöñòóôõö
í(î í(îí(î ï ð ûþþýþ���ûüýþþÿþ� þ�þ� úú÷ ø ÷ øù÷ øùù�úù ñòóôõö ñòóôõöñòóôõö �

If we examine the upper bound of this relative error,  we get the result that the condition number�	� 
���
 � �� ��  is effective. Therefore as the condition number �  gets bigger, the relative error also
gets bigger. By looking at the above upper bound we see that this holds locally. In the above
inequality if the upper bound does not depend on the number n then it will be the global upper bound
for the relative error.

Now we give the following theorem, which deals with the sensitivity of the problem, only when
the elements of L and R have small changes.

Theorem 3.2. Let the following problems are given:� � � �� � ��� � ��� � !!"#$%$ $& '())*)'+()'*)'),)-().0/-*)12/ )34/()/
              [3.5]5 6 5 6576 586 9 :;<;= > ??@ABCB BD EFFFGHFGFGFIFJFKL MJFKNM FO KPFK QRQRQR   [3.6]

Then for these two problems the inequality ofSUT SUTSUT V W SXT V W SXT V WYZYZY [[[[\[[
]^ ^ _^` ` _`ab b]^ ^ _^` ` _`aa]cd cecd ffff ghihghjjjklmmmno ghihggph       [3.7]

is satisfied.
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Proof.    As  it can be obtained easily the solutions of these problems areqsr tuuvuwtxvuuyuz {{| }~~� ������
�s� �������� ������� ��� ���� ������

orderly. By using the hypotheses and these solutions we can see that the below equalities and
inequalities are satisfied:�s� �X� � � � ¡¢£¤2¥ ¦§§§§§¨§ ©ª©ª «¬­­®­¯­°                           [3.8]

  

± ² ³ ´ µ·¶¸¹º»ºº ¼» ½½¾¾½½¾¾ ¿¿ ÀÀÀÀÀÀ ÁÁÂµ·¶ µ·¶µU¶ Ã Ä ³ ´ ½½¾¾½½¾¾ ÅÆÅÅ ÇÆÈÉ ÈÊÈÉ ¿¿ ÀÀÀÀÀÀ ËÌË
Ã Ä ³ ´ ½½¾¾½½½¾¾ ÅÆÅÅ ÇÅÅÆ ¿¿ ÀÀÀÀÀÀÀ ËÌ ³ ´ Ã Ä½½½¾¾ ÅÅ ÇÅÅÆ ¿ ÀÀÀÀ ËÍÎ± ² Ï Ð ½½½ º ¼ºº ¼ºº ¼º ÀÀÀ ÁÁÂÁÃ Ä ½½½ Å ÇÅÅ ÇÅÅ ÇÅ ÀÀÀ ËÌË ÑsÒÅ ÇÓÅÅ Ç ½ÔËÎ

Here Õ Ö×ØÙ Ú  is the least singular values of the matrix Û Ü .

 

Ý Þ ßsà á âááã ãáá âãáãá âá
ääåäæäää ßXà á á âáá áã ãáá âá ã ääåäç

ßsà ßsà á á âááã ãá áá âá
äèääèç

é ê é êésê ë ì éíê éîê ï ï ðïïñ ñï ïï ðïñïòóóôóõ óöóõ ÷ø÷÷ø÷÷øù÷
[3.9]
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 úúûüýýþÿ � ��� ��������	
 �� 
 
 �
� ��
����� � � �� �� ��� ������ �� ��� �  "! #! # �! #�$ % $ %&& &' ( ���� ���� � �)� �� �  �& &� � ��� � � � �� ��� � �� � � ��  & & &

���� �� &+* � ����� ��,� � � & ���� �� �
���� �� &+* � �� � & - .� �� �� � �� ��� � ����� �� &+* � �� � & / 0���� �� �

1 2 1 2132 4 5 162 4 5 162 4 57898:; ; <;= = <=>9 97898:; ; <;= =<=>9>788:8? 8@8? ABACABA
ABACABAABDA EE

FGHHIJ
 Thus, the proof of the theorem is completed.K3LNMPONMRQ�SUTWVUQ3TWXYXWZ[VUQW\]TW^U^�SUQ�_UL`Z[a`^,^�SUTW^bMPSUQWa�^�SUQ3Qdc�QWe]QWa`^Yf�Ldg�hjilkmilnoi`p�i q SUTWVUQ�^rLdL]fre�Tdc�cs SUTWa`tUQWf3TWaU\�^�SUQ3uUQWSUTWVUZ�LdX�Ldg�^�SUQ�fWLdc�v`^YZ�LdaUf3Ldg�fWLde�Q]wUxUy z3x,f+XrQWtUTWXr\`Z[a`toMRZ[^YS]^�SUQdfrQ s SUTWa`tUQWfd{Uw,L\`L"^�SUQdfWQWONMPQ�a,QWQd\3^�SUQ6gWL`c�c�L|MRZ[a`t3^YSUQdLWXWQWe]}
Theorem 3.3.~ � ~ �

� � ��� � ���[� ������� �� ���������������������,�����`� �������
[3.10]

  � � ������ ���   ¡¢ £ ¢¤£ ¢ £¥"¦¨§ ©,¥+¦ª ¥+¦ «­¬U¥+¦ «®¦°¯­¦²±³¦´±­¦ µ¶±³¦ ¦ ¦¨·¸ ¹ º»¼ º°½ ºo¾ ¿ À À»Á ÂÂ ÂÂ Â [3.11]

Ã`Ä`Å`ÅUÆ`ÇWÈ+É�ÊUÈ"Å`ËWÆdÌUÍ�ÈWÎ�ÇÐÏ�ÑUÒ�ÓdÔ`Õ�ÖW×UØ)Ï�ÑUÒ�ÓdÓdÕ�ÌUÈ+ÙdÆd×UÇWÚ�Ø`ÈrËWÈdØ`Ò�Û"ÊUÈrËWÈ+ÖdÇÝÜRÈ+Î]ÈW×`ÉYÚ�Æd×UÈdØ�Ö Ì,ÆdÞ`Èdßà á ßrâ ã�ßrä ã�ß|å æ�ßWç è�Ör×UØ�é3ß`ê�ß`ë�ßUì�ß�í"ÖWËrÈ�ÉYÆUÆ�ÙdÍ�Æ`ÇrÈ3ÉYÆ�ÈdÖdÙWÊ]ÆdÉ�ÊUÈWË�ËrÈdÇYÅUÈdÙWÉYÚ[ÞUÈdÍ[î Ú�×�É�ÊUÈ3ÇWÈW×UÇrÈ�ÆWï�×UÆdËYÎËrÈdÇrÅUÈdÙrÉYÚ�Þ`ÈdÍ�îUÒ`ðY×]ÖdØ`Ø`Ú[ÉrÚ�Æd×�ÉrÆ3É�Ê,ÈWÇWÈ�ÉYÊ`È�Ú[×UÈdñdÄUÖWÍ�Ú�É�î]Ædï ò óôjõöô ÷dø�ùúôûü Ì`È�ÖWÉ,Ê`ÖW×UØUÒ`ý,ÊUÈ3ÙdÍ�Æ`ÇWÈW×UÈWÇWÇÆdï,É�ÊUÈdÇWÈ�ÇrÆ`Í[Ä`ÉYÚYÆd×UÇ�Ø`ÈrÅ,Èr×UØ`Ç�Æd×+É�Ê,È�ÙWÆ`×UØdÚ�ÉYÚ�Æd×3×`Ä`Î�ÌUÈWË�þ�ÿ � �������� ÒWê�ÈWÉ
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GHGJIK IL MNMMO OPOQ R STVU
W�W WWX YZ\[] ^ _`a\bX cd dd d

Then  the inequality of
     e f e f ghihjhklkm nnop  [3.12]
holds.

Proof. As it can be obtained easily, the solutions of  the problems [3.10] and [3.11]  areqHr sNs tuv s w x yzs s su t{|~}� �� � �� ���~� � �� ��P�� ����� ��	� ��� �� �qHr s�s tu� s w x y�s s su t{|\}� �� � �� ���\��� � � � �� �P�  ¡¢�£¤ ¥¦ §¨ ©¦ §ª «¬¬ ¬¬ �
orderly.  By using them  we can see that the following  equalities are satisfied:­H® ­¯® ° ± ²³´µ¶·¸¹º»¼½ ²³´µ¶·²³´µ¶· ¾ ¿ÀÀÀÀÁ¾ ¿ÀÀ¾ ¿ÀÀÂÀ ÃÃÄÅ ÃÆÇÇÈ ÃÆÇÇÈÃÃÄÅ ÃÄÅÆÇÇÈÇÉÇÊ Ë Ì

° ± ²³´µ¶·¸¹º»¼½ ²³´µ¶·²³´µ¶·²³´µ¶· ¾ ¿ÀÀÀÀÁ¾ ¿À¾ ¿ÀÀÁ¾ ¿ÀÀÀÀÂ ÃÃÄÅ ÃÆÇÇÈ ÃÆÇÇÈÃÃÄÅ ÃÆÇÇÈÄÅ ÃÄÅÆÇÇÈ Í
For the sake of  shortness let us write the following.

  Î Ï ÐÐÑÒÓÓÔÕBÖ ×ØÙ ÚÚÚ ÛÛÜÜÛ Ý ÞÝßà á â ããäåææçè ÐÐÑÒÓÓÔÕ Ö ×ØÐÐÑÒÓÓÔÕ Ö ×Ù ÚÚ ÞÞÝ Þßà ÛÜÜé á â ê ë ÐÐÑÒÓÓÔÕ@Ö ×ØÙ ÚÚÚ ÞÞÝ Þß Þßà ÛÜÜÜÜì áá

So, the following inequality can be written:í î í î ïðñ òòòóôóõ öö÷ø .
With the help of the  Lemma 2.1, the Theorem 3.1 and finally the Theorem 3.2 the followings
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are satisfied, orderly.

 ùùúûüüýþ@ÿ ��� ��� ��� �� ��� �				
 ��
��
������� ��

�� �� �� ��� ���
�� ��� �� �  �

�!!" #
[3.13]

  
$ % &(')*++

++, +-. /001 2 33456678:9 ;
33456678:9 ;<33456678�9 ;=> ??

[3.14]

@(A B C @DA @DA E FEEE GEE FEEHIJK LMML N OPOOPPQ RR [3.15]

By the hypotheses on H and S T  we can write the following inequality

UVWXYZUVWXYZ [[[\[][ ^_`_a bc b^_`_cda ^^fe beg bg ^_`_a bc b^_`_cfaebe [[[\[] h i j k^_`_a b^_`_ac b^_`_ac bce beg bg [[[\[[\[][ ^_`_a b^_`_ac b^_`_ac bcebe [[[\[[\[]
is obtained easily. By the Lemma 2.1 that the last inequality takes the following form:l m

n n on pqqqq rs
tt utv uvvtv uvwuwx ux yzyz { {{{

|
||}}|}|~|

Thus, by using the results obtained above and adding the hypotheses of � � ����� �� ��
to these we can see that the inequality (3.15) takes the following form
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So, this completes the proof.
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