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ABSTRACT

In this study, a system of homogeneous, linear, ordinary differential equations
with constant coefficients related with the sensitivity of two-point boundary
value problem is investigated in the interval of [ to,t;]. The problem is given as
follows:

4 x(t) = Ax(t)
dt

Lx(to) =p, Rx(ty)=wy
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SABIT KATSAYILI LINEER ADi DIFERENSIYEL DENKLEM SISTEMI iCIN
IKi NOKTA SINIR DEGER PROBLEMININ HASSASIYETIi UZERINE

OZET

Bu ¢alismada sabit katsayili homogen lineer adi diferensiyel denklem sistemi i¢in
[ to,t:] araliginda tanimh

4 x(t) = Ax(t)

dt

Lx(to) =p, Rx(ti)=wy

seklinde verilen iki nokta sinir deger probleminin hassasiyeti incelenmistir.

Anahtar Kelimeler: Lineer sistem, sart sayisi, hassasiyet.

1. INTRODUCTION

There have been huge developments in the calculation techniques in the last years. The Main
subject among these developments is to examine the closeness of the numerical solutions to the
exact solution [1,2,3,4]. In our work, the set of numbers used by a computer and wether the
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problem is well conditioned or ill conditioned is very important. Here, the dependence between the
solution, for two-point boundary value problem (TPBVP) which has many applications, and the
datum is examined.

TPBVP related with systems of differentials equations has been examined in terms of
existence and uniqueness theorem [5], the synthesis of optimal filtering algorithms [6,7], wave
propagation | 8] etc. There are many computational methods [9,10,11] that have been developed for
solving TPBVP.

2. THE TWO POINT BOUNDARY VALUE PROBLEM FOR AN ORDINARY DIF-
FERENTIAL EQUATION WITH CONSTANT COEFFICIENTS

Definition 1. To find the solution of problem in the interval of [ t ,t,] described

d
0= Ax (1]

Lx(tg) =, Rx(tjFy

is called “two-point boundary value problem for a homogeneous, linear, ordinary differential equa-
tion with constant coefficients”.

Where A is NxN; L, kxN; R, (N-k)xN type real matrices, ¢ is a vector with k components and
y is a vector with (N-k) components and x(t) is unknown N dimensional vector function on the
given interval to be found.

Definition 2 (Fundamental Matrix). Let

{un(t), yol).....yn(t)}

N dimensional vector is the base of vector space of the functions of solutions of the system
given in (1).

Then, the matrix
Wt)= [y w20 1) ]
is called a fundamental matrix of the system given in (1).

Namely, if W (t) is fundamental matrix, then

d
THO=AY;  det )0
is satisfied (1).
The only solution to the Cauchy problem

d
5 XO=AXQ
X(0) =1

is X(t) = e'* which is an exponential matrix function. So, e** is a fundamental matrix of the given
system (12).

Theorem 1. Let us consider problem [1]. If ¢ (t) is a fundamental matrix of the system

%x(t) = AX(0)

and
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L
H = {R@(tl —t )0 (0)] [2]

is a non-singular matrix (detH =« 0), then there exists a unique solution to the problem [1] and it is
given below

t—t~ A
wo=e 0 Hm 3]

(13).
Note: Let T, t be any numbers. Then for any & (t) fundamental matrix

O(T-t) D0y = T4

is satisfied. Therefore, the condition (2) is independent of the choice of fundamental matrix.

3. SENSITIVITY OF THE SOLUTION

In this part, the effect of the input datum's errors to the solution of problem (1) will be given. In
the following lemmas and theorem, these are given as sensitivity of the solution of these problems.
In these lemmas and theorem, we determine an upper bound for the absolute errors that have been
made.

Lemma 1. Let A be a non singular matrix and the following two point boundary value problem
be given:

%X(t) — AX() [4]
LX(t) =, RX(t)=w
and
d p—
a YO=AY(® [5]

LYl)=@, RYE)r Y.

Then the following inequality, between the solutions, will be satisfied

MRt

[xin- v _ pleo-wag) iAW

o (%
v

Where the interval [t .t ] is small enough.

Proof. The solutions to the given problems can be the following, respectively:

_ @
Xit)= e(f 04 g {VJ
and

_ @
1= 70 LWJ
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By using them, we can obtain that

e {[o- (3]
o) [3)
ol
SMW%qmww

are satisfied. Which is required to prove the inequality [6].

||xt) -T2l =

< LL(e(t—tuJAH—I )

(-t )Apy-1 [‘PJ
W

[

With this lemma an upper bound has been determined by the relative error of the problems [4]

and [5]. It is that the condition number p,(e@‘tﬂ)AH‘l) has effective role on the upper bound.

Lemma 2. Let A be a nonsingular matrix. Consider the following two-point boundary value
problems on the interval of [t .t |:

d o

o T = A
[7]

LX) =, RXM )= W

and

d

Z A=A

& ) (®)

N N [8]

LYt} =@, R It)=w

The relation given below can be held between the solutions of these problems:
_ H-H
- YOl emgt)yy B 1
<0 RN o
et

Proof. Let the solutions to the given problems be respectively:

@
_ Gtg)A 4
Xit= e H LWJ

and

~ (@
_ Gte)A Fra| |
=e VUH l[qJ

Where H and fj are given as follows:

L o L
H= Re(tl_tU)A , H= ﬁe(tl_tO)A

Then,
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@ P
. _ (t—tg)A -1 . (13—130)15L "”—IL J
X{t)-Y{t)=-e H LWJ e H Wy
P
SN Con 7)) PP
€ (H”-H™) (W]

_ - _ _ P
= e(t to)A (H—l _H—l) (e(t tO)AI‘]._l )—1 (e(t tO)AH—l)[qJ]

is satisfied. Therefore the inequality of

XY@ =- 0% (HE - T Y x @) [10]
can be written. For the relative error
[XO-YO] _ | s ma oy GtA
Wsne (H”-H7) (e H )l
=T (H T - (T
O g E (E —E ) (O
is obtained. Therefore
"X(t)_Y(t)" < 1l elt-to g1 -l
L s o) |H(HY-H 11
v e J ¢ ) [11]
is satisfied. Furthermore, by taking the norm of both sider of
H(H?-HEY)=(H-1m) H?
| (H-B || < | H-H| B
<| i H]| L
1 ~
-l
|
= |[H-H| 1
(151l ] 11 _||H_ﬁ1|
[FIH] ]
1 —
=__||[H-H ||
[ —
1 [=-H
H(ED) ||H||
— IIHH—"fIII 1
H
i (o [E-
ﬁ[ O] ]
=1 (H ) "H_ ﬁ“ 1
o oA
U

is obtained. If we substitute this result in (1 1) the required result (9) will be obtained. This completes
the proof of the lemma.

Theorem 2. Let us consider the following two problems:

85



G.U.-J. Sci., 16(1):81-88, 2003 / H. Hiiseyin SAYAN

d
EX(tFAX(t)
[12]
LX) =@ RXL)FY
and
do-a
a ty=A A
[13]

Lyu)=0, Ryi)r i

where E, E, E, @,  are matrices and vectors of A, L, R, ¢ and wwhich are very close to
each other in the sense of norm, respectively. Finally te[tt ]. Since

N
H—[Rem] [14]
so, the inequality of
113t - ) || < |1 379 || ple®04H) ey 2z - | 1 _
| H || —p(H) | H-H |
Hl X7 || pletA ) “ “ lA-K M TV [ ]
iR '
is valid.

Proof. The solutions to these problems, respectively, are

X(t)= et10VAg 1 [(P]
W

and

Y= "0Ag 1[‘:”]
v

3 -1 = TP T;J R ( J
_ A [9) -t LA ety oo (3
o @e” () (g
= e(t_tn)A [$] K (t-tgda e(t—tD)A>I,.:I_1 [%]

_ (A gy [] -1 WJ+H_1 ] oy [W])+(e(t—tD)A_e(t—tD)A)ru_l [“‘]
v v v

v (P) G-t 1y Rt
_ (A [HI_H_l][WJ+€(t t”)AH'l[[:ﬂ-g]]J“[ Stpa tu)A]H—l [;]

B wy (@
Let Cy= e 10 (gt [w]

o)

(oA R [tp]
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Therefore,
| Xe) - Y || < [| Cil| + ]| Cz ||+ Ca|

will be satisfied. For the C, and C, we can write the following by getting help from the Lemma 1
and 2:

1
| H || —p(H) | H- H||

(!,—f,o)

il 2 g e Yy e - A |

and

G

I ol <l 2 e 4

For C, we can also write the following inequality.

(t—z.)4 () A H
ICill<lle @ - e ° ””HIHH[?JH
P

5)
¥

Here closeness of the solutions depends on the condition number, T =t -t and (H)=|/H||.|[H"|| is
seen.

<|la-A|| T LTI F

This completes the proof of the theorem.
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