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ABSTRACT
In this study, a system of homogeneous, linear, ordinary differential equations
with constant coefficients related with the sensitivity of two-point boundary
value problem is investigated in the interval of  [ t0,t1]. The problem is given as
follows:
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SABÝT KATSAYILI LÝNEER ADÝ DÝFERENSÝYEL DENKLEM SÝSTEMÝ ÝÇÝN
ÝKÝ NOKTA SINIR DEÐER PROBLEMÝNÝN HASSASÝYETÝ ÜZERÝNE

ÖZET
Bu çalýþmada sabit katsayýlý homogen lineer adi diferensiyel denklem sistemi için
[ t0,t1] aralýðýnda tanýmlý
�� ��!�"�#�$�%�&
!�"�#�$
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þeklinde verilen iki nokta sýnýr deðer probleminin hassasiyeti incelenmiþtir.
Anahtar Kelimeler: Lineer sistem, þart sayýsý, hassasiyet.

1. INTRODUCTION
There have been huge developments in the calculation techniques in the last years. The Main

subject among these developments is to examine the closeness of the numerical solutions to the
exact solution [1,2,3,4]. In our work, the set of numbers used by a computer and wether the
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problem is well conditioned or ill conditioned is very important. Here, the dependence between the
solution, for two-point boundary value problem (TPBVP) which has many applications, and the
datum is examined.

TPBVP related with systems of differentials equations has been examined in terms of
existence and uniqueness theorem [5], the synthesis of optimal filtering algorithms [6,7], wave
propagation [8] etc. There are many computational methods [9,10,11] that have been developed for
solving TPBVP.
2. THE TWO POINT BOUNDARY VALUE PROBLEM FOR AN ORDINARY DIF-
FERENTIAL EQUATION WITH CONSTANT COEFFICIENTS

Definition 1. To  find the solution of problem in the interval of [ t0,t1] described
bb;c8d5e c7f�gih d8e c7f j�k;l
m�n�o�p q r�s�t�uwv�n�o�p x r7s�y

is called �two-point boundary value problem for a homogeneous, linear, ordinary differential equa-
tion with constant coefficients�.z�{ |�}�|�~��7�����8�
�8���
�5�8�
�;���
�������;���8���7�8�5|�}�|;�;�8�U����}��7�;|����8� �7�����8|;�����;}����D� { �U���;�
�5�;�5|��8�������5�� �������5|;�����;}����D� { �7�
� �;���;�;�
�5�;�5|��8�������5���5�7�����7���8�8�8�5�����U� �8�D�
|��5���7�;�5�;�8�5|;������}�¡��8�5�����7�;�U�;�U� { |¢5�D�5|��
�D�8��|�}��8�;�8����£5|�¡����8�5�5¤

Definition 2 (Fundamental Matrix). Let¥8¦ § ¨�©�ª�«5¦ ¬ ¨�©�ª�«�­7­7­D«7¦ ® ¨�©�ª�¯
 N dimensional vector is the base of vector space of the functions of solutions of the system

given in (1).
Then, the matrix

° ± ²³µ´·¶¹¸»ºw³µ´·¶�¼�³¹´½¶�¼D¾D¾D¾D¼ ³µ´·¶À¿Á Á Á Á
is called a fundamental matrix of the system given in (1).

Namely, if Â (t) is fundamental matrix, thenÃÃ;Ä5Å�Æ�Ç�È�ÉiÊUÅ
Æ7Ç�È�Ë Ì5Í�Ç�Å�Æ�Ç�È�Î�Ï
is satisfied (1).
The only solution to the Cauchy problem

     
ÐÐ;Ñ
Ò
Ó�Ô7Õ�ÖU×ØÒ
Ó7Ô�Õ
Ò
Ó�Ù8Õ�Ö�Ú

is X(t) = etA which is an exponential matrix function. So, etA  is a fundamental matrix of the given
system (12).

Theorem 1. Let us consider problem [1]. If Û (t) is a fundamental matrix of the systemÜÜ;Ý8Þ�ß�à7á�â�ã
Þ�ß�à�á
and
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H = ääå
æççèé êëê ì íîïíððïñ ò ó

ôõ                                                 [2]
is a non-singular matrix (detH ö 0), then there exists a unique solution to the problem  [1] and it is
given below

x(t)= ÷ø
ùúûü�ý þÿ � �������� �	  [3]

(13).
Note: Let T, t be any numbers. Then for any 
 (t) fundamental matrix�
����������� � � ��������� ��� �  !#"

is satisfied. Therefore, the condition (2) is independent of the choice of fundamental matrix.
3. SENSITIVITY OF THE SOLUTION

In this part, the effect of the input datum's errors to the solution of problem (1) will be given.  In
the following lemmas and theorem, these are given as sensitivity of the solution of these problems.
In these lemmas and theorem, we determine an upper bound for the absolute errors that have been
made.

Lemma 1. Let A be a non singular matrix and the following two point boundary value problem
be given:

$&%$('*)#+#,�-
./'*)#+#, 0�1�2
3�4�5#6�7�8:9�;�<>=�4?5�6�@#8#9BACED�F

GIHG Y(t) = A Y(t)   [5]
        J�K�L�M N�O&P Q R S>TUK�L M#V�O�P W R X
Then the following inequality, between the solutions, will be satisfied

    YZ\[]^_
[]^`[]^_ a b ccdeffghEi j

ccdeffghEi jkccdeffgh&i jl mm nnop qrsttuwv
 [6]

Where the interval [t0 ,t1] is small enough.
Proof.  The solutions to the given problems can be the following, respectively:

xzy�{ |~} ���� ����� ����� �������� � �
and �:��� ��� ���� ����� �� �¡ ¢¢£¤¥¥¦§ ¨© ªª «
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By using them, we can obtain that¬�¬ ­z®�¯ ° ±�² ®#¯ °³¬�¬ ´ µ¶ µ·¸µ¹µº » ¼¼½¾¿¿ÀÁ&Â ÃÄ¼¼½¾¿¿ÀÁ&Â ÃÅÅ ÆÆÇÈ ÉÊËÌÌÍÏÎ
ÐwÑ Ò ÓÓÔÕÖÖ×Ø&Ù Ú

ÓÓÔÕÖÖ×Ø Ù ÚÛÓÓÔÕÖÖ×Ø Ù ÚÜ ÝÝ ÞÞßà áâãääåÏæ ççèéêêëìEí îïï ðñòóóô õö ÷
Ðwø ù ÓÓÔÕÖÖ×Ø&Ù Ú

ÓÓÔÕÖÖ×Ø�Ù ÚÛÓÓÔÕÖÖ×Ø&Ù ÚÜ ÝÝ ÞÞßà áâãääåÏæ úûüý
are satisfied. Which is required to prove the inequality [6].

With this lemma an upper bound has been determined by the relative error of the problems [4]
and [5]. It is that the condition number  þ ÿ������ �� � ��	  has effective role on the upper bound.

Lemma 2. Let A be a nonsingular matrix. Consider the following two-point boundary value
problems on the interval of [t0,t1]:

   


��
�
�� ������� 
�� ��� ������ 
�� ������� � !#" 
�� ��$����&%'�( )

��
+* � �����-, * � ��� ��.��/0 * � � � ��� � ! 1 0 * � � $ ���&%32

     The relation given below can be held between the solutions of these problems:
4 5

6 6 76869:
:6 6 768696;8<9= 8<9>8<9= ?@ABBC#D EFE

EFFGE HH
        [9]

Proof.  Let the solutions to the given problems be respectively:
I�J�K LNM OPQRRST+U VXW�Y ZZ[\]]^_ ` a

b�c d e J�K LNM OPQRRST+U fhg&W�Y ZZ[\]]^_�` aji
Where H and k l are given as follows:mmnoppqrsmmnoppqrs tt uvwxyxzuvwxyxz {| } ~}� }�| { ~�
Then,
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������������������� ��������� ����� �������� � � � ��������� � ����� �������� � �
�&� ��������� � � �&� � � �+� � � ���������� �
�&� ��������� � � �&� � � �+� � � � ��������� ��� � ��¡ � � ��������� �+� � � ���������� �

is satisfied. Therefore the inequality of¢¤£�¥�¦ §�¨ £�¥�¦ © § ª«¬­­®¯�° £�± ²&³�´ § ±�³�´�¦�£ ª«¬­­®¯�° ±�³�´�¦�µ�´�¢�£�¥�¶ ·�¸�¹ º
can  be written. For the relative error

                 
»¼½¾ »¼½¿»¼½¾ À Á�Â Â ÃÄÅÆÆÇÈ�É ½�Ê Ë&Ì�Í�Î�Ê�Ì�Í�» Â Â Ï�Â Â ½ ÃÄÅÆÆÇÈ�É Ê�Ì�Í »�Ð�Í Â Â

Ñ Â Â ÃÄÅÆÆÇÈ�É Ê�Ð�Í�Ê�½�Ê Ë Ì�Í�Î�Ê�Ì�Í�» Â Â Ï�Â Â ½ ÃÄÅÆÆÇÈ�É Ê�Ì�Í »�Ð�Í Â ÂÁ�Â Â ÃÄÅÆÆÇÈ�É Ê¤Ð�Í Â Â Ï�Â Â Ê�½�Ê Ë Ì�Í�Î�Ê+Ì�Í�» Â Â Ï�Â Â ½ ÃÄÅÆÆÇÈ�É Ê�Ì�Í »�Ð�Í Â Â
is obtained. Therefore

ÒÓÔÕ ÒÓÔÖÒÓÔÕ × Ø Ù ÚÛÜÝÞÞß àá â ããä å å à Ô à æ�ç�è�é�àêç�è Ò å å ë�ì�ì�í
is satisfied. Furthermore, by taking the norm of both sider ofî+ï�î ð ñ�ò ó�î+ñ�ò�ô�õ&ï�î ð ó�î�ô¤î ð ñ�ò

ö ö î�ï�î ð&÷�ò�ó�î¤÷�ò�ô ö ö�ø&ö ö î ðêó�î ö ö ù�ö ö î ð&ñ�ò ö öø�ö ö î ðêó�î ö ö î ðîî ð�ú úû üüý
þ ÿ ����� ÿ ����� �	�
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is obtained. If we substitute this result in (11) the required result (9) will be obtained. This completes
the proof of the lemma.

Theorem 2. Let us consider the following two problems:
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AACBEDGF�H�ICJ�KLDMF�H�I NPOPQSR
T DMF�H�U	ICJWVSX YZDGF�H�[�I�J�\]P^W_ AAPBS`SF�H�ICJba cd`CF�H�I NPOPeSR

f c `gF�H�U	ICJih c Xkj c `gF�H	[�I�Jml c
n oWpPq�psr t uwv t uCx t uzy t uw{ t | q�pi} |�~ q����CpC� |P�W�g� pC� ~	� q�� �C�i���C�i�C���W� |��W�m� n�oW���Po | q�p � pPq	���C� � �Pp ~	�
each other in the sense of norm, respectively. Finally  t � [t0,t1]. Since

 �i� ����������	��W� � �P P¡S¢
so, the inequality of£�£¥¤G¦ §�¨W©Wª ¦ §	¨S« «P¬5« « ¤G­ ® ¯°« « ± ²³´µ¶¶· ¸¹ º »»¼ ½ ­ ¾ ¨W« « ¾ © ¸ ¿ «�« À ÀÁÀ ÀÂÃÀ ÀÀ À Ä ÅÅÅÅ ÆÆÈÇ

ÉW« « ¤G­ ® ¯°« «7± ²³´µ¶¶· ¸ ¿¹ º »»¼ ÊÊ
ËÌÍÍÎÏ�Ð Ñ
ÊÊ
ËÌÍÍÎÏ ÐÑÒ

ÊÊ
ËÌÍÍÎÏ Ð Ñ
ÓÓ
ÓÓ É%« «Ô ©PÕ ¿ « «�ÖC×CØ Ø ÙÚØ Ø Û ÛÜÛ Û ÝÞß « « ³¸ ¿ » «�« ààáâããäå	æ çèè

is valid.
Proof. The solutions to these problems, respectively, areé�ê�êgë�ì í�îïðiñ�ò�ó�ô%õ ö÷ øùûúü ýþÿ��
and

���������	��
���
�������� �� ����� ������ �� �
�! " #%$'&( " #%) *+,--./10 2�3�4 5567889:<;=?> * @+,--.A 0 B CD3�4E5567889:<;=F

F
) *+,--./10 B > 4 5567889: ;= *+,--./10 GB CIH JJKLMMNOQP RSSUT VWWX +,Y 0 GB CIH JJKLMMNOQP RSS Z * @+,--.A 0 GB CIH JJKLMMNO�PR SS
) *+,--./ 0 [ B > 4 \\]^__`a<b c Z GB CIH ddefgghi�jkl

l m T [ *+,--./ 0 Z * @+,--.A 0 m GB CIH nnopqqrs<tuv
v

) *+,--./10 [ B > 4wddefgghi�jk Z GB CIH xxyz{{|}<~ � �
� T GB C%H ���������� � Z GB C%H xxyz{{|}<~ � m

T [ *+,--./10 Z * @+,--.A 0 m GB C%H xxyz{{|}<~ � �
�

) *+,--./10 ��B > 4 Z GB CIH�� ���������� � T ���� +,Y 0 GB CIH�� ��������<�   Z ¡¡¢£¤¤¥¦<§ ¨©© � T � *+,--./10 Z * @+,--.A 0 � GB C%H ªª«¬­­®¯�° ±²²
³ /µ´·¶ 4 ) *+,--./10 [ B > 4 Z GB CIH m ¸¸¹º»»¼½�¾¿

¶ÁÀ ) *+,--./10 GB C%H [ÃÂÂÄÅÆÆÇÈ�ÉÊ Z ÂÂÄÅÆÆÇÈ<ÉÊ@@ m¶ÁË ) [ *+,--./10 Z * @+,--.A 0 m GB C H ¡¡¢£¤¤¥¦<§ ¨©©
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Therefore,
Ì ÌÎÍÐÏQÑ ÒÔÓ%ÕÖÏ�Ñ ÒÐÌ Ì(×ØÌ Ì(Ù Ú Ì Ì<Û?Ì Ì(Ù Ü ÌQÌ<Û?Ì Ì(Ù Ý Ì Ì

will be satisfied. For the C1 and C2  we can write the following by getting help from the Lemma 1
and 2:
Þ Þ ßIà<Þ Þ á%Þ ÞÎâÐãQä åÐÞ Þ æQç%è éêêë ìíî%ï ðòñ à�ó ç%è ð ó Þ Þ ðõô÷ö ø Þ Þ Þ Þù úùÞ ÞóùèÞ ÞùÞ Þ û

üýü
and

þ þ(ÿ��%þ þ�� þ þ����	� 
Ðþ þ�� 
������ � �� � ��� ��
������ � !

��
������ � !"�

�
������ � !
##

## $

For  C3 we can also write the following inequality.
% %�&�'(% %�)*% % +,,- ./0�1 2 +,3- 4./5 1 % %�% % 67 8:9 %;% <<=>??@ACB DEE)*% %F 2�G H % % I II I +J- I I4I I +J- % % 67 8:9 % % K LLMNOOPQ�R STT

This completes the proof of the theorem.
Here closeness of the solutions depends on the condition number, T =t1-t0 and  (H)=||H||.||H-1|| is

seen.
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