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ABSTRACT

An explicit procedure for generating multivariate normal random vector is
presented. Using a lower triangular matrix L decomposed from the covariance
matrix by the CHOLESKY method, the algorithm of the generator consists of
the transformation of a p-dimensional standard normal variate z, elements of
which are obtained by the Box-Muller procedure, into a p-dimensional normal
random sample x=Lz+u from the distribution X~N(X). The efficiency of the
proposed procedure is exhibited by a Monte Carlo test of the algorithm which
showed that the generator is highly reliable.

Key Words: Multivariate random vector generation, Cholesky, decomposition,
Monte Carlo simulation.

COK-DEGISKENLI NORMAL RASSAL BiR YONEY URETECI

OZET

Cok-degiskenli normal rassal bir yoneyin iiretimi igin agik bir yordam verildi.
CHOLESKY yéntemi ile £ kovaryans dizeyinden aynstirilmig L alt iiggen
dizeyini kullanan iretecin algoritmasi, elemanlar1 Box-Muller yéntemi ile elde
edilen p-boyutlu standart normal z degiskeninin, X~N(4#Z) dagilimindan p-
boyutlu rassal bir x=Lz+u drnegine dontstirilmesinden olusmaktadir. Onerilen
yordamin etkinligi, diretecin oldukga yiiksek bir giivenirligi oldugunu gésteren bir

Monte Carlo sinama ile sergilenmigtir.

Anahtar Kelimeler: Cok-degiskenli rassal yoney iiretme, Cholesky
ayrigtirmasi, Monte Carlo benzetim.

1.GIRIS

Her hangi bir ¢ok-degiskenli istatistiksel teknigin
saglamligina iliskin deneysel bir kanit saglama amaci ile
yapilan Monte Carlo ¢aligmalarinda sanal deney, kontrol
grubu ile islem grubunun beklenen deger yoneylerinin
farklarinin  smanmasinda oldugu gibi tasarlanir. Boyle bir
ditizenlemede, kontrol grubu verileri degismez bir
bicimde ¢ok-boyutlu hata terimlerinin bir birinden
bagimsiz, ayni ve normal dagildig standart varsayiminin
gegerli oldugu bir benzetim modelinden elde edilirken,
islem grubu wverileri belli bir bigimde kanstirilarak
bozulmus ¢ok-degiskenli normal dagilimlardan elde
edilebilir. Dolay1si ile bu tiir bir Monte Carlo ¢alismasi
i¢in oncelikle, ulasilabilir gok-degigkenli normal rassal bir
yoney lretecinin varligi 6n kosuldur.

Her ne kadar (1) ve (2) gibi kimi standart matematiksel
ve istatistiksel yazilim paketleri kullamlarak, g¢ok-
degiskenli normal bir dagilimdan rasgele ornekleme ve bir
Monte Carlo deney programlanabilse de, Basic ya da
Fortran gibi bir bilgisayar dilini iyi diizeyde bilen bir
Monte Carlo deneyci, bu yazilimlara 6zgii programlama
teknigini 6grenmeye ¢aba harcamak yerine, tim deneyi
gergeklestiren kendi programlarim $zgiirce yazmay: daha

1.INTRODUCTION

In the Monte Carlo studies with the aim to provide an
empirical evidence on the robustness of some multivariate
statistical techniques, the virtual experiment must be
designed just like it is in testing the difference between
the mean vector of the control group and that of the
treatment group. In such a context, control group data are
to be obtained invariably via a simulation model with the
standard assumptions of independently, identically and
normally distributed multidimensional error terms,
whereas the data for treatment group might be obtained
through the confounding of several multivariate normal
distributions. So, for such a Monte Carlo study, the
availability and the accessibility of a multivariate normal
random vector generation procedure is a prerequisite.

Although it is evident that some of the standard
statistical software packages are capable of sampling from
a given multivariate normal distribution and of
programming a Monte Carlo experiment, still some Monte
Carlo experimenters having a good command of a low
level computing language such as Basic, Fortran or C may
find it more resonable and more joyfull to write their own
programs performing the whole experiment, instead of
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manttkl ve zevkli bulabilir.

Simdiki ¢aligmanin bu konuda bir ilk olmadig agik.
Bibliografik veri tabanlarinda yer alan benzer ¢alismalarin
sayisinin olduk¢a kabarik oldugu goriiliiyor. (3-14), ve
(15) bunlardan bir kagi. Ozellikle, (3), (5) ve (7)’deki
yaklagim, bu ¢alismada benimsenen yaklagimla belirgin
bir benzerlik tagimaktadir. Ancak, bu tiir ¢alismalar bir
bilgisayar yordami iretmeye yonelik ve her kaynak
program da onu yazanin 6zgiin eseri oldugundan, aym
kuramsal temele dayal olsalar bile, dzgiin niteliklerini
iirinleri ile ortaya koyarlar. Bu nedenle, ayni amaca
yonelik bu tiir @irin sayisinn ¢ok olmasi, her alanda
oldugu gibi bu iiriiniin tiiketicileri agisindan da olumlu bir
durumdur. Simdiki ¢aligma da, bu anlamda 6zgiin olan bir
iiriind kullanicilarin begenisine ve hizmetine sunmaktadir.
Simdiki c¢aligmanin rakibi gibi goriinen (3) ve (5)’in
tirinlerine heniiz ulagamadidimizdan, (16) daki tir bir
kargilastirma olanag: bulunamadi. Bu nedenle, simdiki ile
birlikte sayilant dordii bulan ve kaynak kodu agik bir
bigimde verilen gok-boyutlu normal rassal yoney iireteg
segeneklerini degerlendirerek aralarindan en uygun olanini
se¢mek simdilik kullanicinin kendisine kalmaktadir.

Ote yandan, yordamin dayandign kuramsal bilgi;
matematik, istatistik ve bilgisayar bilimlerinin kesisim
bolgesindeki kaynaklarda ve dagimk oldugundan, bu
temelin agik ve 6zlt olarak bir arada sunulmasi ile hig
olmazsa bu tiir kaynaklara ulagmada simdiki {iriin
iireticisinin yagadig1 stkintty: kullanicinin da ayni boyutta
yasamamasi amaglanmigtir. Izleyen bélimde, bundan
boyle NRYJ olarak anilacak olan, ¢ok-degiskenli Normal
Rassal Yoney iiretecinin kuramsal dayanagi, bir teorem
bigiminde ifade edilecek. Daha sonra, NRYJ ve bagl
diger alt yordamlarin algoritmalar1 sunulacak ve son
olarak da, onerilen yordamin giivenirlii bir Monte Carlo
sinamadan gegirilecektir.

Kullanicilarin uygun gorecekleri bir dilde uyarlamasini
kolayca  yapabilecekleri  bigimde  algoritmalarin
verilmesine ozen gosterildi. Monte Carlo sinama igin
tasarlanan  deney  QuickBasic  dili  kullanilarak
programland: ve derlendi. Monte Carlo deneye iliskin ana
programda alt-yordam olarak yer alan, NRYJ ve bagh
diger alt yordamlarla, bu alt-yordamlart kullanan bir ana-
yordam orneginin QuickBasic uyarlamalar: agtk bigimde
EK:B’de verilmistir. Monte Carlo sinamay1 gergeklestiren
program “kendi bagina ¢alisabilir derlenmis bir dosya”
bigiminde yazardan saglanabilir ve istenirse burada verilen
ornekten farkl: parametre degerleri de girilerek, iiretecin
giivenilirligi ve etkinligi farkli deneysel tasarim
noktalarinda sinanabilir.

2. URETECININ KURAMSAL DAYANAGI

NRYJ iretecinin kuramsal dayanaBi, agagida verilen
teoremle ifade edilebilir:
Teorem: Eger Z=(Zy,..... 2 Zp)
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spending so much effort to learn the special programming
features of those softwares like as (1) and (2).

It is evident that the present work is not the first one on
the subject, since the articles and texts dealing with the
subject are numerous. (3-14), and (15) are a few of them
just to be cited. Especially, the common approach of
(3),(5) and (7), are quite similar with the one adopted in
the present work. However, these kind of works are
inclined to produce some sort of computer routines and
even though they are based on the same theoretical base,
they preserve their originality, since every source of
programming is an original product of its author. In fact
the multiplicity of the product is a preferable situation
from the point of the consumers of this product as it is true
for any product. The present work too submits a product
which is original in this sense to the service and
discrimination of the users. Since we have not yet reached
the products o f the likely c ompetitors (3) and (5) of the
present work, a comparative study of the competetive
works like in (16) could not be carried out. Therefore, for
the time being, it is up to the potential users to
discriminate the optimal one among the four alternative
multivariate normal random vector generators, including
the present one, all of which them give the open source
codes of the generator.

On the other hand, because the theoretical information
on which the procedure is based on scatterred in the joint
region of mathematics, statistics, and computer sciences
sources, it is aimed at making it possible for at least the
user in not having to go through the same difficulty that
the producer of the present product had to practice by
presenting this base in a clear, dense and integrated
manner . In the following section, the theoretical base of
the Normal Random Vector Generator will be referenced
as NRY afterwards from now on. Then, the algorithms of
NRYJ and the related procedures will be given, and
finally the reliability of the proposed procedure will be
passed through a Monte Carlo test.

Care was taken in giving the algorithms so that the
users could easily implement them in a language that they
prefered. The experiment designed for the Monte Carlo
test was coded using QuickBasic language and compiled.
A QuickBasic implementations of the NRYJ and the
related subroutines which take place in the main of the
Monte Carlo experiment together with a sample main
using these subroutines was exhibited in the Appendix:B.
The routine realizing the Monte Carlo experiment can be
obtained from the author in the form of a stand-alone
executable compiled program file and if it is liked, the
reliability and efficiency of the generator can be tested in
different design points by inputting parameter values
different from the ones given in the example.

2.THEORETICAL BASE of the GENERATOR

The following theorem constitutes the theoretical base
of the NRYJ algorithm:
Theorem: If Z = (Z,, , Z,) is a random vector
whose elements are random variables distributed
independently and in accordance with the density
function,
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yogunluk fonksiyonlu bir birinden bagimsiz rassal
degigkenlerin rassal bir yoneyi ise,

X=LZ+p [2]
doniigiimii ile elde edilen X = (X, ... .. s Xp)' rassal
y6neyinin olasilik yogunluk fonksiyonu, p=(X), X’in p-
boyutlu dikey beklenen deger yoneyi; Z=((X -pu)(X -p)’),
i. satir ve j. siitun eleman: o;; olan pxp boyutlu pozitif
tanimli simetrik kovaryans dizeyi; ve L,

= LL. [31
iligkisini saglayan pxp boyutlu alt iicgen dizeyi olmak
iizere,

-%(x—u)’z"(x—m
e

1
P(X) = ——=——= [4]
J@r)?|g]
olur.
Ispat:  p tane birbirinden bagimsiz z; degiskeninin

olasilik yogunluk fonksiyonu [1] deki gibi olsun. O
zaman, Z = ( Zj,..oo.... ,Z, ) ybneyinin olasilik yogunluk
fonksiyonu,

¢
" 1 _Ezz‘,
g@) =] | fiz) = e .
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olur. [2]'den Z= L' (X-p) doniigiimii tanimlanarak
degiskenlerin doniisiim yontemi (17) uygulanirsa,
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h(x) = g(L“(x—u)1 -

1( \ (1 -1
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v@n)
L e mew
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= p(x).
oldugu goriilr.

3. NRYJ’niin ALGORITMASI

Yukaridaki teoremin sonucu olarak, X~N(u,X)
dagihmindan rasgele drnekleme i¢in Onerilen NRYJ ve
NRY]J igin gerekli diger alt-yordamlarin algoritmalari, bu
alt-yordamlarin bir Monte Carlo Deney ana-yordam:
iginde kullanilacagr goéz Oniinde tutularak tasarlandi.
Etkinlik agisindan; u, Z, ve 6rnek ¢apt n gibi yoney, dizey,
degisken ve sabit girdilerin, NRYJ ve NRY] tarafindan
cagrilacak  diger alt-yordamlar tarafindan  ortak
paylasiminin ana-yordam diizeyinde betimlenmesi daha
uygundur. Bu betimleme ana-yordam diizeyinde
yapildiktan sonra, tim 6n girdi niteligindeki degerlerin,
Girdi adli bir alt-yordam iginde atanmug oldugu
varsayilarak soz konusu alt-yordamlarin algoritmalari
agiklanacaktir.

NRYJ alt-yordami,

iist-yordam  tarafindan  her

1.2

iz =—a—e 7, i=10)p [
Vor
then the random vector X =(X,, ... .. , X,) obtained
by the transformation,
X=LZ+p 2]
of which the density function is
1 L ka2 (x-pr)
o(x) = e ? [3]
(27)P|z|

where p=(X) is the p-dimensional column mean vector ,
I=((X-u)(X-p)’) is the positive definite symmetric pxp
covariance matrix of which the i row and the j* column
element being o, and L is the unique Cholesky lower
triangular pxp matrix which satisfies the relation

= LL. [4]

Proof: Let the density functions of the independent
random p variables z; be denoted by [1]. Then the density
function of vector z=(z,,.........,Z, ) is ,

1<,
2%
e "
(27
If the transformation technique of the variables (17) is

applied by using the transformation Z=L"'(X-p) , defined
from [2], itis seen that

e@=[]ne= (5]
i=1

L™ (x— u)

h(x) = gL (x - ) =

1 (-1
1 e—;(L - L (x-w),L.nI
(2z)"
1 e_%(,_y)'z"(x—u)

@n)|2

= p(x).

3. ALGORITHM of the NRYJ

As a corollary of the above theorem, the proposed
algorithms of NRYJ and the other subroutines required for
NRYJ for random sampling from the distribution
X~N(u,Z) were designed so as to be used in a Monte
Carlo Experiment main routine. From the point of
efficiency, it is more appropriate to d efine at the modul
level the commonly shared input vectors, matrices,
variables and constants like p, Z, and sample size n to be
called by NRYJ and by the subroutines called by NRYJ.
After performing this definition at the main routine level,
the related algorithms will be explained assuming all of
the initial values have been inputted in a sub-routine,
called Girdi.

In each call by an upper level routine, the NRYJ gets p,
L, and z as inputs and returns the vector x = Lz+ p via

39
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cagribginda; p, L, ve z girdilerini alip, X~N(u,Z)
dagihmindan rasgele x=Lz+p 6rnek birimlerini bulur.
NRY] alt-yordaminin temel girdisi niteligindeki,

e Kovaryans dizeyi X’dan aynstirilarak alt iiggensel L
dizeyinin,

e R p-boyutlu standart tekdiize rassal bir yéney ve

FZ<7)= ﬁ{i ........ jle‘%"dz

olmak iizere, z= F'(r) ters doniisiimii ile z yéneyinin ,
ve
e zydneyini verecek algoritmanin temel girdisi olarak
da p-boyutlu standart tekdtize rassal r yoneyinin,farkl alt-
yordamlarla bulunmast uygundur. Bu ii¢ yordamin her biri
igin temel alinabilecek ¢esitli algoritmalar arasindan,
giivenilirlik ve hiz agisindan  yeterli  bulunan
Cholesky(18), Box-Muller(19), ve Rand(20) algoritmalart
secildi ve kiigiik degisikliklerle , sirastyla CHOLESKY,
SNRYJ(Standart Normal Rassal Ydney Jenaratorii), ve
STRYJ(Standart Tekdiize Rassal Yoney Jenaratdril) adi
verilen alt-yordamlar olusturuldu.

Daha once de belirtildigi gibi, CHOLESKY ve NRYJ
tarafindan  ¢agrilacak STRYJ, ve SNRYJ alt-
yordamlarimin  karsilikli  girdi ve ¢iktilarinin  ortak
paylasimimin ana-yordam diizeyinde betimlendigi ve tiim
on girdi niteligindeki degerlerin, 6rnegin agagidaki gibi bir
ana-yordam tarafindan ¢agrilan Girdi adli bir alt-yordam
i¢inde atandig1 ve yine ana-yordam diizeyinde ¢agrilan
CHOLESKY alt-yordami ile L dizeyinin X dizeyinden
ayrigtinldig1 varsayilarak, s6z konusu alt-yordamlarin
agiklamasi ve algoritmalar verilecektir.

Ana-yordam: MonteCarloDeney

Adim:01 Ortak paylagimli yoney,dizey,degisken ve
sabitleri betimle.

Adim:02 pu= [ M ]px]y = [Gij ]pxp >,

Tohum « Alt-yordam : Girdi

Adim:03ks p/2 2: L& Alt-yordam : CHOLESKY

3.1 Alt-yordam: NRYJ

NRY!/ alt-yordaminin algoritmasi, bir iist-diizey yordam
tarafindan L ve p girdileri verilerek ¢agrildiginda, STRYJ
ve SNRYJ alt-yordamlarindan r ve z yoneylerini alip, [3]
dontgiimiyle, verilen p-boyutlu normal bir dagilimdan, x
ornek yoneyini elde eder.

Alt-yordam: NRYJ

AdmO01: r <« Alt-yordam: STRY]
Adim 02: z « Alt-yordam: SNRYJ
Adim03: x < Lz+p

3.2. Alt-yordam: CHOLESKY

Kovaryans dizeyi X’yt ana-yordam diizeyinde girdi
olarak alan, CHOLESKY alt-yordaminin gorevi, [3] deki
tanima uygun olarak Cholesky alt iiggen dizeyi L’yi Z
dizeyinden aynigtirmaktir.  Elemanlart NRYJ  alt-
yordammnin temel girdilerinden biri olan L dizeyi,
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random sampling from the distribution X~N(p, X).

It’s more reasonable to obtain
e the lower triangular matrix L by decomposing
covariance matrix X,
o the standard normal random vector z, by the inverse
transformation z =F'(r), where the r is a p-dimensional
standard uniform vector and

F(Z<z)= ﬁ:[zz ........ j e _l?’l dz ,and

o the p-dimensional standard uniform vector r, which is
the input to the generating algorithm of vector z, in
distinct sub-routines. Among the alternative algorithms
available for each of the three procedures just described,
Cholesky(18), Box and Muller(19), and the Rand(20)
algorithms which are found sufficient from the point of
reliability and speed were selected and adapted to the
present context with some changes producing the sub-
routines named in turmn, CHOLESKY(Cholesky Lower
Triangular Matrix), SNRYJ(Standard Normal Random
Vector Generator), and STRYJ(Standard Uniform
Random Vector Generator).

As it is stated before, the algorithms of these sub-
routines will be presented and be explained below
assuming the common sharing of t he reciprocal i nputs
and outputs of the subroutines STRYJ and SNRYJ which
are to be called by CHOLESKY and NRYJ, were defined
at the module level, and the initial values were inputed in
a sub-routine named Girdi, and the lower triangular matrix
L is decomposed from matrix I in the sub-routine
CHOLESKY which is to be called at the main-pocedure
level.

The Main: MonteCarloExperiment

Step:01 Define the constants,variables,vector and matrix
inputs and outputs to be shared .

Step:oz u= [ K ]pxl: = [Gij ]pxp s,

Tohum « Sub-routine : Girdi

Step:03 k= p/2 2: L« Sub-routine: CHOLESKY

3.1. The Sub-routine: NRYJ

When it is called by an upper level procedure with the
given L and u inputs, it obtains r and z vectors from the
subroutines STRYJ and SNRY]J and returns the sample x
vector from the given p-dimensional multivariate normal
distribution according to the transformation [2].

Algorithm of NRYJ

Step 01: r < Sub-routine : STRYJ
Step 02: z <« Sub-routine : SNRYJ
Step03: x « Lz+p

3.2. The Sub-routine: CHOLESKY

Taking the covariance matrix Z as an input from the
main algorithm, the task of the CHOLESKY algorithm is
to decompose £ and to get Cholesky lower triangular
matrix L matrix defined in [4].

The elements of L which are the basic inputs of the
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(18),(20), ve (21) de gesitli bigimleri verilen asagidaki
Cholesky denklemlerinden elde edilebilir.

k=
~
A
~.

) i=lAl<i<p,

’ il
2
£y =4,/0u —Zéik >
k=1

j-1
;- Zé,kljk
k=1
{ ..

n

CHOLESKY alt-yordamimnin algoritmasi, dogrudan
[6]°da verilen denklemlere dayal olarak olusturuldu.

gt

i=jnal<i<p, [6]

R Inj<i<p.

Alt-yordam: CHOLESKY

AdmOl: i « l:a « Yoy,
AdmO02: 4, « oj/a i « itl,
Adim 03: i< pise, Adim:01 *ye don;
AdIm04: £, < Jop —£3 11 3,
Adim05: j « 2,
j-1
5= 2 Lul i
Adim06: ¢, « k=l Pie gt
lji
Adim 07: j<i ise, Adim:06’ya don ;
i1
Adm08: £, « /o—“—szi S it
j=1
Adim09: i<pise, Adim:05’edon.

3.3. Alt-yordam: STRYJ

Her programlama dilinin hazir rassal sayi iireten
fonksiyonu olmakla beraber, her hangi bir Monte Carlo
deneyde kullanilacak rassal sayi iiretecinin sahip oldugu
perivodun deneyci tarafindan bilinmesi gerekir. Bu
nedenle, Monte Carlo deneyci periyodunu bildigi kendi
iiretecini yegliyebilir. Ornegin (20)’deki gibi moduli 2*'-
1 ve periyodu yaklagik 2x10° olan garpimsal uyumlu
sozde-rassal bir say1 Ureteci, ortalama bir Monte Carlo
deney i¢in oldukca yeterlidir. A carpanli ve M=2%'-1
modiillii,

r=Ar, mod M [7]

iireteci bir alt-yordam bigiminde programlanirken, [7]
taniminin  dogrudan bir algoritma olarak kullanilmas:
durumunda, kimi Ar;, degerlerinin hesaplanmasindaki
tamsayi aritmetik islem sonuglari, kelime uzunlugu 32-bit
olan bilgisayarlarda, 2>!-1 degerini asacagindan tagma
hatasi verir. Aritmetik islemleri pargalayarak

tagma hatasini onleyen agagidaki algoritma, [7]’deki
algoritmaya denktir (20):

subroutine NRYJ can be computed from the following
Cholesky equations, of which the several versions have
been given in (18),(20), and (21).

0, i<j,
oy
b
Vou
i-1
2
[:j = O-ii_z[ik’
k=1

j-1
o= D Ll
k=l

Ly
The algorithm of the subroutine CHOLESKY is based
directly on [6] :

i=jal<i<p,  [6]

, Inj<igp

Sub-routine: CHOLESKY

StepO0l: 1 « l:a « Vo1,
Step02: 4y « oj/a i « itl,
Step 03: Ifi < p, then retumn to Step:01;
Step04: £, <oy —£3 11 €3,
Step 05: j « 2,
j-1
5= 2 Ll i
Step 06:  £; « kel e i,
ej/'
Step 07: If j<i then return to Step:06;
=
Step 08: £, « ’o‘ii—ZKfi e it
j=1
Step 09: If i < p then return to Step:05.

3.3. The Sub-routine: STRYJ

Although each programming language has its own
random number generating function, the period of random
number generator that will be used in a Monte Carlo work
is ought to be known by the experimenter. Therefore, the
Monte Carlo experimenter may prefer his own generator
with the a prior known period. A multiplicative
congruential pseudorandom number generator with
modulus 2*'-1, such as the one given in (20) has a period
of 2x10° approximately which is highly sufficient for a
moderate Monte Carlo experiment. In programming the
random number generator

r;=Ar;.; mod M 7
with the multiplier A and modulus M=2%'-1 | if a direct
algorithm of [7] is adopted it may result with an overflow
error for some integer arithmetic in computing some of A
1., since the result may be larger than 2°'-1 in the
computers whose word size is 32-bit. The following
algorithm is an equivalent form of [7],and eliminates the
overflow error through partitioning arithmetic operations
(20).

4]
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(A(mod2'®)r, ,(mod2*")
+(A—- A(mod 2" ))r,_,
_{A(modZm)r,._, J

23]

+{(A —A(m203(112'6))r,._, J

(mod2*' —1) [8]

Her gagrilista k = ['p/2 12 boyutlu standart tekdiize rassal
bir yoney iretecek olan STRYJ alt-yordaminin
algoritmast, garpan A=950706376 ve modil M=2*'-1
olmak iizere [8]’deki tanima gore olugturuldu:

Alt-yordam: STRYJ
Adim 01: A<950706376:A,<-41160:A,¢~ 950665216,

Adim02: {ie I(Dk; rie 0} : i« 0,

Adim 03: r < Tohum,

Admo04: i« i+1:relr]ine A ne rA; |
Adim05: B, <« Lr, /2] :By«Llr,/2%],

Adim 06: 1 « n —231B1 1R OR o l'z—ZSIBl,

AdmO07: re n+n+B +By: Belr/(2-1)],
Adim 08: r« r-B(2" -1): Tohum ¢ T,

Adm09: r« r/(2*-1),

Adim 10: i<k ise, Adim:03’e don.

3.4 Alt-yordam: SNRYJ

z yoneyinin k=] p/Zh tane birbirinden bagimsiz standart
normal degisken degerinden olusan elemanlarini iiretmek
igin, Box ve Muller(19)’in iki-degiskenli kutupsal
iiretecinin yinelemeli bir bigimi kullanilabilir. STRY]J alt-
yordaminin iirettigi r yoneyinin ardigik her iki elemanini
girdi olarak alacak olan Box-Muller algoritmast bir
birinden bagimsiz iki standart normal rassal degisken
degeri iireteceginden, k ¢ift bir say1 olmak uizere,

Sin(2.7.r.),[— 2.In(r. ]), i=12)k-1
z = ! ’+ 9]
i .
Cos(2.7r.rl.) - 2.ln(rl.+ 1 )i =2(2)k

bigimindeki bir diizenleme ile z yoneyi elde edilebilir. p-
boyutunun tek sayr olmast durumunda, STRYJ alt-
yordami tarafindan iretilen r yoneyinin son elemani ry ,
SNRY]J alt-yordam: tarafindan kullanilsa da, r, ve z
degerlerinin Monte Carlo deneyde yer alamayacag:
agiktir. Boyle bir durumda, Monte Carlo deneyin
kullanacag: standart tekdiize rassal degisken degerleri
dizisi, STRY]J alt-yordaminin iirettigi dizinin her k adimda
bir trettigi degerleri igermeyecektir. Ancak bu, Monte
Carlo deneyin rassaliini bozmaz.

Bu agtklamalarin 11¢inda, SNRY]J alt-yordamu [9]’daki
tanima dayali asagidaki algoritmaya gore yazildr:

Alt-yordam: SNRYJ
AdmO0l: {ie I(1)k; zi« 0} : i« O,
AdmO02: i=i+1

Adm 03:  z; = Sin(Qar)-2In(r,, ),
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(A(mod 2'%)r,_ (mod 2°*")
+(A4- A(mod 2'))r, |

I, [ A(mod 2'®)r,_, J

5 #(mod 2*' 1)

oy
1]

(8]

{(A—A(n;c;dz“‘))n-l J

The sub-routine STRYJ which will generate a standard
uniform random vector of dimension k={ p/2 2 on each
call, was constructed according to equation [8], with the
multiplier A=950706376 and modulus M=2"'-1

Sub-routine: STRYJ
Step 01: A<~950706376:A,<41160:A,¢ 950665216,

Step02:  {i« 1(1)k; rje= 0} : i« O

Step 03:  r « Tohum,

Step04: i i+1 :re Lr]:r « TA) ! T« TA; |
Step 05: B, «Lr /2] 1Byl /2%],

Step06: 1« 1~2""B, i« r,—-2''B,

Step07: r« r+1,+B,+B,: Belr/(2"-1],
Step08: r<« r—B(2* -1): Tohum « r,

Step09: 1« r/ (2 -1),

Step 10: If i<k then, return to Step:03.

3.4 The Sub-routine: SNRYJ

To generate the independently distributed standart
normal k={ p/212 elements of vector z, a generating
algorithm such as that of Box and Muller’s(19) bivariate
standard normal polar generator can be utilized
recursively. For each pair of independent standart uniform
deviates from STRYJ, the Box-Muller algorithm returns a
pair of independent standard normal deviates; thus the
following arrangement of Box-Muller transformation
produces the elements of z, assuming k is an even number

Sin(Qrr),[-2dn(r. ), i=12)k-1
;= i i+1 [9]

1 .
Cos(2.r) [~ 2n(r, , 1),i =22k

In case of p is an odd number, even though in each call of
STRY]J the last standart uniform deviate r, of vector r is
used by SNRYY], it is clear that , r, and 2z, values are not
used in the Monte Carlo experiment. In such a case, the
sequence of the uniform deviates to be used by the Monte
Carlo experiment will not cover the values produced by
sub-routine STRYJ at each of the k™ step. However it
does not violate the randomness of the Monte Carlo
experiment.

Under this setting, the algorithm of SNRYJ based on
[9] is:

Sub-routine: SNRYJ
Step01: {ie 1(1)k; zi« 0} : i« O,
Step02: i=i+1

Step03:  z, =Sin(2.x.r, ),/—2.ln(r,+l ),
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Adm04:  z,,, = Cos(2m.r)\-2In(r,,),

Adim 05:  i<k-1ise, Adim:02’ye don .

4. NRYJ’nin MONTE CARLO SINAMASI

Onerilen NRYJ iiretecinin simanmasinda (22)’deki
yaklasim kullanilabilir. Ancak bu tiir treteglerin
giivenirligini ortaya koymammn en kisa ve etkin
yolu,(23)’teki gibi tiim parametrelerin  kuramsal
degerlerinin 6nceden bilindigi bir ortamda, parametrelerin
Monte Carlo tahminlerini elde etmeye yonelik sanal bir
deneyle smnamaktir. Boylece, parametrelerin  gergek
degerleri ile tek bir sanal deneyin Monte Carlo tahminleri
arasidaki fark giivenirligin dogrudan bir olgiitii olarak
alinabilir.

NRY]J iiretecini (ve ayni zamanda diger alt-yordamlar
da) sinamak iizere tasarlanan Monte Carlo sanal deneyin
benzetim-modelindeki parametre degerleri,  (23)’den
aynen alinmistir. Buna gore verilecek 6rnekte, 10-boyutlu
standart normal rassal bir X degiskeninin, kovaryans
dizeyi,

- .

1 -06 0 0 0 0 0 0 0 0
-06 1 0 0 0 0 0 0 0 0
o o 109 0 0o o o o o [[10]
0 0 09 1 0 0 0 0 0 0
sl 0 ©° 0 0 1040 0 0 o0
"o o o 0 o041 0 0 O O
o 0o 0 0 0 0 1 02 0 0
0 0 0 0 0 0 021 0 0
0 0o 0 0 0 0 0 0 1 -08
{ 0o 0 0 0 0 0 0 0 -08 1 |

beklenen deger yoneyi,
p=(0 0 0 0 0 0 0 0 0 0) (11
tist-sinir degerleri yoneyi,
h=(1.7 0.8 5.1 3.2 24 1.8 2.7 1.51.2 2.6) [12]

ve
1 n L

X IX
¢ T *ax = 0.58300606 [13]

'(zﬂ)qul _'L

oldugu biliniyor.

Beklenen deger yoneyi u, kovaryans dizeyi Z, ve
®(X<h) olasiliginin Monte Carlo tahminlerini elde etmek
i¢in tasarlanan sanal deneyin i. denemesinde, NRYJ alt-
yordami ile, X~N(u,Z) dagilimindan rasgele segilen 10-
boyutlu {x; :;j=1(1)25} birimlerinin olusturdugu s=25
¢apli orneklerin ortalama yoneyi ve kovaryans dizeyi
hesaplanarak; “¢-yakinsak denemeli ve 2g-luk tahmin hata
araliginda yakinsamali” Monte Carlo tahmin kistast
saglanincaya kadar deneye devam edilecektir. Bu amagla
diizenlenen Monte Carlo deneyin sanal gozlemlerine
uygulanacak  islemlerin  temel  ogeleri  agsagida
tammlanmgtir, [15],[18),ve [21]’de simgesel olarak
tanimlanan Monte Carlo tahminler ile biraz énce belirtilen
Monte Carlo tahmin kistasi ayrintilant ile (24)’de
agtklandigindan, bu konuya burada daha fazla

®(x<h)=

Step 04:  z,,, = Cos(2xr, )yJ-2In(r,,,),

Step 05:  If i<k-1 then return to Step:02.

4. MONTE CARLO TEST of the NRYJ

In testing the reliability of the proposed generator NRYJ,
the approach of (22) might be followed. However, the
most efficient shortest way of measuring the reliability
of such generators is to test by a Monte Carlo experiment
to estimate the parameters whose exact theoretical values
are known a priori. Hence, the discrepancy between the
Monte Carlo estimates obtained from a single virtual
experiment and the exact values might be used as a direct
measure of reliability of the algorithm.

The p arameter values i n the simulation model of'the
Monte Carlo virtual experiment designed for testing the
NRY]J generator (and at the same time the other sub-
routines) were taken from (23). So, in the example that is
to be presented, it is known that covariance matrix of the
10-dimensional standard normal random variable X is

( 1 -06 0 0 0 0 0 0 O 0 ]
-06 1 0 0 0 O 0 0 0 ©
0 o 10 0o 0o o o o o |[H0]
0 0 09 1 0 0 0 0 O 0
£l 0 0 0 0 1 04 0 0 © 0
0 0 0 0 04 1 0 0 0 0
0 6 0 0 0 0 1 02 0 0
0 0 0 0 0 0 02 1 O© 0
0 06 0 0 0 0 0 0 1 -08
Lo 0 0 0 0 0 0 0 -08 1 |

the expected mean vector is

p=(0 0 0 0 0 0 0 0 0 0) [lI]
the vector of upper bound values is
h=(1.7 0.8 5.1 32 24 1.8 27 1.51.2 2.6) [12]

and

1 b _L Tl
e ? dx=058300606 [13]

,/(2;:)“’|2| Jw

O(x <h)=

Computing the mean vector and covariance matrix of a
sample composed by 10-dimensional units {x(i)j:j=1(1)25}
of a sample size of s=25 which are randomly sampled by
the subroutine NRYJ from the distribution X~N(p,Z) , at
the i"" trial of the virtual experiment designed to obtain the
Monte Carlo estimates of the expected mean vector p,
covariance matrix X and the probability of ®(X<h), the
experiment will continue on until the Monte Carlo
convergence criterion of the “{-step convergent trials
within 2e-estimation error interval” is satisfied. The
fundamental steps of the procedures to be applied to the
virtual observations of the Monte Carlo experiment
designed for this target have been defined below. Since
the Monte Carlo estimates and the Monte Carlo estimation
criterion defined symbolically in [15],[18], and [21] have
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deginmeyecegiz.

"= zx £=11)10 [14]
n =1
max 4“) £25m=(N-O()N
®N —(n)) { { } } ;:lI]VCiE, [15]
n
1=1Q)10.

Sj . "

pIEEROR )

i 16
J={ }Sﬂ [16]

3 5 _ L i=1(Dn;1=1(1)10; m=1(1)10,
’ Sz’ @7 3 =Y
j{é}sﬂ FEJSH
= 14 .
Gim==360, [17]
n i
) {max{ ég,"l)n} {(n) }SZe:rF(N'Q(l)N} )
i (0 [
n-N
£,m=1(1)10.
o L xish i=1a 19
Yi {0, x;>h i=tbn [19]
— 120
wim = Hzw(i‘), [20]

i () {max{ Wﬁ")}'““{wﬁ")]m'n#N—ml)N}

n—-N

ofCe [21]

£=1(1)10.

Tasarlanan Monte Carlo deney i¢in QuickBasic dilinde
yazilan program; Tohum=0.005336789 , s=25 , ve Monte
Carlo  tahmin  kistast:{(=250,  2e=0.005}alinarak
calistirildi. N=1189¢ deneme sonunda, Monte Carlo
birikimli 6rnek istatistikleri p™M€ ve ZM€ ile, yakinsanan
®(X<h) olasiligmmin Monte Carlo tahmini EK.A’da sz
konusu programin ekran ¢tktist bigiminde verilmistir.

5. SONUC

Goruldugi izere, gergek kuramsal
®(X<h)=0.58300606 degeri ile Monte Carlo tahmin
®MC(X <h)=0.581688  degeri arasindaki fark

€=0.0025’den  kiigiiktiir.  Son  {=250  denemenin,
2¢=0.005"lik bir yakinsama araliginda gergeklesmis
olmasi ise, Bilyiik Sayilar Yasasi 15131nda,

01{0579188 < ®(X < h) < 0.584588 | n 21200, £ = 0.0025,¢ =250}~ 1
olarak yorumlanabileceginden NRYJ'niin giivenilir bir
tireteg oldugu sdylenebilir.
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APPENDICES/ EKLER

A.. NRYJ Uretecinin Monte Carlo Sinamas: Igin Diizenlenen Ornek Sanal Deneyin Sonucu
(The Output of the Sample Virtiual Experiment Designed for the Monte Carlo Test of NRYJ Generator.)

Deneme No: 1186 Yakinsak Deneme Sayis1 : 250 Sanal Deney Siiresi :227
(Trial No.) (Convergent Trial Number) (Duration of Virtual Experiment)

MC Birikimli Ornek Beklenen Deger Yoneyi (MC Cumulative Sample Mean Vector):
-0.0008 -0.0020 -0.0076 -0.0100 -0.0004 —0.0027 0.0006 0.0105 0.0054 —0.0083

MC Birikimli Ornek Kovaryans Dizeyi (MC Cumulative Sample Covariance Matrix):
0.9995 -0.5962 0.0017 0.0025 -0.0006 0.0024 0.0128 0.0003 -0.0043 0.0025
-0.5962 0.9974 0.0037 0.0005 -0.0043 -0.0034 -0.0126 -0.0038 0.0068 -0.0087
0.0017 0.0037 1.0030 0.9046 -0.0070 0.0000 -0.0016 0.0021 0.0073 -0.0060
0.0025 0.0005 0.9046 1.0068 -0.0037 0.0019 -0.0057 -0.0028 0.0078 -0.0044
-0.0006 -0.0043 -0.0070 -0.0037 1.0014 0.3963 -0.0176 -0.0024 0.0105 -0.0033
0.0024 -0.0034 0.0000 0.0019 0.3963 0.9923 -0.0063 -0.0048 -0.0000 0.0042
0.0128 -0.0126 -0.0016 -0.0057 -0.0176 -0.0063 0.9905 0.1948 0.0062 -0.0082
0.0003 -0.0038 0.0021 -0.0028 -0.0024 -0.0048 0.1948 0.9938 0.0032 0.0041
-0.0043 0.0068 0.0073 0.0078 0.0105 -0.0000 0.0062 0.0032 1.0021-0.7910
0.0025 -0.0087 -0.0060 -0.0044 -0.0033 0.0042 -0.0082 0.0041 -0.7910 0.9884

Ol(x<=h)’nin MC Tahmini (MC Estimate of Pr(x<=h))= 0.581688+ 0.0025

B. NRYJ CHOLESKY, STRYJ, SNRYJ Alt-Yordamlari ve Bu Alt-Yordamlari Kullanan Bir Ana-Yordam
Orneginin QuickBasic Dilinde Uyarlamas: (The implementation of the sub-routines NRYJ, CHOLESKY,
STRYJ, SNRYJ and a sample main procedure using these sub-routines in the QuickBasic Language. )

Main Procedure-Ana Yordam
'BU ANA-YORDAM, 9-BOYUTLU BEKLENEN DEGER YONEYI ve
'KOVARYANS DizEYI VERILEN 9-BOYUTLU NORMAL BiR DAGILIMDAN
'RASGELE 3 ORNEK SECER ve EKRANA YAZAR. (This main procedure
'samples randomly from a 9-dimensional normal distribution with 'given
covariance 'matrix and expected mean vector.)
DECLARE SUB CHOLESKY (BDD(), PP)
DECLARE SUB Girdi ()
DECLARE SUB NRYJ (MU(), L{(), K)
DECLARE SUB STRYJ(TOHUM#, PP))
DECLARE SUB SNRYJ(STRY# (), PP)
COMMON Boyut, ORTALAMA () ,BDD(),L(),NRY#(), SNRY#(),STRY# ()
CLS:CALL Girdi: CALL CHOLESKY(BDD(), 9)

FOR I = 1 TO 9:PRINT USING "########"; I;:NEXT I: PRINT

FOR I = 1 TO S:CALL NRYJ(ORTALAMA(), L(},9):PRINT USING "###"; I;
FOR J = 1 TO Boyut: PRINT USING "####.###"; NRY#(J); NEXT J: PRINT:NEXT
I

END

DATA 9, 3, .005336789%

DATA o, o 0 0 O 0 0 0 O

DATA 1,-0.6, ©0, 0, O, 0, O 0, O

DATA -0.6, 1, o0, ©0, 0 O, 0, 0, O

DATA o, o0 1, 0.9, o0, 0 O, O, O

DATA o, ©0,0.9 1, 0 0 0, 0, O

DATA o, o o0 O 1, 0.4, 0, 0, O

DATA o, o, ©0, 0, 0.4, 1, O, 0, O

DATA o, o o0 o0 0 0 1, 0.2, ©

DATA o, o o0 0 0 0, 0.2, 1, 0

DATA o, o o0 o0 0 0 0 0 1

The Output of the Main Program: (Ana Programin Ciktaisai)
1 2 3 4 5 6 7 8 9

1 -1.559 1178 -1.375 -1.478 1.072 -0.278 1.508 -0.517 -0.351
2 -1.495 1.286 -0.059 -0.048 1.658 0.061 0.369 -0.735 -1.587
3 -0450 0.102 -0.347 -0.124 -1.025 -0.330 0.107 0.117 0.847
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Sub-routines Alt-Yordamlar

SUB Girdi

SHARED Boyut,ORTALAMA(),BDD(),L(),NRY#(),SNRY#(), STRY#(), S
READ Boyut, S ,STRY# (K)

IF INT(Boyut/2)*2<>Boyut THEN K=Boyut+l ELSE K=Boyut:P=Boyut
DIM ORTALAMA (K), BDD(K, K), L(K, K), NRY#(K),STRY#(K), SNRY# (K)
FOR I = 1 TO P: READ ORTALAMA(I): NEXT I

FOR I = 1 TO P:FOR J=1 TO P:READ BDD(I,J):NEXT J:PRINT:NEXT I
END SUB

SUB CHOLESKY(BDD (), PP)

SHARED L ()

FOR I = 1 TO PP: FOR J = 1 TO PP

IF I < J THEN

L(I, J) =0

ELSEIF J = 1 THEN L(I,J)=BDD(I,J)/SQR(BDD(J, J))

ELSEIF I = J THEN

FOR K=1 TO I-1:TOPLAM =TOPLAM + L(I, K)~ 2:NEXT K
L(I, J) = SQR(BDD(I, J) - TOPLAM):TOPLAM = 0
ELSEIF J < I THEN

FORK=1TO J -1

TOPLAM =TOPLAM+ (L(I,K)"2)*(L(J,K)"™ 2)

NEXT K
L(I,J)=(BDD(I,J)-TOPLAM)/L(J,J):TOPLAM= 0
END IF

NEXT J: NEXT I

END SUB

SUB NRYJ(MU (), L(), K)

SHARED NRY#(), SNRY#(), STRY#/()

IF INT(K / 2) * 2 <> KTHEN K = K + 1
CALL SNRYJ(STRY#(), K)

FOR I = 1 TO K:FOR J = 1 TO K

TOP = TOP + L(I, J) * SNRY#(J)
NRY#(I) = TOP + MU(I)

NEXT J:TOP = 0:NEXT I
END SUB

SUB STRYJ (TOHUM#, K)

SHARED STRY# ()

PAYDA# = 2 ~ 31: MODUL¥ = 2 ~ 31 - 1 :Z% =
al# = 41160 '=950706376 Mod (
a2# = 950665216 '=950706376-41160
FOR I = 1 TO K

Z# = INT(Z#): Z1$% = Z# * al#: Z2# = Z# * a’#

KISIM1# = INT(Z1l# / PAYDA#): KISIM2# = INT(Z2#% / PAYDA#)

Z1# = Z14# - KISIM1# * PAYDA#: Z2# = Z2# - KISIM2# * PAYDA#

2% = Z1#% + Z2# + KISIM1# + KISIM2#: KISIM# = INT(Z# / MODUL#)

TOHUM# * PAYDA#
2716)

Z# = Z# - KISIM# * MODUL#: STRY#(I) = Z# / MODUL#: TOHUM# = STRY#(I)
NEXT I
END SUB

SUB SNRYJ(STRY#( ), K)

SUB SHARED SNRY# ()

PI = 3.1415926544#:CALL STRYJ(STRY#(K), K)

FOR I = 1 TO K STEP 2

SNRY# (I)=SQR (-2*LOG (STRY# (I)))*SIN(2*PI*STRY# (I + 1))
SNRY# (I+1)=SQR (-2*LOG (STRY# (I)))*COS (2*PI*STRY# (I + 1))
NEXT I

END SUB
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