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ABSTRACT

Interrelationships that may exist between the responses of the Taguchi’s problem
may mask better conditions or globally preferred values about the process or the
product of interest. To overcome this problem, in this study, we suggest a
detection tool of correlations between the responses and a method suitable for the
analysis of the Taguchi’s problem when the relationships exist between the

responses.
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ILISKILi CEVAP DEGISKENLERIYLE TAGUCHI PROBLEMININ COZUMU

OZET

Taguchi probleminin cevap degiskenleri (siirecin ortalamasi ve siirecin standart
sapmasi) arasinda bulunabilecek muhtemel iligkilerden dolayi, ilgilenilen siire¢
veya trline iligkin olarak saptanacak daha iyi kosullar veya tiimel optimum
degerler dislanabilecektir. Bu ¢alismada, cevaplar arasindaki iliskiyi teshis
edebilecek bir ara¢ Onerilerek, iliskili cevaplar durumunda Taguchi’nin problemini

¢Ozebilecek bir oneri tanitilacaktir.

Anahtar Kelimeler: Kalite Geligtirme, Taguchi Problemi, Korelasyon,
Genellestirilmis Uzaklik Yontemi.

1. GIRiS

Bu c¢aligmada, Japon miihendis Taguchi tarafindan
temelleri atilan ve literatiirde “Taguchi problemi” olarak
bilinen konu ele alinacaktir. Siire¢ ortalamasi ve standart
sapmas1 arasindaki muhtemel dogrusal iliskinin derecesi
incelenerek, iliskili cevaplar durumunda Taguchi
problemini ¢dzebilecek bir 6neri iizerinde durulacaktir.

Uriin  veya siire¢ degiskenliginin azaltilmasinin
muhtemel bir sonucu olarak ortaya ¢ikabilecek
miikemmelligin ifadesi, kaliteli {irlin veya hizmet tiretmek
olacaktir. Bu amagcla, degiskenlik yaratacak unsurlarin
belirlenmesi ve laboratuvar kosullarinda kontrol edilmesi
gerekmektedir. Tim bu ¢aligmalar, siire¢c-dis1 kalite
gelistirme (off-line quality improvement) kapsaminda ele
alinmaktadir.

Uretim devam ederken, kalitenin kontrol kartlari
araciligiyla izlenmesi mimkiindiir. Boylece, siiregte
meydana gelebilecek anlik veya sistematik arizalar
belirlenebilir. Kontrol kartlart uzun zamandan beri
sanayide kullanilmaktadir. Siirecin gerekli ayarlamalari
yapildiktan sonra, kontrol kartlarinda istenmeyen bir
degiskenligin  gbzlenmesi  veya  belirli  hedeflere

1. INTRODUCTION

In today’s increasingly competitive marketplace more
attention is being paid to off-line quality control and the
idea of Taguchi’s robust product design. Designing high-
quality products and processes at low cost is an economic
and technological challenge to the engineer. Recent
advances in quality technology have resulted from
considering the variation of a quality characteristic as well
as its mean value. In the 1990s, much attention was given
to the optimization of dual response systems (DRS) as an
important response surface methodology tool for quality
improvement. Many authors have highlighted the need for
considering both the mean and the variance of the
characteristic of interest. The dual response optimization
provides a reasonable basis to achieve the basic goals of
Taguchi’s robust design philosophy.

Taguchi’s approaches to off-line quality improvent have
generated much interest and debate during the last fifteen
years. While the statistical and ad hoc methods suggested
by Taguchi remain controversial, there 1is little
disagreement among the researchers and practitioners
about his basic philosophy (see: Koksoy (1), Koksoy and
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ulagmadaki basarisizlik sonucunda, kalitenin gelistirilmesi
ihtiyac1 giindeme gelebilir. Kalitenin iiretim sirasinda
geligtirilmesi olduk¢a zordur. Bu nedenle, son yillarda
siirec-dis1 kalite gelistirme konusunda yogun ¢aligmalarin
yapildigini literatiirden goézlemekteyiz. Bu g¢alismalarda,
deney tasarimi, cevap yiizeyleri, giivenirlik testleri gibi
ileri istatistiksel yontemler etkin olarak kullanilmaktadir.
Japon miihendis Genichi Taguchi’nin iiriin veya siireg
degiskenliginin  azaltilmast ve belirli  hedeflerin
tutturulmasi yoniindeki fikirleri, degisik bilim c¢evrelerinin
ilgisini c¢ekmistir. Ancak, Taguchi’nin kalite gelistirme
konusundaki fikirlerini destekleyen tasarim ve analiz

stratejileri yetersiz bulunmustur (Bkz: Koksoy (1),
Koksoy ve Muluk (2)).
Uriin veya siire¢ kalitesinin artirilmast  amaciyla

Taguchi’nin ortaya attig1 {i¢ problem giiniimiizde olduk¢a
popiiler hale gelmistir. Problemler,

Problem1 -Hedef-en-iyi :

belirli bir hedef degerde sabit tutulurken, siire¢ standart
sapmasi en kiiciik yapilmaya ¢alisilmali,

Stireg ortalamasi |l gibi

Problem2—Enbiiyiik-en-iyi : Siire¢ ortalamasi miimkiin
oldugunca biiyiik yapilmaya caligilirken, siire¢ standart

sapmast O gibi uygun bir degerde kontrol altinda

tutulmaya caligilmals,

Problem3 —Enkiiciik-en-iyi : Siire¢ ortalamasi miimkiin
oldugunca kiigiik yapilmaya c¢alisilirken, siire¢ standart

sapmast G gibi uygun bir degerde kontrol altinda

tutulmaya caligilmali,

seklinde siralanabilir. Bu problemleri ¢dzebilmek igin
Taguchi tarafindan onerilen ¢esitli teknikler vardir. Box
(3), Taguchi tekniklerinin eksiklerini ana hatlariyla ortaya
koymugtur. Box’in makalesinden hareketle, Vining ve
Myers (4) siireg ortalamasinin ve varyansinin cevap ylizey
yontemleriyle modellenebilecegini ve bunun miihendislik
acisindan daha bilgilendirici oldugunu ifade etmislerdir.
Vining ve Myers’in makalesi literatiirde oldukca kabul
goérmiis ve bu makaledeki fikirler zamanla gelistirilmistir.
Ayrmtili bilgi i¢in, Del Castillo ve Montgomery (5), Lin
ve Tu (6) ve Kim ve Lin (7)’nin c¢aligmalarimi referans
olarak gosterebiliriz.

2. IKiLi CEVAP OPTiMiZASYONU

Siire¢ standart sapmasini bir kisit degerine baglamak
yerine, problemi bir ¢ok amagli programlama problemine
doniistirmenin daha gercekei olabilecegini
diisiinmekteyiz. Ciinkii, siire¢ standart sapmasinin kontrol
degeri ya bilinemez ya da bilinmesi uzun miihendislik

caligmalar1  gerektirecektir. ~ Taguchi  problemlerini
¢Ozebilmek icin tasarlanabilecek bir optimizasyon
problemi,

Min {9,,,9,}

xeR
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Muluk (2)).
We shall consider Taguchi’s three basic situations in the
following manner:

Casel: “Target is best”, which means keeping the mean
response at a specified value while minimizing the
variance response.

Case2: “The larger the better”, which means making the
mean response as large as possible, while controlling the
variance response.

Case3: “The smaller the better”, which means making the
mean response as small as possible, while controlling the
variance response.

As pointed out by Box (3), there are superior methods
available in classical design theory, which can be used
(propably after some minor modifications) to deal with the
cases given above. Recently, much of the work in
parameter design has dealt with alternative methodology
in design and analysis when both control and noise
variables are used in the same experiment and in the same
model. This has often been referred to as the response
model approach. Formal recognition of the Taguchi’s
robust design problem as an optimization problem is due
to Vining and Myers (4), who expressed the problem as
maximization or minimization of an objective function
subject to a single equality constraint. In this way the
engineer and scientist can achieve the basic goal of the
Taguchi method while addressing Box’s criticisms (For
more information, see, Del Castillo and Montgomery (5),
Lin and Tu (6) and Kim and Lin (7).

In this paper, we utilize a multiobjective optimization
technique, specifically the generalized distance approach,
to obtain simultaneous solutions to the mean and standard
deviation response functions. The proposed method
seriously considers the correlations among the responses.

The rest of the paper is organized as follows. In the next
section we present a brief overview of the dual response
optimization. In section 3, we review the concept of
multiresponse optimization. The proposed method, namely
the generalized distance approach, will be given in section
4. Identifying the linear correlations in the DRS problem is
given in section 5. This is followed by a numerical
example that illustrates the proposed approach. We
conclude the paper with an appendix and a conclusion .

2. DUAL RESPONSE OPTIMIZATION

The popular formulations of the dual response problem
typically impose a restriction on the value of the secondary
response (i.e., standard deviation). Such restrictions may
rule out better conditions, since an acceptable value for the
secondary response is usually unknown. In fact, process
conditions that result in smaller standard deviation are
often preferable. A more flexible formulation of the
problem can be defined as (see, Koksoy (1), Koksoy and
Doganaksoy (8) :

[2.1]
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seklinde olsun (Koksoy (1), Kéksoy ve Doganaksoy (8).
Burada, x, kx1 boyutlu bir vektdr olup, deneyci tarafindan
kontrol edilen bagimsiz degiskenleri gostermektedir.
Etkenlerin diizeylerine bagli olarak bulunacak deneysel
bolge R ile gosterilmektedir (x € R). Uygun bir deneyin
gergeklestigi varsayimi altinda, siire¢ ortalama ve siire¢
standart sapmasinin ikinci derece yiizey tahminleri,

Yu =bg +xb+x'Bx

Y5 =¢p +Xc+xCx

seklinde tanimlanmistir. Model parametrelerinin vektor ve
matris gosterimleri sirasiyla b, ¢, B ve C sembolleri ile
verilmektedir. Paramatre tahminleri i¢in en kii¢iik kareler
yontemi  kullamilabilir. ~ Heterojenik  varyanslarin
olabilecegi siliphesi varsa, parametre tahminleri igin
agirlikli en kiigiik kareler yontemi dnerilebilir (9).

Esitlik 2.1°den goriildiigli gibi, ortalama ve standart
sapma fonksiyonlar1 esanli olarak minimum yapilacaktir.
Bulunacak ortak ¢6ziim, ‘Enkiigiik-en-iyi’ durumunun
¢Ozlimii olarak kabul edilecektir. Tasarlanan problem

‘Enbiiyiik-en-iyi’ durumuna uyarsa, Esitlik 2.1°de 9u

yerine —i’“ alinarak minimum problemi bi¢iminde

c¢oziilebilecektir. ‘Hedef-en-iyi’ durumunda ¢oziim, diger
durumlara goére farklidir. ‘Hedef-en-iyi’ durumu, yapi
olarak kisitli problem tamimina uymaktadir. Coziim
teknigi olarak NIMBUS algoritmasi Onerilebilir (Bkz:
Koksoy (1)).

3. COK CEVAPLI YUZEYLER

ikili cevap optimizasyonu, cok cevaph yiizey
optimizasyonunun Ozel bir halidir. Cok cevapli ylizey
optimizasyonunun temel amaci, birden fazla ylizey
fonksiyonunun olusturdugu karmasik sistemin optimum
noktasini bulmaktir. Bir baska deyisle, optimum noktay1
verecek uygun etken diizeylerinin belirlenmesidir. Bu
sOzii gegen optimum nokta, tanimlanacak problemin
cinsine gore degisebilmektedir. Ornegin baz1 problemlerde
tim cevap fonksiyonlarnt maksimum yapacak bir
noktanin bulunmast istenirken, bazende minimum yapacak
bir nokta ile ilgilenilebilir. Bir diger ilging problem ise,
esanli olarak bazi fonksiyonlar1 maksimum ve bazilarini
da minimum yapacak bir noktanin aranmasidir. Bir ylizey
fonksiyonunun optimum noktasi, diger fonksiyonlar igin
optimum olmayabilir. Sonu¢ olarak, tim cevap
fonksiyonlart i¢in uygun bir zeminin bulunmasi ve uzlasik
noktanin (compromise point) tespit edilmesi gerekir. Cok
cevapli ylizey analizi sirasinda karsilasilabilecek bazi
giicliikler,
1. Bir cevap degiskeni i¢in uygun olan bir deney

tasarimi, digerleri i¢in bagarisiz sonuglar tiretebilir,
2. Cevaplar arasindaki muhtemel iliski yapilari, analiz
sonuglarini olumsuz yonde etkileyebilir,

seklinde siralanabilir.

Khuri ve Conlon (10) ve Khuri ve Cornell (9), iligki

where,

[2.2]

where x is a kx1 vector of control or design variables, B
and C are kxk matrices containing the estimated
coefficients of the second-order terms of each response
model, b and ¢ are kx1 vectors containing the estimated
coefficients of the first-order terms of each response
model, by and ¢, are scalers (intercepts), R defines the
experimental region of interest (x € R).

Parameters can be estimated by using ordinary least
squares. Alternatively, when the homogeneous variance
assumption does not hold, the method of weighted least
squares should be considered (9).

The formulation in Eq. 2.1 is directly related to the

“smaller-the-better” case. If the objective function is 5’ M
is to be maximized (i.e., the “larger-the-better”), however,
this can be accomplished by minimizing — §/u . A solution

for the “target-is-best” case can be more directly addressed
using one of the past approaches (e.g., Del Castillo and
Montgomery (5)), since there is a preset constraint on the
value of the mean response function and, thus,
simultaneous optimization is not necessary (see, Koksoy

(1)

3. MULTIRESPONSE OPTIMIZATION

The DRS problem is a special case of the multiple
response problem. The analysis of data from a
multiresponse experiment requires careful consideration.
In other words, the response variables should not be
investigated individually and independently of one an-
other. Interrelationships that may exist among the
responses can render such univariate investigations
meaningless. Optimal conditions for one response may be
far from optimal or even physically impractical for the
others. In general situations we might consider finding
compromising conditions on the input variables that are
somewhat favorable to all responses. Some difficulties in
multi-response analysis are given as follows:

1. A design suitable for one response may produce
unsatisfactory results for the remaining responses,

2. Interrelationships that may exist among the responses
may rule out better conditions and also render such
univariate investigations meaningless.

Khuri and Conlon (10) and Khuri and Cornell (9)
proposed an approach in which a generalized distance
measure is employed to indicate the weighted distance of
each response from its individual optimum value. The
variances and the covariances of the responses are used in
determining the weights. Then the solution that minimizes
the generalized distance is found. Vining (11) proposed a
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yapisini da dikkate alan bir optimizasyon yontemi
onermislerdir. Yontem, genellestirilmis uzaklik 6lgiisiine
dayanmaktadir. Bu agirliklandirilmig uzaklik 6lgiistinde,
her bir cevap degigkenine belirli agirliklar verilmektedir.
Agirliklar, cevaplarin varyans ve kovaryanslarindan
olusturulmustur. Bulunacak ¢6ziim, genellestirilmis
uzakligin minimum yapilmasi prensibine dayanmaktadir.
Vining (11), cevaplar arasindaki iliski yapilarmi da
dikkate alan bir bagka yontem gelistirmistir. Vining’in
yontemi, Khuri ve Conlon (10)’m uzaklik 6l¢iistiniin 6zel
bir durumudur. Bu caligmada, genellestirilmis uzaklik
oOl¢iistinii kullanilarak Taguchi probleminin
¢oziilebilecegini gosterecegiz.

3.1. Cok Cevaph Sistemlerde Parametre Tahmini

Bir ¢ok cevapli deneyde, X, X,,...,X; gibi k tane

kodlanmig girdi degiskenlerinin olusturdugu N tane
deneme noktasinda toplam v tane farkli cevap
degiskeninin Olglildiigiinii  diisiinelim. Belirli bir R
deneysel bolgesi icinde, cevap degiskenlerinin polinom
tipindeki regresyon modelleri ile temsil edilebilecegini
varsayalim. Bdylece vektorel bigimde yazilan i inci cevap
modeli,

yi = XiP; +¢
seklindedir. Burada, Y;, i inci cevap degiskenine ait

gozlemlerin olusturdugu Nx1 boyutlu vektord, Xi , Nxp;
boyutlu ve p; rankli kodlanmis degisken diizeylerinin
bilinen fonksiyonlarindan olusan tasarim matrisini, Bi,
pix1 boyutlu bilinmeyen parametreler vektoriinii ve &;, i

inci cevap degiskenine iligkin rasgele hata vektoriinii
gostermektedir. Ayrica,

i=12,...,v

G.U. J. Sci., 17(1): 59-70, 2004/ Onur KOKSOY* F.Zehra MULUK

methodology based on a mean squared method which
allows the practitoner to specify the directions of
economic importance for the compromised optimum,
while seriously considering the variance-covariance
structure of the multiple responses. Vining’s method is a
special case of the method proposed by Khuri and Conlon
(10).

In this paper, we use the generalized distance approach
to solve the Taguchi’s dual response problem.

3.1. Parameter Estimation in the Linear
Multiresponse Model

Let N be the number of experimental runs and v be the
number of response variables which can be measured for
cach setting of a group of k coded variables,

X, X5,..., X, . We assume that the response variables

can be represented by polynomial regression models in the
values of x; within a certain experimental region R. Hence,
the ith response model can be written in vector form as

[3.1]
where Y; is an NxI vector of observations on the ith
response, Xi is an Nxp; matrix of rank p; of known
functions of the settings of the coded variables, Bi is a

pix1 vector of unknown constant parameters, and €; is a

random error vector associated with the ith response
(i=1,2,...,v). We also assumed that

E(E;)=0

Var(si) = GIIIN
COV(SI' ,Sj) = Gile

oldugu varsayilir. modeller

birlestirilirse,

Esitlik 3.1 bigimindeki

§=Xp+¢

bulunur. Esitlik [3.3)’deki model yapisina dogrusal ¢ok

cevapl model adi verilir. Bu
gosterimde, y = (yy 1y 12 ¥y) s B=(By By it By’
€= (8; : 8'2 I 8;)' ve tasarim matrisi
X =diag(Xy,Xj;,...,Xy)  seklinde tammlanmaktadr.

Vektorler ve matrisler “koyu renkli (kalin)” olarak
yazilmig, satir vektorlerini belirtmek igin vektorlerin
tizerine devrik (transpose) isareti konmustur.

Esitlik 3.2°den yararlanarak, € vektoriiniin varyans-
kovaryans matrisi, V,

V=E®Iy

i=12,.,v [3.2]
Lj=1L2,.,v;1#]
The vxv matrix whose (i,j) th element is O ij

(i,j=1,2,..,v;i# j) will be denoted by X . The v
equations given in Eq. 3.1 may be represented as

[3.3]

y=1:yaieiyy)s  B=(Br:B::By),
€= (8'1 : 8'2 Seeet 8;)', and X is the block-diagonal
matrix, X =diag(Xy,X,,...,X,) . In the above description,

where

vectors and matrices are written in “bold” style, and the
symbol “’ *“ denotes the transpose of vectors.

From the formula in Eq. 3.2 it can be seen that € has
the variance-covariance matrix

[3.4]
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Matrisin

matrisi
eleman

biciminde yazilir.
gostermektedir.

vxv  boyutlu bir
G(ij)  inci
o (G, =12,..,v;i# j) ile gosterilecektir. Burada

& sembolii,
gostermektedir.

kartezyen (kronecker)
Esitlik 3.4’deki  matrisin

VNxvN’dir. Bu matris, (GijIN) seklinde parcalarina

carpimini
boyutu

ayrilabilir. B 'nin eniyi dogrusal yansiz tahmini (best

linear unbiased estimate — BLUE),

ﬁ — (X!V-lx)fl XVV-ISI

olacaktir (Bkz: Khuri ve Cornell (9)). Kartezyen ¢arpimin
dzelliklerinden hareketle, V™' = X! ®1Iy yazilr. ﬁ ‘nin

varyans-kovaryans matrisi, Var(ﬁ) ,

where @ is a symbol for the Kronecker product or
matrices. The dimension of the matrix in Eq.3.4 is vNxvN.

This matrix can be partitioned as (GijIN) . The best linear

unbiased estimate (BLUE) of B is given by

[3.5]

where V' =27 ' ®1y (see, Khuri and Cornell (9)). The

variance-covariance matrix of ﬁ s Var(ﬁ) , 18

xvix)™! [3.6]
seklindedir.  Esitlik 3.5 ’deki tahmin ediciye, The estimator given in Eq. 3.5 is called the “generalized
genellestirilmis  enkiigiik  kareler  tahmin  edicisi least squares estimator”. Equations 3.5 and 3.6 require

(generalized least squares estimator) adi verilir. Esitlik
34°de verilen V matrisi bilinmiyorsa, o6ncellikle bu
matrisin tahmin edilmesi gerekmektedir. Bu amagla

X "nun tekil olmayan tahmini, yani X, bulunur. X ’mn
tahmini,

A

X = (&)

¥ (I = XXX (I~ XXX )y

knowledge of X . If X is unknown, as is usually the
case, then an estimate of f can be obtained by replacing

X in Eq. 3.5 by an estimate X provided that this
estimate is nonsingular. Zellner (12) proposed one such
estimate as follows:

1j=1,2,.v

Gij

Zellner (12) tarafindan Onerilmistir. Esitlik 3.5 ve
3.6'da V yerine V=2®Iy kullanilabilir. Bu sekilde

bulunacak tahmin ediciye, iki asamali Aitken tahmin
edicisi (two-stage Aitken estimator) ad1 verilmektedir.

Bu boliimde son olarak, parametre tahmin konusu ile
ilgili bir 6zel duruma yer verilecektir. Esitlik 3.1°de X; =
Xy (i=1,2,..,v) almirsa, deneyin tasarim matrisi,
X =diag(Xy, X5,....Xy) , X=I, ®X, bigimine
indirgenmis olur. Diger bir deyisle, tasarlanan deneyde her
bir cevap vektorii i¢in farkli tasarimlar kullanmak yerine,
ayni tasarim tercih edilmis ve bu matris X, ile
gosterilmigtir. Sonug olarak,

ﬁ:(lv ®(XpX)" Xb)y

bigimindeki [3 'nin BLUE tahmin edicisine ulagilir.

Bulunan tahmin edici 2 matrisine bagli degildir. Boylece,
her bir cevap modeli i¢cin ayr1 ayri enkiigiik kareler
yontemi uygulanarak parametreler tahminlenir (Khuri

(13)).
4.GENELLESTIRILMIS UZAKLIK YONTEMIi

Genellestirilmis uzaklik yontemi Khuri ve Conlon (10)
tarafindan gelistirilen ve ¢ok cevapli yiizeylerin
optimizasyonunda kullanilan bir yontemdir (Bkz: Conlon

N [3.7]

As aresult, V in equations 3.5 and 3.6 can be replaced
by V=X® I . This estimator is referred as the two-stage

Aitken estimator.
As a special case, if in Eq. 3.1, X;= X, for (i=1,2,...,v),
then X =diag(Xy,X,,...,X,) reduces X=1I, ®X,. Itis

easy to show that

[3.8]

Thus the BLUE of [3 does not depend on X . Hence, the
BLUE of Bi is the same as the ordinary least-squares

estimator obtained from fitting the ith model individually
(i=1,2,...,v) (Khuri (13)).

4. THE GENERALIZED DISTANCE
APPROACH

The generalized distance approach proposed by Khuri
and Conlon (10) seriously considers the variance-
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ve Khuri (14) ve Khuri ve Cornell (9)). Bu yontemin en
belirgin 6zelligi, cevaplar arasindaki muhtemel iliskileri
de ¢0ziim siirecine aktarabilmesidir.

Esitlik 3.1°deki model yapisina uyan v tane cevap

degiskeni ile ilgilenildigini  varsayalim.  Ayrica
X;=X;=...=X,=X, olsun. Yani, tiim cevap
modelleri,

yi =XoBi +5

seklinde yazilabilecektir. Xy matrisinin boyutu Nxp, ve
rankt po’dir. Hatirlanacagi gibi, B ‘'nin BLUE tahmin

edicisi Esitlik 3.8’de verilmistir.
matrisinin tahmini ise,

Varyans-kovaryans
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covariance structure of the multiple responses (see, Conlon
and Khuri (14), Khuri and Cornell (9)). In this section, we
briefly review the basic concepts of this novel
methodology:

Let v be the number of responses of interest and
X; =X, =...=X, =X . The model for the ith univariate

response can be written as
(i=1,2,...,v)
where X, is Nxpy matrix of rank py. The BLUE of B was

given in Eq. 3.8. An estimate of the variance-covariance
matrix X is given by

=y (Iy - Xo(XpXp) ' Xp) Y/(N - Po)

bigimindedir. i inci cevap kestirim denklemi,

§i(x) =2(0B;

seklinde  tanimlanir. Burada X = (X1 yeees X )’

kodlanmig girdi degiskenleri vektorii, Z'(X), Xo
matrisinin X noktasinda degerlendirilen ve bir satirina

A

karsilik gelen satir vektoriinii gostermektedir. Bi ise,

(XoXo )71X6yi (i=1,2,...,v) yardimiyla hesaplanan en
kiiciik kareler tahmin edicisidir. Esitlik 4.1 yardimryla,

Var(§,;(x)) = 2/ (x)(XpX) ' 2(X)o;;

Cov(§;(%),¥;(x) = 2 (x)(XpXy) ' 2(x)0;

varyans ve kovaryans esitlikleri bulunur. Bu esitlikler, i
inci ve j inci cevap ylizey modelleri i¢in yazilmistir.
Varyans-kovaryans yapisinin genel bi¢imi ise,

Var(§(x)) = 2'(x)(XpXg) ' 2(x) £

seklinde olacaktir.

Y = (31(x), 2 (%),.... ¥ (X))

noktasinin cevap kestirimidir.
¥;(x) fonksiyonunun belirli bir R deneysel bolgesi

Esitlik 4.4°deki
vektorii, verilen bir x

icindeki optimum degeri ¢i (i=1,2,...,v) olsun. Boylece,
(i) =(&)1,&)2,...,&)V) , her bir cevap fonksiyonunun

optimum degerini igeren vektorii gosterecektir. (f) ‘nin
elamanlarini bulabilmek i¢in ridge analizinden faydalanilir
(Bkz: 5.375-381). Eger @
vektorliiniin her bir elemam1 ayni x kosullarinda kendi
fonksiyonlar1 i¢in optimum oluyorsa, bu durumda c¢ok
cevaplt optimizasyon problemi ¢oziime ulasacaktir. Yani
bulunabilecek bir x noktasinda tiim fonksiyonlar optimum
degerlerine ulasmustir. Ancak, fonksiyonlarin yapisi
nedeniyle, boylesine bir ideal ¢oziime genellikle
ulagilamaz. Bu durumda, tiim fonksiyonlar icin kabul
edilebilir bir uzlagik ¢6ziimiin bulunmasi ve bunun
optimum olarak degerlendirilmesi yoluna gidilebilir.
Uzlagik ¢oziim noktasinda, Esitlik 4.1°deki tim
fonksiyonlar kendi optimum noktalarina yakin bir deger
alirlar. Uzlasik ¢6ziim noktasindaki ¢ok cevapli fonksiyon

Box ve Draper (15),

The prediction equation for the ith response is

i=1,2,..,v [4.1]
where X = (Xl,...,Xk)' is the vector of coded input

variables, Z’(X) is the vector of the same form as a row

of the matrix X, evaluated at the point x, Bi is the least

squares estimator of ﬁi and is equal to (X’[,Xo)_lXQ,yi
(i=1,2,...,v). It follows that

=1,2,..,v [4.2]

1Lj=1,2,..v, i#] [4.3]

where G i

4

matrix X . Hence,

is the (i,j)th element of the variance-covariance

[4.4]

Let ¢,- be the optimum value of ¥;(x) optimized
individually over the experimental region R (i=1,2,...,v),
and let (f) = (4)1,&)2,...,&>V) . The ridge analysis can be used

to find the elements of (f) (see, Box and Draper (15),

$.375-381). If these individual optima are attained at the
same set, X, of operating conditions, then an “ideal”
optimum is said to be achieved. In this case the problem of
multi-response optimization is obviously solved and no
further work is needed. However, such an ideal optimum
rarely exists. In more general situations we might consider
finding compromising conditions on the input variables
that are somewhat favorable to all responses. By that we
mean conditions under which the multiresponse function
deviates as little as possible from the ideal optimum. Such
a deviation of the compromising conditions from the ideal
optimum can be formulated by means of a distance

function which measures the distance of 57(X),
considered as a point in the v-dimensional Euclidean
space, from (i), the vector of individual optima. We
denote the distance function by p(y(x),¢). The

multiresponse  optimization then involves finding
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degeri ile; ideal ¢6zlim arasindaki sapma (uzaklik)
miimkiin oldugunca az olmalidir. Bu s6zii gecen sapmay1

veya uzakh@ tanimlayan uzaklik fonksiyonu p(y(x),$)
olsun. Sonu¢ olarak ¢ok cevapli optimizasyonda, R
deneysel bolgesi lizerinde p(}"r(x),(i)) uzakligini enkii¢iik
hedeflenmektedir.
Uzaklik fonksiyonu p(y(x),(p) ’yu segebilmek i¢in birgok

yapacak x kosullarinin bulunmasi

yol vardir. Bunlardan birisi, agrliklandirilmis uzaklik olup,

conditions on x that minimize the distance function over
the experimental region.

The distance function p(§(x),§) can be chosen in a

variety of ways. One possible choice is the weighted
distance (Khuri and Cornell (9))

p(300,6) = (§(0-) {VarGo} ™ (50— )

seklinde tanimlanmaktadir (Khuri ve Cornell (9).
Esitlik 4.5°de (f) vektori biliniyor ve sabit (known and

fixed) olarak kabul edilirse ve ayni zamanda cevap
degiskenleri iligkisiz olarak diisiiniiliirse,

[4.5]

In Eq. 4.5, If (f) is considered known and fixed, and

when the responses are considered to be independent, the
metric is defined as follows:

%
| /61

(Y™ -9)
0

I -9)

%
Ovv

P (SI(X)a ¢) =

formiilii elde edilmis olur. Eger, cevap degiskenleri

birbiriyle iliskili ve (f) vektorii sabit kabul edilirse,

7(x)(XpXg) 'z(x)

[4.6]

When the responses are considered correlated ( as

estimated by X ), but the optima are still considered fixed,
the metric is defined as follows:

v — Iz-l A A
P (¥(x),9)= \/(y(x) $) X (IX)-¢)

Zl

seklinde bir uzaklik fonksiyonu tanimlamasina ulasilir.
Literatiirde karsilasilan bir diger uzaklik formiili,

P3 (9(")@) 4l 3

iz
seklindedir (Bkz: Khuri (13)). Degisik amaclara hizmet
edecek sekilde tanimlanmig baska uzaklik formiillerine de
literatiirde raslanmaktadir.

5. TAGUCHI’NIN IKiLi CEVAP
PROBLEMINDE iLiSKi TESHISI

Cok cevapli bir sistemin iligki yapisi, DD’ matrisinin
0zdegerleri lizerinden arastirilmaktadir (Bkz: Box et al.
(16)). D matrisi vxN boyutlu bir matris olup,

D :Y’[IN

seklinde tamimlanmaktadir (Khuri ve Cornell (9)). Burada
1y, D’lerden  olusan Nx1  boyutlu bir  vektorii
gostermektedir. Y’ ise, cevap degisken degerlerinin vxN
boyutlu bir matrisidir.

DD’ matrisinden hareketle, Taguchi probleminde iligki
teshisi i¢in Onerdigimiz Teorem asagida verilmektedir.
Teoremin ispati igin EKLER bdliimiine bakilmalidir.

Teorem 5.1. Bir ¢ok cevaplt deneyde, X|,X,,...,X, gibi

k tane kodlanmis girdi degiskenlerinin olugturdugu N tane
deneme noktasinda s kez tekrarlanan gozlemlerin ilgili
kalite karakteristigi agisindan ortalama ve standart

@094’

- - [4.7]

(x)(XpXy) ™ z(x)
Another distance function from the literature considers
relative changes from the individual optima. The metric is
defined as follows:

[4.8]

2
;
(see, Khuri (13)). There are some other distances available
in the literature to serve for different purposes.

5 IDENTIFYING THE LINEAR
CORRELATIONS IN THE DRS PROBLEM

The eigenvalue analysis determines whether or not
linear relationships exist among the responses. Such
identification requires an examination of the eigenvectors
of DD’ (Box et al. (16)). The matrix D is an vxN matrix
given by

Inn
-—== 5.1

] -
where 1y is a vector of ones of order Nx1, and Y’ is an
vxN matrix of responses (Khuri and Cornell (9)).

The following theorem is proposed to detect a possible

correlation between the responses of the Taguchi’s
problem. The appendix will show the proof.

Theorem 5.1. Let N be the number of experimental runs

and X,,X,,...,X; be the group of k coded variables and

r be the number of replications at each design point. yi
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sapmalarimin sirasiyla ?’i ve s; (i =1,2,...,N) bigiminde
gozlemlendigini diisiinelim. 'y ve s vektirleri, y; ve s;

degerlerinden teskil edilmis olmak iizere, y ve §

vektorleri arasindaki korvelasyon katsayisimin karesi 17
ise, bu durumda tam bir dogrusal iliski séz konusu
olacaktir.

Uygulamada tam dogrusal iliskiye yakin olan durumlara
da raslanmaktadir. Yani, DD’ ’niin 6zdegerlerinden en az
biri sifira yakin bir deger alacaktir. Burada dikkat edilmesi
gereken husus, Ozdegerlerin sifira yakin ¢ikmasi,
islemlerdeki yuvarlama hatalarmimn (rounding error) bir
sonucu da olabilecektir (Bkz: Khuri ve Cornell (9), 5.256).

Sonug olarak, Teorem 5.1, Taguchi probleminin iliski
teshisi icin Onerilmistir. Cevaplar arasindaki muhtemel
iliskileri ¢6ziim siirecine aktarabilmek i¢in, Bolim 4’de
verdigimiz genellestirilmis uzaklik yonteminin
kullanilmasini1 dnermekteyiz.

6. UYYGULAMA

Bu béliimiinde, Taguchi problemlerinin iligki teshisi ve
genellestirilmis uzaklik yonteminin kullanimi {izerine bir
uygulama yapilacaktir. Kullanilacak 6rnek problem
literatiirde sikc¢a karsimiza ¢ikan “basim” verisidir (Vining
ve Myers (4)).

Renkli miirekkep piiskiirterek paketlere etiket basan bir
baski makinesinin goriintii kalitesini etkileyen ii¢ kontrol
degiskeni hiz (x;), basmng (x,) ve uzaklik (x;) olarak
belirlenmistir. Her bir kontrol degiskeni ii¢ diizeylidir.
Goriintii kalitesi ile ilgili hedeflere ulagabilmek igin, ii¢
tekrarli (s=3) bir 3° ¢ok etkenli deney tasarlanmstir.
Gegmis tecriibelerden faydalanarak, bu deneyden 6nce bir
baglangic deneyinin yapilmasina gerek duyulmamis ve
ikinci derece cevap modelinin kullanilmasma karar
verilmigtir.  Deneyin  sonuglar1  Cizelge  6.1°de
verilmektedir. Kontrol degiskenleri kodlanmis olup, her
biri ii¢ diizeylidir. Bu deneyde toplam 27 deneme vardir
ve her bir deneme ii¢ defa tekrar ederek goriintii kalite
degerleri (yani y,;, Yo Ve yw3) bulunmustur. Goriintii

degerlerinin ortalama ve standart sapmalar1 sirasiyla Y/u

ve S, siitunlarinda goésterilmektedir.
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and s; (i =1,2,....N) are the usual point estimates of mean
and standard deviation, respectively, at the u™ design

point. Assume that y and s are the vectors constructed by
yi and s;

“A full linear relationship will exist between y and s

vectors if the squared sample correlation coefficient is
exactly equivalent to 1.

In practice, rounding errors in the response values may
prevent an eigenvalue of DD’ from being exactly zero
even when the responses are linearly related. Small
eigenvalues of DD’ should, therefore, be subjected to
further analysis to determine if they are truly zero (see,
Khuri and Cornell (9), p.256).

6. NUMERICAL EXAMPLE

To demonstrate the feasibility of applying the proposed
method, the following numerical example is presented.
This example of Vining and Myers (4) has appeared
repeatedly in the literature on DRS. The purpose of the
experiment was to analyze the effect of the speed (x;),
pressure (x;), and distance (x3) variables on a printing
machine’s ability to apply colored inks to package labels
(y). A three-level factorial design on the three control
variables with three runs at each design point was used to
fit the responses. We have assumed that the region of
interest for this design reflects either preliminary
experimentation or sufficient prior information to justify
using a second order model. Table 6.1 summarizes the
data from this experiment. In this table, y;; and sy are

the usual point estimates of mean and standard deviation,
respectively, at the u™ design point.
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Table 6.1. The “Printing” Data (4)
Cizelge 6.1. Basim Verisi (4)

u X X X3 Yur
1 1 -1 -1 34
2 0 -1 -1 115
3 1 -1 -1 192
4 - [ 82
5 0 [ 44
6 1 0 -l 322
7 -1 1 -1 141
8 0 1 -1 259
9 1 1 -1 290
10 -1 -1 0 81
11 0 -1 0 90
12 1 -1 0 319
13 -1 0 0 180
14 0 0 0 372
15 1 0 0 541
16 -1 1 0 288
17 0 1 0 432
18 1 1 0 713
19 -1 -1 1 364
20 0 -1 1 232
21 1 -1 1 408
22 -1 0 1 182
23 0 0 1 507
24 1 0 1 846
25 -1 1 1 236
26 0 1 1 660
27 1 1 1 878

Y2 Yus Vu Sy
10 28 24.0 12.5
116 130 120.3 8.4
186 263 213.7 42.8
88 88 86.0 3.7
178 188 136.7 80.4
350 350 340.7 16.2
110 86 112.3 27.6
251 259 256.3 4.6
280 245 271.7 23.6
81 81 81.0 0.0
122 93 101.7 17.7
376 376 357.0 329
180 154 1713 15.0
372 372 372.0 0.0
568 396 501.7 925
192 312 264.0 63.5
336 513 427.0 88.6
725 754 730.7 21.1
99 199 220.7 1338
221 266 239.7 235
415 443 422.0 18.5
233 182 199.0 29.4
515 434 485.3 44.6
535 640 673.7 158.2
126 168 176.7 55.5
440 403 501.0 1389
991 1161 1010.0 1425

Goriintii kalitesiyle ilgili olarak bulunacak ortalama ve
standart sapma cevap ylizey modelleri,

Yu :327.6+177xl ) 3

+75.5% X3 +43.6X 5 X3

§o =349 +11.5x 5 ;

+ 51X1X3 + 141X2X3

seklindedir. Bulunan modellerin uyum eksikligi testleri,
model parametrelerinin dnem kontrolii ve model belirleme
katsayilarma iligkin sonu¢ ve yorumlar ayrintili olarak
Vining ve Myers (4)’in makalesinde tartigilmaktadir.

Bu problemin ¢oziilmesindeki amag, etiket goriintii
kalitesini maksimum yapacak etken diizeylerinin
bulunmasidir (Enbiiyiik-en-iyi). Besinci bolimde verilen
Teorem 5.1°den, kalite ortalama ve standart sapmasina
iliskin korelasyon katsayisinin karesi 0,330216 olarak
bulunmustur. Goriildiigii gibi bu veri i¢in giigli bir
dogrusal iliskiye raslanmamistir. ‘Basim’ verisi igin
‘genellestirilmis uzaklik yontemi’ uygun olmasa bile,
analiz sonuglar Cizelge 6.2’de sunulmustur. Bu sonuglari
elde edebilmek icin, Conlon ve Khuri (14) tarafindan
ANSI C dilinde yazilan 3644 satirlh MR isimli ticari
olmayan bir bilgisayar program: kullanilmistir. Bu
program, Khuri’den 0&zel istekle e-mail araciliginda
saglanmistir.

+109.4x, +131.5x, + 3’2.0){2

+153x, +29.2x, + 4.2x2

The fitted response surface functions using ordinary
least squares from Vining and Myers (4) are

— 22.4)(2 — 29.1x2 + 66X X

1 2 3 12 [6.1]

—1.3x2 +16.8x2 +7.7x,X

1 2 3 1%2 [6.2]

More discussion about the fitted models and the
corresponding analysis of variance can be found in Vining
and Myers (4).

This numerical example considers the “larger the better”
case. We now let the mean response be as large as
possible. If we use the result of the Theorem 5.1, the
squared sample correlation coefficient is found to be
0.330216. The resulting coefficient is quite weak.
Although it is not a perfect example for illustrating the
generalized distance approach, it is the best we have been
able to locate in the statistical literature. Table 6.2
summarizes the results of the generalized distance
approach. All results are generated by using a program
called “MR”. More details about the program can be found
in Conlon and Khuri (14). MR is 3644 lines of ANSI C
code. It compiles and executes without modification under
both Turbo C 2.0 for DOS on the IBM PC and under the
UNIX MIPS C compiler for the DECstation 3100. The
program is available from the first author upon request and
includes source, sample data sets and an executable file for
the DOS environment.
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Table 6.2. Results from the Generalized Distance Approach (“Larger the better” case)

Cizelge 6.2. Uzaklik Yontemi Sonuglari

~

¢;

Y =640.1874  (0.769474, 0.428563, 0.477757)
Jo= 15.6521 (-0.11971,-0.938725, —0.328844)

Distance Metric/ uzaklik 6l¢iisii = “Default”

Minimum Distance/ Minimum uzaklik = 30.04115

Iteration/Iterasyon =337

p2S1

Simultaneous solution/ Es anl1 ¢6ziim sonuglart:

Yu = 600.51830

Jo= 61.80480
x' = (0.955059, 0.234721, 0.169416)

A

Cizelge 6.2°nin (I)i
yuzey

goriilmektedir. Ornegin, 9# fonksiyonunu maksimuma

ile gosterilen siitununda her bir

fonksiyonu i¢in ridge analizi  sonuglar

ulastiracak etken diizeyleri x' =(0,769474, 0,428563,
0,477757) ve maksimum degeri 640,1874 olarak
bulunmustur. Esanli ¢dzlimlere gecebilmek icin MR
programinda “default” tanimlamas1 yapilmistir. “Default”
durumunda, cevaplarin  birbiriyle iliskili ve esanh
optimum noktanin yerinin uzayda rasgele bir nokta oldugu
varsayllmaktadir. Deneysel bolge olarak 1 yarigapl
kiiresel bolge dikkate alinmustir.

ikili cevap probleminin esanli sonuglari, §/H=

600,51830 ve S’G= 61,80480 olarak bulunmustur. Bu

sonuglar1 saglayacak ¢oziim vektorii x'= (0,955059,
0,234721, 0,169416) dir. Bulunan ¢oziim vektoriinde,
goriintli kalite ortalamasi maksimuma ulasirken standart
sapmanin degeri de minimumdur.

7. EKLER: TEOREM 5.1°IN iSPATI

Ikili cevap probleminde, cevap degiskenlerinin say1s1 v
=2"dir. Cevap degerleri, her bir deneme noktasinda s kez
tekrarlaran goézlemlerin ortalama ve standart sapmalari
olarak disiiniilebilecektir. Bu s6zii gegen ortalama ve

i =12,..,.N)
sembolleriyle gosteriliyor olsun. Yukardaki bilgilerden
yararlanarak ikili cevap problemi i¢in DD’ matrisi,

standart sapmalar sirasiyla ?i ve s;

N
-2
Vi -
i=1
i<

)

(-5)

2 __
NZZYin:| =

DD’ =

I

seklinde olusturuldu. DD’ ’niin 6zdegerleri bulunurken,

ax’ +bx+c=0 seklinde bir denklem ¢oziilecektir. Bu
denklemin c katsayist sifira esit ise, 6zdegerlerden birisi
mutlaka sifir olacaktir, DD’ matrisinden hareketle

-3

The individual optimum solutions from the ridge
analysis are found to be (x1, x2, x3) = (0.769474,

0.428563, 0.477757) with process mean SIM = 640.1874

¥ =15.6521.

simultaneous solutions we consider the “default” situation
where the optima are considered unknown and the
responses are correlated. The spherical region of interest
with radius one is also considered in MR.

The simultaneous solution is found to be
X' =(0.955059, 0.234721, 0.169416). At this point, under
the spherical region, 61.80480 is the smallest standard
deviation value that can be attained if the mean response
function is held fixed at 600.51830. The highest printing
quality is achieved by the resulting simultaneous solution.

and standard deviation For the

7. APPENDIX: THE PROOF OF THE
THEOREM 5.1
Let N be the number of experimental runs and

X|,X5,...,X; be the group of k coded variables and r be

the number of replications at each design point. Y’i and s;

(i=1,2,...,N) are the point estimates of mean and standard
deviation, respectively, at the u™ design point. Assume that

y and s are the vectors constructed by ?i and s;
Recalling from Eq. 5.1, we obtain

1

N 2
NJZS?}_NZZSisj
i=l1

2 Yj

j#i

i<j
To find the eigenvalues of DD’, one needs to solve an

equation like ax?>+bx+c=0. If the constant ¢ is
equivalent to zero, then one of the eigenvalues should
exactly be zero. We obtain the constant ¢ from DD’ in Eq.
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bulunacak c katsayisi Esitlik 7.2°de verilmistir. Esitlik 7.2. In this equation, the term h? denotes the product of the
7.2°deki a* katsayisi, DD’ matrisinin kdsegen disindaki off diagonal elements of DD’ .
elemaninin karesini géstermektedir.

ﬂ( jzy‘} ZzyiyjHK:MEﬁZ}ézzsisj}‘az [7.2]

Z ZZYIYJ 12 NIS1 NZZSISJ}

1

f—’_\’_/_‘f—/%

{
i ey
il

Zyl] ZS -
1

_. s.
Zyl and §:L .

N’ N

Burada ? = seklinde Here, § =

tanimlanmustir. 5 2
) . _2 2 . , o If Z(§1—§) Z(si—E) = h% then one of the
Eger Z(yi—y) Z(si—s) =a" ise, DD’ matrisinin 1 1

1 1 eigenvalues of DD’ is zero.
0zdegerlerinden biri mutlaka sifir olacaktir. Bu durumda Hence,
tam bir dogrusal iligki s6z konusu olur. Tam dogrusal
iligki s6z konusu oldugunda,

2
(l_ij . Z - |S: =0
N i Nj J# i

_Z(—._= 22 ._—2 Z— 1_l —._=+1—} . 2—0
_i ¥i y) i(sl S) - [ N)yl y Nyl Sif ©

1L

X553 —5)2—{§[?i 3] si}z =

_2 2 )
=3(3;-9) 2(s;-5) ~[Kov(F.9)] = =0 [7.3]
1 1

bulunur. Ozetle, tam dogrusal iliski durumunda, From Eq. 7.3, we obtain

) 2 ) As a result,
Z(?l —?) Z(si —§) = [Kov(y,s)] © olmalidir. Diger “A full linear relationship will exist between Y and s
i i

_ vectors if the squared sample correlation coefficient is
bir deyisle, Y ve s vektorleri arasindaki korelasyon exactly equivalent to 1",

katsayisinin karesi 1 ise, cevap degiskenleri arasinda tam
bir dogrusal iliski s6z konusu olacaktir.



8. SONUC

Bu ¢alismada, Taguchi’nin ikili cevap probleminin
iliskili cevap degiskenleri durumundaki ¢6ziimii iizerinde
durulmustur. liski teshisinde kullanilabilecek bir teorem
onerilmistir (Bkz: Teorem 5.1). Iliski durumunda ¢6ziim
stratejisi olarak, “genellestirilmis uzaklik yontemi” nin
uygunlugu uygulmali olarak tartisilmistir.

G.U. J. Sci., 17(1): 59-70, 2004/ Onur KOKSOY* F.Zehra MULUK

8. CONCLUSION

In this study, we suggest a detection tool of identifying
linear correlations between the responses and a method
suitable for the analysis of the Taguchi’s problem when
the relationships exist between the responses. The
proposed methodology seriously considers the variance-
covariance structure of the multiple responses.
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