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ABSTRACT

In this work, construction methods of projective planes of order 2, 3, 4, 5, 7 and
8 are examined. Informations about the obtaining of known four different planes
of order 9 and non-existence of a projective plane of order 10 which is obtained
according to computer based calculations are collected.

Key Words: projective plane, finite projective plane, projective plane of order 7

SONLU MERTEBELI BAZI PROJEKTIF DUZLEMLER UZERINE

OZET

(Derleme)

Bu caligmada 2, 3, 4, 5, 7, ve 8 mertebeli projektif diizlemlerin kurulug
metotlart incelenmis, bunlarin tekliklerine karsilik 9. mertebeden bilinen 4 farkl
diizlemin elde edilisi ve bilgisayar aragtirmalarina dayali olarak 10. mertebeden bir
projektif diizlemin yoklugu hakkindaki bilgiler derlenerek bir araya getirilmistir.

Anahtar Kelimeler: projektif diizlem, sonlu projektif diizlem, n. mertebeden

projektif diizlem

1. GIRIiS

N ve D elemanlari sirasiyla noktalar ve dogrular
olarak isimlendirilen ayrik iki ciimle ve 0 N den D ye
bir {izerinde olma bagintisi iken (N , D, o) sirali tigliisiine
bir geometrik yap1 denir. Asagidaki {i¢ aksiyomu saglayan
bir (N ,D, 0) geometrik yapisina bir projektif diizlem
denir ve P ile gosterilir. Sayet, N sonlu ise P projektif
diizlemine sonlu projektif diizlem adi verilir.

P1. Herhangi farkli iki noktadan bir tek dogru geger.

P2. Herhangi iki dogrunun en az bir ortak noktasi vardir.

P3. Herhangi ti¢li dogrudas olmayan dort nokta vardir.

P = (N,D, o) projektif diizleminin bir dogrusu
tizerindeki nokta sayisinin bir eksigine P nin mertebesi
denir. Sonlu bir projektif diizlemin mertebesi 7 ise
toplam nokta ve dogrularinin sayisi esit ve n% + 5 +1 dir.
Projektif diizlemin en kiiciik mertebesi 2 dir ve bu
projektif diizlem Fano diizlemidir. n>2 6zelligindeki
her tamsay: i¢in mertebesi # olan projektif diizlemin
varligi agik degildir. Tarry mertebesi 6 olan 43 noktali bir
projektif diizlemin varolmadigimi gostermistir (1, 2).

Bilinen sonlu projektif diizlemlerin mertebeleri, p bir
asal say1 ve r bir pozitif tamsayr olmak iizere p”

bigimindedir. Sonlu projektif diizlemlerin mertebelerinin
yalmzca p” bicimindeki sayilardan mm ibaret oldugu

1. INTRODUCTION

While N and D are two distinct sets whose elements
are called as the points and the lines, respectively and o is
the incidence relation between N and D; then the
ordered triple (N,D, o) is called as geometrical
structure. (N ,D, o) satisfying the following three
axioms is called a projective plane and denoted by P. If
N is finite, projective plane P is called as finite projective
plane.

P1. Any distinct two points are incident with just one
line.

P2. Any two lines are incident with at least one point.

P3. There exists four points of which no three are
collinear.

The order of P is defined to be the number of points on
any line of projective plane P= (N, D, o) minus 1. If the
order of a finite projective plane is 7, total number of its
points and lines is equal and % +n+1. The smallest
order of projective plane is 2 and this projective plane is
called as Fano plane. For any integer n > 2 the existence
of projective plane with order 7 is not trival. Tarry (1, 2)
showed that there is no projective plane of order 6 with 43
points. Orders of known finite projective planes are the
form p” for some prime p and positive integer 7. So

far, it hasn’t been answered that is the orders of finite
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simdiye
mertebesi

kadar  cevaplandirilamamigtir.  Tahminler
p” bicimde olmayan bir projektif diizlemin
varolmayacagl yoniindedir. Hangi mertebeden projektif
diizlemlerin var oldugu ve varsa bunlarin geometrik
yapisinin nasil olacagi halen cevaplandirilamamis énemli
bir problemdir. Bu probleme kismi olarak bir cevap

Bruck-Ryser tarafindan verilmistir: “n, n = l(mod 4) ya

da n= Z(mod 4) ozelliginde bir tamsay1 olsun. Sayet n
negatif olmayan iki tamsayinin kareleri toplami olarak
yazilamiyorsa mertebesi 7 olan bir projektif diizlem
yoktur.” (3).

Bruck-Ryser teoremine gore 6, 14, 21, 22, 30, 33, 38,
42, 46, 54, 57, ...gibi sonsuz ¢okluktaki sayilarin higbiri
bir projektif diizlemin mertebesi olamaz. Ayrica 10, 12,
15, 18, 20, 24, 26, 28, 34, 35, 36, 40, ... gibi sonsuz
cokluktaki sayilarin herhangi biri i¢in mertebesi bu say1
olan projektif diizlemin var olup olmadigi halen
bilinmemektedir ve Bruck-Ryser teoremi de bu durumda
bir sey vermemektedir.

Bu makalede 10. mertebeye kadar bilinen projektif
diizlemleri inceleyecegiz. Nokta ve dogrulari bir F
cisminin elemanlar1 ile homojen olarak koordinatlanan
projektif diizlemler projektif diizlemlerin iyi bilinen

ornekleridir ve bu diizlemler P,F cisim diizlemleri
olarak adlandirilirlar. / ve P F nin mertebeleri aynidir.
p bir asal say1, r bir pozitif tamsay1 olmak lizere p”
mertebeli GF (pr) Galois cisimlerinin varhigi p”
mertebeli cisim diizlemlerinin varligini garanti etmektedir.
2,3,2% =4,5,7,2° =832 =9
projektif diizlemlerin varoldugunu séylemek miimkiindiir.

Boylece mertebeli

Giliniimiize kadar yapilan arastirmalar ile 2, 3, 4, 5, 7 ve
8 mertebeli birer tek projektif diizlemin ve 9. mertebeden
projektif diizlemin bir tek olmadigi gosterilmis, hatta 9.
mertebeden 4 farkli projektif diizlem bulunmustur. 8.
mertebeden projektif diizlemin tekligi 6zel bilgisayar
programlart ile ispatlanabilmistir. Sonug olarak, mertebesi
2, 3, 4, 5, 7 ve 8 olan projektif diizlemler cisim
diizlemleridir, ayrica 9.  mertebeden  projektif
diizlemlerden bir tanesi Syledir.

Bu incelemede, calismamizi bu diizlemlerin sadece
varliklar ve teklikleri iizerine kisitliyoruz.
2. iKi VE UC MERTEBELI PROJEKTIF
DUZLEMLER

2 ve 3 mertebeli projektif diizlemler kuruluglart ve
teklikleri diger projektif diizlemler arasinda en kolay
olanlaridir. Bu iki projektif diizlemin tekliginin ispati
diizlemin elde edilis yontemine dayanir. Ispatlar igin (4)
veya (5) e bakilabilir. Ornek olarak nokta ve dogrulari
asagidaki gibi isimlendirilen 2. mertebeden projektif
diizlemin tekligini inceleyelim.

Noktalar ciimlesi, N= {1,2,3,4,5,6,7} olsun. Bu
takdirde 1 noktasindan gegen dogrular
{1,2,3},{1,4,5} ve {1,6,7}olarak kabul edilebilir. 2
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projective planes only in the form p”. Under the
directions of conjectures are no finite projective planes of

order n other n = pr . The existence of projective planes

for which order and if this projective plane exists, how to
found geometrical structure are important problem and
these haven’t been answered yet. The answer of this
problem is given partialy by Bruck-Ryser: “Let n be

integer that n= l(mod 4) or n= 2(m0d 4) . If

n#a’ +b* for some non-negative integers @ and b,
there is no projective planes of order 7.” (3).

According to Bruck-Ryser theorem, none of infinitely
many numbers such as 6, 14, 21, 22, 30, 33, 38, 42, 46, 54,
57, ... can be order of projective planes. Besides, for any
of finitely many numbers such as 10, 12, 15, 18, 20, 24,
26, 28, 34, 35, 36, 40, ... it has not even been known that
whether projective planes of these orders exist or not and
also the Bruck-Ryser theorem doesn’t give anything in
this case.

In this paper, we examine the known projective planes
up to order 10. The projective planes whose the points and
the lines are coordinated homogenly by the elements of a
field F are the well known examples of the projective

planes and these planes are called as field planes [P, F .
The orders of F and [P,F are equal. Existence of

Galois field GF (pr) of order p” where p is the prime

and 7 is positive integer guarantees the existence of field
plane of order p”. Thus, the existence of projective planes

of order 2,3,2% =4,5,7,2% =8,3% =9 is trival.

By done researches, so far it has been shown that the
projective plane of order 2, 3, 4, 5, 7 and 8 are unique and
projective plane of order 9 is not unique, also it has been
found four distinct projective plane of order 9. Uniqueness
of the projective planes of order 8 is proved by using some
special computer programs. Consequently, projective
planes of order 2, 3, 4, 5, 7 and 8 are field planes but only
one of the projective planes of order 9 is.

In this examine; we restrict our study only the
existence and uniqueness of the planes.

2. PROJECTIVE PLANES WITH ORDER 2 AND 3

The constructions and uniqueness of the projective
planes of order 2 and 3 are the easiest amoung the other
finite projective planes. Proof of the uniqueness of these
two projective planes is based on the method of
constructing the plane. These proofs can be seen from (4)
or (5). For example, let us examine the uniquness of the
projective plane of order 2 whose points and lines are
called as the following.

Let N= {1,2, 3, 4,5,6,7} be set of the points. Then the
lines passing the point 1 may be supposed as
{1,2,3}, {1,4,5} and {1, 6,7}. Let choose the other lines
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noktasindan gegen diger dogrular {2,4, 7}, {2, 5,6} olarak
segilsin. 3 ile 5 i birlestiren dogru {1,6,7} dogrusunu P2
geregi kesmek zorundadir. P1 aksiyomu geregi bu dogru 1
ile 6 noktalarindan gegcemez. Bu yiizden dogru {3,5,7}
olmak zorundadir. 3 ile 4 i birlestiren dogru {1,6,7}
dogrusunu 1 ile 7 noktalarinda kesemeyeceginden
{3, 4,6} bi¢imindedir. Boylece, dogrular kiimesi
D={{,2,3},{1,4,5},{1,6,7},{2,4,7},{2,5,6},{3,4,6},3,5,7} }
de olur.. Elde edilen yapmin (Bak. Sekil 1) bir projektif

diizlem oldugunu gostermek kolaydir. Insa metodu geregi
bu projektif diizlem bir tektir.

Benzer bir ispat metoduyla 3. mertebeden bir tek
projektif diizlemin varoldugu goriiliir.

1
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Figurel. Projective plane of order 2
Sekil 1. 2. mertebeden projektif diizlem

3. DORT VE BES MERTEBELiI PROJEKTIF
DUZLEMLER

Mertebe biiylidiikge projektif diizlemi kurmak ve
tekligini dogrulamak zorlagmaktadir. Bu yiizden degisik
kavram ve  yontemlerin  kullanilmasma  ihtiyag
duyulmustur. Bu kavramlardan bazilart 4 ve 5 mertebeli
projektif diizlemlerin tekliginin ispatinda kullanilan
projektif diizlemlerin oval ve hiperovalleridir.

n . mertebeden bir projektif diizlemde herhangi igii
dogrudas olmayan (n+1) - nokta climlesine bir oval,
(n+2) - nokta climlesine bir hiperoval denir. 4. ve 5.
mertebeden projektif diizlemlerin tekligini gostermek igin
sirastyla  hiperoval ve ovallerden faydalanilmugtir.
Dolayisiyla 4 ve 5 mertebelerden projektif diizlemlerin
tekligini gostermede kullandigimiz 6zel nokta kiimeleri
aynidir. Yani, herhangi {i¢li dogrudas olmayan 6 noktadan
olusmustur.

7, 4. mertebeden bir projektif diizlem ve
Ny,N,,N3,N4 de 7z de herhangi li¢ii dogrudas olmayan
dort nokta olsun. 7z de P3 aksiyomu geregi bu ozellikte 4
nokta vardir. i # j € {1,2,3,4} olmak tizere N; ve N i
den gegen tek dogru d ij olsun.

dipNdzg=Mys dizndy g =Mys dygndys=M;

olarak isimlendirelim. Baslangigta 77 nin 6 dogrusu ve 4 il
N ,3iise M tipinde olan 7 noktasi vardir. Bu konumda
6 dogrunun her birinin iizerinde 3 nokta bulundugundan

passing point 2 as {2, 4,7}, {2,5,6}. The line joining 3
and 5 has to intersect the lines {1,6,7} because of P2.
From axiom P1, this line doesn’t pass through points 1 and
6. So, this line must be {3,5,7}, Since the line joining 3
and 4 doesn’t intersect the line {1,6,7} at points 1 and 7,
this line must be {3,4,6}, Thus, set of the lines is
D={{,2,3},{1,4,5}{1,6,7},{2,4,7},{2,5,6},3,4,6}. 3,57} }-
It is easy to show that this obtained structure is a

projective plane (See. Figure 1). Because of method of
construction, this projective plane is a unique.

It is shown that there is a unique projective plane of
order 3 by the same method of proof .

7

3. PROJECTIVE PLANES WITH ORDER 4 AND 5

When the order increase, proof of uniqueness and the
construction of projective planes get harder. So, it is
necessary to use different concepts and methods in the
constructions and proofs. Some of these concepts are oval
and hyperoval of projective planes which are used the
proof of uniquness of projective planes of order 4 and 5.

In a projective plane of order 77, a set of (n+1) -
points with no three of them collinear is called oval and a
set of (n+2) - points with no three of them collinear is

called hyperoval. Hyperovals and ovals are using to show
the uniqueness of projective planes of order 4 and 5. Thus,
sets of special point which are using to show uniqueness
of projective planes of order 4 and 5 are same. That is,
they consist of six points with no three of them collinear.

Let 7 be a projective plane of order 4 and
Ny,N,,N3,N4 be four points in 7, no three of them
collinear. There are four points in this property because of
axiom P3. Let d i be the unique line through N; and

1
Nj ,Where i # j € {1,2,3,4}. It is labelled as:
dipNd3g =M, dizndyy =My, dygndysz=M;

To start with in 77, there are six lines and seven points
which are 4 N ’s, 3 M ’s. Since each of these lines lies on
3 points, in this case, putting two distinct points on them,
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bunlar {izerinde 2 farkli nokta daha alinarak 7 ye 6.2 =12
nokta daha ilave edilir. Boylece diizlemin toplam 19
noktasi elde edilmis olur. Diizlemin toplam nokta sayis1 21
oldugundan, iki noktanin daha belirlenmesi gerekir.

Burada am,M,, M, dogrudas olmak zorundadir. Aksi
halde i# je {1,2,3} olmak tizere M, M ; dogrularinin

her biri, 7 nin bu 6 dogru iizerinde olmayan birer
noktasini kapsar. Bu ise 3 yeni nokta daha verir. Boylece
diizlemin toplam nokta sayist 19 + 3 = 22 olur. Bu ise
diizlemin toplam nokta sayisinin 21 olmasi ile g¢eliskidir
(Bak. Sekil 2).

Ny
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totally 6.2 = 12 points are added to 7z . Thus, it is obtained
totality of 19 points of the plane. As the plane has a
totality of 21 points, it needs to be determined 2 points.

Points M, M,, M5 must be collinear. Otherwise, each

of the lines MM ; where i # j € {1,2,3} contains a point

of 7 not on the lines. This gives 3 new points. Thus, the
plane has a totality of points 19 + 3 = 22. This is a
contradiction by being totality of 21 points of the plane
(See. Figure 2).

Figure 2. A basis for projective plane of order 4
Sekil 2. 4. mertebeben projektif diizlem i¢in bir baz

M{,M,,M5 den gegen dogru ¢ olsun. ¢ dogrusu;
M] de N1N2 ve N3N4, M2 de N1N3 ve N2N4,
My de N{N4 ve NyN3 dogrularmni kestiginden ¢ nin

geriye kalan N5 ve Ng noktalart bu dogrularin higbiri

iizerinde olamaz. Bdylece 7 nin 19 + 2 = 21 noktasi
bulunmus olur.

Problemimizi sonlandirmak i¢in geriye kalan dogrular
belirlemek yeterlidir,. H= {NI,NZ,N3,N4,N5,N6}
climlesindeki herhangi ii¢ nokta dogrudas olmadigindan H
climlesi 7 nin bir hiperovalidir. 7 nin her dogrusu H
hiperovalini ya iki noktada keser ya da hicbir noktada
kesmez. Ciinkii; N5 veya Ng dan gecen N5 Ng dan
farkli bir dogru geri kalan 6 dogruyu Ny, N,, N3, Ny
noktalarindan farkli bir noktada keserse, bu dogru 7
noktali bir dogru olur ki bu, 7 nin her dogrusunun 5
noktali olmasi ile gelisir. H hiperovalinin geri kalan
N;,N,,N3, N4 noktalarimin herhangi birinden gegen
bir dogrunun ¢ dogrusunu bir noktada kesecegi agiktir.
Bu nokta; M|, M, ya da M5 noktalarindan biri

olamayacagina gére N5 ya da Ng olmak zorundadir.

Dolayistyla H hiperovalini tek noktada kesen bir dogru
yoktur. Hiperoval tanimi geregince H yi 2 den fazla
noktada kesecek bir dogrunun olamayacagi asikardir.
Sonug olarak 7 nin her dogrusu H hiperovalini ya iki
noktada keser ya da higbir noktada kesmez.

Let ¢ be the line through M{,M,,M5. Since the
line ¢ intersects NNy and N3Ny in M| , N{N3
and NpN4 in M, , N\Ngy and NyN3 in M5y ,
remaining points N5 and Ng of ¢ lie on no these lines.
So, it is found 19 + 2 = 21 points of 7 .

Then it is sufficent to determine remaining lines to
conclusing our problem. Since any three points of
HZ{NI,Nz,N3,N4,N5,N6} are not collinear, H is
hyperoval of 7. Each lines of 7 meets hyperoval H
either 2 points or no points. Because, if a line is different
from N5 Ng and passing N5 or Ng intersects
remaining 6 lines a point apart from N;,N,, N3, Ny.
This line contains 7 points, but this is a contradiction with
being 5 points on each lines in 7z . It is clear that a line
passing any one of the remaining points of hyperoval H
Ny,N,,N;3,N4 intersects the line ¢ at one point.

Since this point doesn’t be M, M, or M5, it must be

N5 or Ng. So, there isn’t a line which meets hyperoval

H at one point. It is clear that no line intersects more than
2 points to H from hyperoval’s define. Eventually, each
lines of 7z meets hyperoval H either 2 or no points.
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Bu durumda H yardimiyla 7 nin noktalart ve
dogrular1 belirlenebilir. R, 7 nin H de olmayan bir
noktasi olsun. R iizerinde H ile kesigen ii¢ dogru vardir.
Bu dogrular 3 ikiliyle H nin bir par¢alanigini (parcalanis, 6
elemanli bir kiimenin ii¢ ikiliye ayrilmasidir.) belirtir. Bu 3
ikiliyle H nin 6 noktasinin 15 pargalanisli 15 R noktasi
tanimlanabilir. Boylece diizlemin 6 + 15 = 21 noktasi
bulunmus olur ki bu toplam nokta sayisidir. Dolayistyla
noktalar ctimlesi tamamlanmus olur.

Simdi diizlemin geri kalan dogrularmi belirlemek
istiyoruz. 7  nin H yi iki noktada kesen

6 :ﬂzﬁzl 5 tane dogrusu H nin igerdigi nokta
2) 420 2

ikilileriyle de belirtilebilir.

Geriye H yi hi¢bir noktada kesmeyen 6 dogruyu
belirlemek kalir. H nin 3 ikili seklindeki her bir pargalanisi
bir R noktasi belirtir ve bu sekilde bulunan 5 nokta
diizlemin yeni bir dogrusunu verir. Bu tiir toplam 6 dogru
vardir. Boyle her bir dogru H nin bir faktorizasyonu olarak
adlandirilan 5 parcalanmigin bir kiimesi olarak da ifade
edilebilir.

H nin tam olarak 6 faktorizasyonunun oldugunu
gormek kolaydir. Bu aym1 zamanda H yi hi¢bir noktada
kesmeyen 6 dogru ve bunlarin iizerindeki noktalar: verir.
H yi 2 noktada kesen 15 dogru ve bunlarin iizerindeki
noktalar kolayca belirlenebilir.

Sonug olarak 7z nin toplam 21 nokta ve 21 dogrusunu
belirlemede her agsama tek tiirlii tamamlanabilir. O halde
7T bir tektir.

P, 5.mertebeden bir projektif diizlem olsun. P de
31.(31-1).(31-6).(31-15).(31-25).(31-30)
6!
vardir. Bunlardan bir tanesini O temsil etsin. P nin toplami1
31 olan dogrularinin, 6 tanesi O ile birer ortak noktaya
sahip olan teget, 15 tanesi O ile ikiger ortak noktaya
sahip olan kesen ve 10 tanesi O ile ortak noktasi

bulunmayan passant dogrusudur.

=13100 oval

i cift olmak sartiyla P nin O da kapsanmayan 25
noktasindan i teget ilizerinde olanlarinin sayisi n(l)

olsun. Bu takdirde i {zerinden toplam almarak

n(@)i =30 ve n(i)ilT_l) =15 oldugu goriiliir. Buradan

n(2)= 15 ve Vi>2 igin n(i)z 0 dir. Boylece her bir
teget dogru ¢ifti farkli noktalarda kesisir ve bu noktalara
tegetsi nokta adi verilir. Bu tip noktalar T harfi ile
gosterilsin. P nin geriye kalan n(O): 25-15=10 noktasi

hicbir teget lizerinde degildir. Dolayisiyla O nun 3
keseninin arakesitidir ve bir parcalanig tanimlar. Boyle
noktalar1 belirtmek igin de S harfi kullanilsin. SYN; S tipli
noktalarla belirlenen 10 pargalanigin bir kiimesi olsun.

Herhangi bir kesen, O {izerinde 2 tegeti keser ve geriye
kalan 6 — 2 = 4 tegeti de 2 T tipli noktada keser. Boylece
kesenler tizerinde geriye kalan 6 — 2 — 2 = 2 nokta S tipli
noktadir. Buradan her ¢iftin SYN de iki kez ortaya ¢iktig1
anlagilir.

In this case, the points and lines of 7 are determinable
with the help of H. Let R be a point of 7 not in H. There
are three lines on R meeting H. These lines determine a
partition (partition is a set which has 6 elements divided
into three pairs) of H into three pairs. It can be defined the
15 points R with the 15 partition of the 6 points of H into
three pairs. So, 6 + 15 = 21 points of the plane is found
that these are total of points. Therefore, the set of points is
completed.

Now, let we want to found remaining lines of the plane.

2) 42 2
H can be identified also the pairs which contaning H.

(6J __o 56 —15 lines of 7z which meet two points to

It remains to identify the 6 lines missing H. All
partition of H into 3 pairs determines a point R and 5 point
finding in this manner gives a new line of the plane. There
are total 6 such lines. So each such line can be also
explained as a set of 5 partitions, which is called
factorisation of H.

It is easy to see that there is exactly 6 factorisations of
H. It gives also six lines missing H and points on them. 15
lines meeting H in two points and all points on them are
easily determined.

Finally, all steps for determining total 21 points and
total 21 lines of 7z can be completed uniquely. Then, 7 is
unique.

Let P be a projective plane of order 5. There are
31.(31-1).(31-6).(31-15).(31-25).(31-30)
6!
ovals in P. Let O represents one of these ovals. Of the 31
lines of P; 6 are tangent which meet O in one point, 15 are
secant which meet O in two points and 10 are passant

which disjoint from O.

=3100

If i is even, 25 points of P not in O, let n(l) be

number of the points of P not in O lying on i tangents.

Then it is shown that }" ;)7 =30 and . (iz 71-'):15'
Z ) Zn(z) 5

It follows that n(2) =15 and n(i)z 0 for Vi > 2. Thus

each pair of tangents meets in different points and these
points are called as a tangential point. These type of points
are doneted by T. The remaining n(O) =25-15=10 points

of P lies on no tangent are the intersection of three secants
to O and this is give a syntheme (a partition). Let we
denote these points by S. Let SYN be the set of 10
synthemes determined by the S point.

Any secant meets two tangents on O and the remaining
6 — 2 = 4 tangents in two T points. Thus remaining 6 — 2 —
2 = 2 points on the secants are S points. It follows that
each pair occurs twice in the SYN.
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Her bir T tipli noktadan gecen 6 dogrunun 2 si teget, 2
si kesen ve kalan 2 si passant dogrusudur.

3 den daha fazla T tipli nokta kapsayan bir passant
dogrusu bir teget dogrusu ile c¢akisacagindan hicbir
passant dogrusu 3 den fazla T tipli nokta kapsamaz.
Boylece 10 passant dogrusunun her biri tam olarak 3 T
tipli nokta kapsar ve bu yiizden geri kalan 3 noktast S
tipindendir.

T tipli noktalar O daki giftlere karsilik geldiginden her
bir passant dogrusu kendisinin 3 ayrik ¢ifti olan T tipli
noktalar ile belirlenir. Burada 15 pargalanis ve her birine
karsilik gelen 3 farkli T tipli nokta vardir. Boyle elde
edilen 10 parcalanisin ciimlesi SYN' olsun. SYN=SYN'
dir. Gergektende (AB)(CD)(EF), SYN de olmayan bir
parcalanis ise A ve B den gegen tegetlerin arakesitindeki T
tipli nokta, CD ve EF kesenleri {iizerinde bulunur.
Hesaplamalar yardimiyla bu durumun C ve D iginde
gecerli oldugu goriilebilir. Boylece A ve B den gecen
tegetlerin arakesitindeki T tipli nokta ile C ve D den
gecen tegetlerin arakesitindeki T tipli noktay1 birlestiren
dogru E ve F den gecen tegetlerin arakesitindeki T tipli
noktayr kapsamayan EF kesenidir. Bu yiizden
(AB)(CD)(EF), SYN' de degildir. Dolayisiyla SYN!, SYN
de kapsanir ve ayni sayida elemana sahip oldugundan
SYN=SYN' dir.

Bu ise “AB, CD, EF kesenlerinin bir noktada
kesismesi i¢in gerek ve yeter sart bunlara karsilik gelen T
tipli 3 noktanin dogrudas olmasidir.” sonucunu verir.

P nin yapisint belirlemeyi tamamlamak igin passant
dogrulari iizerindeki noktalar1 hesaplamak gereklidir. Bir
| passant dogrusu iizerindeki bir T tipli nokta iki kesenin
arakesiti oldugundan bdyle 3 nokta 3.2 = 6 kesen ile / nin
arakesitidir. Passant dogrusu, geriye kalan 15-6=9 keseni
S tipli 3 noktada keser.

Figure 3. A configuration of projective plane of order 5
Sekil 3. 5. mertebeden projektif diizlemin bir konfigiirasyonu
Sonug olarak P, 6 elemanli bir O kiimesi iizerinde bir
totalin segimiyle tek sekilde bellidir. 6 elemanli bir kiime
tizerinde var olan toplam 6 total birbirine denk oldugundan
P tektir.

Sekil 3 ile 5. mertebeden bir projektif diizlem temsil
edilmektedir. Sekilde diizlemin toplam 31 noktast ve ici

G.U. J. Sci., 18(2):315-325 (2005)/ Atilla AKPINAR*

Of the 6 lines through each T point, 2 are tangent, 2 are
secant and so the remaining 2 are passant.

No passant line contains more than three T points,
because any passant line which has more than three T
points lies on a common tangent. Thus each of the 10
passant lines contains exactly three T points and the
remaining 3 points are S-type points.

Since the T-type points corespond to the pairs in O,
each passant lines is determined by T points which are
three distinct pairs of O. In this case, there are 15
synthemes each of them correspond 3 different T-type
points. Let SYN' be set of 10 synthemes obtaining in that
way. SYN is equal to SYN". If (AB)(CD)(EF) syntheme is
not in SYN, T-type point which is the intersection of
tangent lines passing A and B lies on the secants CD and
EF. By the calculations it can be seen that similar
argument is valid for the point C and D. Thus the line
joining T-type point which is the intersection of tangent
lines passing A and B and T-type point which is the
intersection of tangent lines passing C and D is secant EF
which doesn’t contain T-type point which is the
intersection of tangent lines passing E and F. So
(AB)(CD)(EF) is not in SYN". So, SYN' is contained in
SYN. Since they have same element, SYN is equal to
SYN'.

It gives to the corollary “AB, CD, EF secants are

concurrent if and only if 3 T-type points coresponding
them are collinear.”

For the completing to determining of structure of P, It
needs to calculate the total number of the points on
passant lines. Since a T point on passant / is intersection
of two secants, such 3 points lies on 3.2 = 6 secants and / .
Passant line intersects remaining 15-6=9 secant in 3 S
points.

Finally, P is determined uniquely by choosing of a
“total” on set O with 6 elements. Since all 6 total, existing
on set consisting 6-element are equivalent, P is unique.

Figure 3 is represents to the projective plane of order 5.
In this figure, it is shown 31 points of the plane and 6 lines
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koyu olarak boyanmis noktasindan gecen 6 dogrusu
goriilmektedir. Kesik cizgiler sabit kalmak sartiyla seklin

her 72° dondiiriilmesiyle, her seferinde diizlemin farkli 6
dogrusu elde edilir. Bu sekilde toplam olarak 30 farkli
dogru elde edilir. Diizlemin son dogrusu ise seklin en
disindaki 5 nokta ile ortasindaki noktadan olusur. Sekil 3
iin renkli haline ve bununla ilgili agiklamalara (6) dan
ulagilabilir.

4. mertebeden projektif diizlemin tekligi i¢in (7) ya da
(8) ve 5. mertebeden projektif diizlemin tekligi igin (9) a
bakilabilir.

6. mertebeden projektif diizlemin yoklugu G.Tarry
tarafindan 1901 de gosterilmistir ve Bruck-Ryser
Teoreminin sonuglart da 6.mertebeden projektif diizlemin
yoklugunu 6zel bir durum olarak kapsamaktadir (3).

4. YEDINCi MERTEBEDEN PROJEKTIF DUZLEM

W.A Pierce; 57 noktali bir projektif diizlemde herhangi
bir Fano konfigiirasyonunun bulunamayacagini gosterdi
(10) ve Marshall Hall, JR. bu sonugtan hareketle 57
noktali herhangi bir projektif diizlemin Dezargsel
oldugunu, dolayisiyla tek oldugunu ispatladi (11, 12). Bu
ispat ta, 2. ve 3. mertebeden projektif diizlemlerde oldugu
gibi yine diizlemin elde edilis yontemine dayanmaktadir.
Her biri 4 er nokta kapsayan 9 dogrulu bir konfigiirasyon
baz almarak 7.mertebeden projektif diizlemin miimkiin
dogru tipleri belirlenmistir. Bu dogru tiplerinin sayist ve
belli bir noktadan gecen dogru tiplerinin sayist ile ilgili
bulunan bagntilardan projektif diizleme genisletilebilecek
2 durum tespit edilmistir. Bu durumlardan biri Fano
konfigiirasyonu kapsadigindan diger durum goz Oniine
almmistir ve bu durum Moufang in Teorem Dy in

konfigiirasyonudur ~ve  meydana gelen  diizlem
Dezargseldir (13).

5.SEKIZINCI MERTEBEDEN PROJEKTIF
DUZLEM

Teorik arastirmalarla 8 ve daha biiyiik mertebeden var
olan projektif diizlemleri kurmak ve tekliklerini
kanitlamak zorlagmaktadir. Bu yilizden arastirmalar
bilgisayar destekli ya da tamamen bilgisayara dayali
olarak yapilmistir. Ancak bu asamada da bilgisayar
arastirmalari bir noktaya kadar cevap verebilmektedir.

8. mertebeden projektif diizlemin tekligi, 7. mertebeden
latin karelere dayanir. Hesaplarin teorik kaynagi ise “n .
mertebeden bir afin diizlemin var olmasi i¢in gerek ve
yeter sart 7. mertebeden birbiriyle ortogonal olan n—1
elemanli bir latin kare climlesinin varolmasidir.”
teoremine dayanmaktadir. “n. mertebeden bir afin
diizlemin varligi ile 7. mertebeden birbiriyle ortogonal
n—1 elemanl bir latin kare ciimlesi arasindaki karsilik

gelmenin ilk ispat1 (14) e dayanir. Bu teoremin ispati igin
(15) ve (16) ya bakilabilir.
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Norton, 7. mertebeden 146 tane latin karenin bir
listesini verdi (17). Sade bu listede bir eksik buldu ve
eklenilen degisikligi kapsayan listenin tam oldugunu
gosterdi (18).

Toplam sayis1 147 olan bu 7. mertebeden latin kareler
8. mertebeden diizlem aragtirmasinin baglangi¢ noktasidir.

of the plane passing the point filled in dark. If figure by

every 72°s rotating of this figure with leaving fix all of
trunced lines, distinct 6 lines of the plane are obtained.
Using this method totally 30 distinct lines handled. The
last line of the plane is consisting 5 points of outside of the
figure and the center point of the figure. Detailed
explanations about figure 3 and coloured figure can be
found in (6).

The uniqueness of the projective plane of order 4 and
order 5 can be found (7) or (8) and (9), respectively.

Non-existing of the projective plane of order 6 was
shown by Tarry in 1901 and it can be also seen from the
corollaries of the Bruck-Ryser theorem in particular case

€)2
4. THE PROJECTIVE PLANE OF ORDER 7

W.A Pierce showed that any Fano configuration is not
contained in a projective plane with 57 points (10) and
using this fact Marshall Hall, JR. proved that any
projective plane with 57 points is Desarguesian and hence
unigue (11,12). Also, his proof is based on the method of
constructing the plane like as in projective planes of order
3 and 4. Taking a configuration with 9 lines which have 4
points on each as a basis, possible line types of projective
plane of order 7 are determined. Thanks to the number of
these line types and the relations about the number of line
types passing a fixed point, it is determined that two cases
which will be extended to projective plane. Since the one
of these structures contains Fano configuration, other case
is considered and this is the configuration of Moufang’s
Theorem Dg (“A-Netz”) and the generated plane will be
Desarguesian (13).

5. THE PROJECTIVE PLANE OF ORDER 8

It is getting hard to proof of uniqueness and to
construct, existing projective planes of order 8 and more
by theorical arguments. Hence, researchs are done by
using computer partially or completely. However,
computer researches can be given partially answer, in this
stage.

Uniqueness of the projective plane of order 8 based on
Latin squares of order 7. Teorical source of calculations
based on the theorem “A set of 7 —1 mutually orthogonal
Latin squares of order n exists if and only if an affine
plane of order n exists” First proff of the corresponding
between a set of n —1 mutually orthogonal Latin squares
of order #n and existence of an affine plane of order n is

based on (14). For proof of this theorem it can be seen to
(15) and (16).

Norton gave a list of 146 Latin squares of order 7 (17).
Sade found an omission in this list and showed that new
list with this addition is complete (18).

These total 147 Latin squares of order 7 are the starting
point of the investigation of plane of order 8. The
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8. mertebeden bir projektif diizlemin ticgen ve dortgen
sayilart lizerinden yapilan bir inceleme ile 147 latin
kareden sadece 100 tanesinin kullanilmasmin yeterli
olacagi gortilmistiir (19).

Bundan sonra yapilan is latin karelerin tam diizleme
genisletilmesidir. [OO] dogrusunun ve sonsuz noktalarmin
eklenmesiyle bir projektif diizleme genisletme basit
oldugundan islemlerin kolayligi i¢in 8. mertebeden bir afin
diizlem incelenecektir.

Teorik birka¢ islemden sonra bilgisayar yardimiyla
yapilan diizleme genisletilmede bilgisayara girdi olarak
alinan 7. mertebeden 100 latin kareden sadece bir tanesi
tam diizleme genisletilmistir. Ancak bu kareyi diizleme
genisleten 4 farkli yoldan ikisi latin kareyi bir afin
diizleme tamamlayamazken diger ikisi  benzer
tamamlamaya yol agmustir yani elde edilen diizlemler
izomorf olmaktadir. Bu yiizden genisletme bir tektir ve
elde edilen geometrik yap1 8. mertebeden afin diizlemdir.
Dolayisiyla 8. mertebeden bir tek projektif diizlem vardir.
Daha ayrintil bilgi i¢in (19) a bagvurulabilir.

6. DOKUZUNCU MERTEBEDEN 4
PROJEKTIF DUZLEM
9. mertebeden dort farkli  projektif diizlem
bilinmektedir. Bunlar Dezarg diizlemi, Sol yaklasik cisim
diizlemi, Sag yaklasik cisim diizlemi ve Hughes
diizlemidir. Asagida bu diizlemlerin cebirsel yapilar
tizerinde kisaca durulacaktir.

S =1{0,1,2,a,b,c,d,e, [} olsun ve S iizerindeki @
F =GF(©9)
alinsin.Burada

b=a+lLc=a+2,d=a+a,e=d+1Lf=d+2 ve

FARKLI

islemi cisminin toplama islemi olarak

1+2=a+d =0 dir. S iizerindeki ® islemi asagida
verilen Cizelge 1. deki gibi tanimlansin:

®|0 1 2 a
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investigation on the number of triangle and quadrilateral
of projective plane with order 8 is shown that only 100 of
the 147 Latin squares are sufficent for this investigation
(19).

The work which is done after this is extenting the Latin
squares to plane. Since the extention to projective plane by

adding infinite points and [00] line is easy, an affine plane

of order 8 will be investigated for shorth-cutting of
proceses.

Only one of 100 Latin squares of order 7 taking as the
entry to computer have been extending the plane by
computer after some theorical operations. But, while two
of 4 distinct ways of founding extented affine plane from
the Latin square is not working, the other ways lead to
same completions, that is, resulting planes are isomorphic.
So, the extention is unique and the obtained geometrical
structure is affine plane of order 8. Therefore, there exists
the unique projective plane of order 8. It can be applied to
(19) for more detail information about this.

6. FOUR DISTINCT PROJECTIVE PLANE OF
ORDER 9
Four distinct projective plane of order 9 are known.
These are Desarguesian plane, the left nearfield plane, the
right nearfield plane and Hughes plane. We will give some
briefly information about on algebraic structures of these
planes.

Let S = {O,I,Z,a,b,c,d,e,f} and operation @ on §
be as the additional operation in field F' = GF(9) when
b=a+lc=a+2,d=a+a,e=d+1,f=d+2 ve

1+2=a+d =0. Let operation ® on § define as in
Table 1. :

Table 1. Operation ® on S
Cizelge 1. S iizerinde ® islemi

(S,®,®) bir sag yaklagik cisimdir. Bu yaklagik
cisim S (9) ile gosterilir. Cebirsel yapisi 9. mertebeden bir

c d e f
0 0 0 O
c d e f

b 1 f ¢
d e a 1
2 b 1 d
f 2 b e
1 f 2 a
a ¢ d 2

Then (S,®,®) is the right nearfield plane. This
nearfield is doneted by S (9). Projective plane whose
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sag yaklasik cisim olan projektif diizlem asagidaki gibi
ingaa edilir:

N = {[x,y,l]:x,y esS }u {[l,x,O] xesS }u {[0,1,0]} noktalar
ciimlesi,

D={(mLk):m,k e S JU{(1L0,k):k e 5 pu{(0,01) ]

dogrular climlesi ve

o: [x,y, z] 0<m,n,k> & xm+yn+zk=0  lizerinde
bulunma bagintisi olmak iizere [P =(N,D,0) diizleminin

bir projektif diizlem oldugu bilinmektedir (15).

S (9) yardimiyla kurulan 9. mertebeden projektif
diizlem r14(9) ile gosterilir.

Her x,y € S (9) igin * islemi x*y =y ®x olarak
tamimlanirsa (S , @ , *) bir sol yaklagik cisimdir. Bu sol
yaklagik cisim tizerine kurulan TIT 5(9) un duali olup
farkli bir projektif diizlemdir (15). Bu projektif diizlem

Hg (9) ile gosterilir.

9. mertebeden diger bir diizlem ise diizlemsel halkasi
lineer olmayan, bu yiizden IT 5(9) ve Hg(9) projektif
diizlemlerinden farkli olan IT g (9) ile gosterilen Hughes
diizlemidir.

p tek asal say1 ve h pozitif tamsay1 olmak iizere

q= ph olsun. q2 mertebeli bir sag yaklasik cismin

varligt ve bu yaklasik cisim iizerine kurulan Hughes
diizlemlerinin elde edilisi i¢in (20) ye bakilabilir.

q =3 igin en kiigiik Hughes diizleminin kurulusu ve
dualinin kendisi oldugu (15) de verilmistir.

Bu sekilde kurulan [P, F  cisim diizlemi, II 5(9),

Hg(9) ve I1 H(9) diizlemleri 9. mertebeden bilinen

projektif diizlemlerin tamamini olusturmaktadir. Bu farkl
4 projektif diizlem ile ilgili ayrintili bilgi (21) de
verilmistir..

9. mertebeden projektif diizlemler {izerine bilgisayarla
Lam tarafindan yapilan bir arastirmada 8. mertebeden
283.657 izomorf olmayan latin kare iizerinde ¢alisilarak 9.
mertebeden genel bir projektif diizlemin yapisi
incelenmistir. Bilgisayarda meydana gelebilecek bir
hatanin  veya bilinmeyen bir donanim hatasinin
aragtirmanin bir dalinin kaybedilmesine yol agabilecegine
ve bunun yeni bir diizlem olusturabilecek tek dal
olabilmesi olasiligina dikkat ¢ekilmistir. Bu da bilgisayar
programiyla elde edilen sonuglar icin kesin karari
engellemektedir. Teorik arastirmalarla elde edilenler ile
bilgisayar sonuglar1 uyustugundan bilgisayar programinin
dogru oldugu ve 9. mertebeden baska bir projektif
diizlemin varolmadig: iddia edilmektedir. Daha ayrintili
bilgi i¢in (22) ye bakilabilir.

algebraic structure is the right nearfield plane of order 9 is
constructed in following manner:

Set of the points;
N={[yl]:x,yestuf{ll,x0]:xes }u{f010]},

Set of the lines;
D={(mLk):mk e S jU{(10,k):k e S }U{(0,01)}

and

Incidence relation,
o: [x,y,z]o(m,n,k) S xm+yn+zk=0
Then it is known that [P = (N ,D,O) is projective plane
(15).

Projective plane of order 9 constructing by S (9) is
denoted by Ilg (9)

If operation * is defined as x*y=y®x for all

x,y€ S9), (S,®,*) is the left nearfield. The plane
constructing over this nearfield is the dual plane of
HS(9) and it is, not isomorphic to HS(9) (15). This

plane is doneted by Hg (9)

Hughes planes which is represented by IT (9) is the
other plane of order 9 which has nonlinear ternary ring
and hence different from projective planes I1 5(9) and

114 (9).

Let q=ph, where p is odd prime and & is a
positive integer. The existence of the right nearfield of

order q2 and the construction methods of the Hughes
planes over this nearfield can be seen from (20).

The construction of the smallest Hughes plane for
q =3 and self duality of this plane is given in (15).

IR F, HS(9), H§(9) and HH(9) constructing in
these manner are consist of all known projective planes of

order 9. In (21) more detailed information about these
distinct four planes is given.

Getting in the search which is done by Lam by
computer on projective planes of order 9 is worked on
283.657 non-isomorphic Latin squares, it is note that it can
lead the lost a branch of the search because of unknown
hardware error or occuring a error in computer; and that
there is a possibility that this is a only branch where new
plane occurs. Thus, it prevents to definite decision for
computer programs. Because of the agreement of the
computer results with those obtained by theorical means it
is claimed that the computer program is correct and that
there is no another projective plane order 9. It can be seen
to (22) for more detail information.
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10. mertebeden projektif diizlemin var olup olmadig:
hakkinda Bruck-Ryser Teoremi bir sey vermemektedir.
Ayni zamanda 10, Bruck-Ryser Teoreminin bir projektif
diizlemin mertebesi olup olamayacagi hakkinda bir sey
sOylemedigi en kiigiik sayidir. Bu yiizden arastirilmaya
deger onemli bir diizlemdir. Bilgisayar yardimiyla 10.
mertebeden projektif diizlemin var olup olmadiginin
incelenmesine dair birgok arastirma vardir. Bu
arastirmalara bir 6rnek olarak (23) e bakilabilir. Bugiine
kadar 10. mertebeden bir projektif diizlem bulunamamustir
ve Lam 15 yil siiren bilgisayar aragtirmalarinin hikayesini
anlattigi (23) deki makalesinde bdyle bir diizlemin
bulunmadig1 sonucuna varmustir.

9. ve 10. mertebeden projektif diizlemler i¢in bilgisayar
sonuglarin1 dogrulayacak teorik ispatlar verilememistir.

7. SONUC

Projektif diizlemin mertebesi biiyiidiik¢e teorik olarak
elle yapilan islemler zorlastigindan yapilan arastirmalarda
bilgisayar kullanilmas1 zorunlu hale gelmistir. Bu agamada
ise  bir projektif diizlemin bilgisayarda nasil
incelenebilecegi ya da bir projektif diizlemin yapisinin
bilgisayar dilinde nasil ifade edilebilecegi sorusu ile karsi
karstya kalinmistir. Bu noktada en ¢ok bir projektif
diizleme genisletilebilen latin karelerden faydalanilmistir.
Ancak, bu aragtirmalardan da elde edilen yeni bir bilgi
yoktur denilebilir.
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The Bruck-Ryser theorem doesn’t give anything about
the existence or nonexistence of the projective plane of
order 10. Also, 10 is the smallest number which doesn’t
say anything about whether order of projective plane is or
not by using the Bruck-Ryser theorem. Therefore, it is
important plane which is worthy to be search. There are
many searches by computer about whether projective
planes exist or not with order 10. It can be seen to (23)
that as an example to these searches. So far, a projective
plane of order 10 hasn’t been found and Lam deduced that
so plane doesn’t find in his article which says the story of
his computer search during 15 years.

Theorical proofs which will testify to the results of
computer for projective planes of order 9 and 10 are not
given.

7. CONCLUSION

As order of projective plane is more; because it forces
to do teoritically the operations which are done by hand, it
has been obligatory using computer in doing searches. In
this stage, it has been faced to questions about in the
computer how to explain a projective plane or in the
computer language how to examine structure of a
projective plane. In this point, it is made the most of Latin
squares which is extended to projective plane. But, it is
said that there isn’t new information obtaining from these
searches.
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