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ABSTRACT

In this paper, the principal functions of the system of finite Sturm-Liouville
differential operators corresponding to the eigenvalues and spectral singularities
are investigated. We have proved that the principal functions of L corresponding

to the eigenvalues are in L, (R, ,C N) and the principal functions corresponding
to the spectral singularities are in another Hilbert space which contains

L,(R,,C").
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SONLU STURM - LIOUVILLE DiFERENSIYEL OPERATORLER SISTEMININ
OZDEGERLERINE VE SPEKTRAL TEKILLIKLERINE KARSILIK GELEN ESAS

FONKSIYONLAR
OZET

Bu c¢alismada sonlu Sturm-Liouville diferensiyel operatdrler sisteminin
O0zdegerlerine ve spektral tekilliklerine karsilik gelen esas fonksiyonlar
incelenmistir. Ozdegerlerine karsilik gelen esas fonksiyonlarin L2 (R“CN )
uzayna, spektral tekilliklere karsilik gelen esas fonksiyonlarm L, (R“CN )

uzayni i¢eren bir baska Hilbert uzaya ait oldugu ispatlanmustir.

Anahtar Kelimeler: Ozdeger, spektral tekillik, esas fonksiyon

1. GIRiS

Non-selfadjoint  diferensiyel operatorlerin  spektral
analizi, Naimark tarafindan incelenmeye baglanmistir[2].
Operatoriin = kutbu olup, 06zdeger olmayan, siirekli
spektrumda yer alan noktalara Schwartz spektral tekillik
adimi vermistir[4]. Bu noktalar operatoriin spektral
analizinde Onemli bir rol oynar. Lyance spektral
tekilliklere karsilik gelen esas fonksiyonlarin 6zelliklerini
incelemis ve spektral tekilliklerin spektral agilimindaki
etkisini incelemistir [3]. Spektral tekilliklere sahip non-
selfadjoint ~ operatorlerin ~ spektral  analizinin  bazi
problemleri ¢alisilmistir [6]- [9].

1. INTRODUCTION

The spectral analysis of the non-selfadjoint differential
operators has been investigated by Naimark [2]. He has
proved that some of the poles of the resolvent are not the
eigenvalues of the operator and also shown that they are
on the continuous spectrum.These points are called
spectral singularities by Schwartz [4]. So, in [2], it has
been shown that pectral singularities have a special role in
the spectral analysis of an operator. The properties of the
principal functions corresponding to the spectral
singularities and the effect of the spectral singularities to
the spectral expansion is investigated by Lyance [3]. Some
problems of the spectral analysis of non-selfadjoint
operators with spectral singularities are studied in [6]- [9].
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Ly(R,.C") uzays

bi¢imindeki biitiin vektdr fonksiyonlarinin
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L,(R,,C") is a Hilbert space of the vector functions
such that

I

with

AP = [ Sl dx

on=1

normu ile birlikte bir Hilbert uzayidir.

Lin)==yn +q (X)y,,
n=12,.,N, xe R, =[0,0)
bi¢imindeki sonlu Sturm-Liouville diferensiyel ifadeler

sistemini goz 6niine alalim. Burada ¢q,, n=12,...,N

kompleks degerli fonksiyonlardir. Z,(R +,CN ) uzayimnda

We consider following the system of Sturm-Liouville
differential expression

L) ==Yy +q (X)yy,
n=12,..,N, xe R, =[0,0)
Here q,, n=12,..,N are complex-valued functions.

Let L is generated operator by the expression

L)
L(»)

1(y):

In(yn)

ifadesi ve y(0)=0 baslangi¢ kosulu yardimiyla iiretilen
q,.n=12,...,N kompleks degerli

fonksiyonlar olduklarindan, L operatdrii non- selfadjointtir

[2].

operator L olsun.

1. I(y)= p2 y Denkleminin Ozel Coziimleri

in Ly(R,,C") and y(0)=0. Since q,,n=12,..,N

are complex-valued functions, L is non-selfadjoint [2].

1. Special Solutions of /() = pzy :

Let us consider the following equation

" 2
-y +0()y=p7y. xeR, (1.1) " T R
denklemini g6z 6niine alalim. Burada —y HO0My=pTy. x€R, (.
where
N
2
y= ’
YN
@) 0 0
0 g2(%) 0
O(x) ==
0 0 gy (x)
olarak tammlanir. p spektral parametredir. Kabul edelim p is spectral parameter. We assume that ¢,

ki, q,, n=12,...,N fonksiyonlart

n=12,.,N satisfies
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J‘x‘qn(x)‘ dx(o >, = 1,2,..,N (1.2)
0
kosulunu saglasin[1].

(1.1.) denkleminin lim E(x, ﬂ)e"@r = [ kosulunu biitiin
X—>00

pe(T+ = {p;pec,lmpzo} IQIH saglayan E(x,p)

matris ¢oziimiinii géz oniine alalim[1]. Burada I, C N
deki birim matristir.
(1.2) sarti varsa, E(x, p) ¢0zimii

_el(xap) 0
0 eZ(xvp)
E(x,p) =
0 0

gosterimine sahiptir [1]. Burada

o0

e,(x,p) =" + j K,(x,t)ePdt, n=12,..N
X

bi¢iminde tanimlanir. K (x5, 0) fonksiyonlari

o0

K, (x| <c j |g, )| du . n=12,..,N (1.4)
X
2

sartin1  saglar. Boylece e, (x, p), n=12,...N

fonksiyonlar1 C, = {p :peC,Imp) 0} bolgesinde p
ya gore analitiktir ve CT da siireklidir.
Asagidaki ctimleleri tanimlayalim:

4, ={p:peC,.e,(p)=0}
Ar% :{p:pER’en(p):O}

N
det E(p)=[]en(p)>

n=l1
0 .
e, (p)=e,(0,p)=1+ [Kn 0,0 dt
X
o,(L) ve o, (L) L operatdriinin sirasiyla

6zdegerlerinin ve spektral tekilliklerinin climlesi olsun.

Teorem 1.1[5]:
N
a) oq()=UJ Brl: dir. Burada
n=1
Bi, = {/1 A=plpe A,11 } olarak tanimlanir.
N
b) Gss(L) = UBr% {O}
n=1
2 _.9-,42 2
Burada B, = \1: 4 = p~, p € 4, ( olarak tanimlanr.
Ayrica (1.1) denkleminin = S(0,p)=0, S'(0,p)=1

baslangi¢ kosullarini saglayan ¢6ziimii
S(x, p) olsun.

[x|g, ()| dx(e » n=12,...N (1.2)
0

[1].

E(x, p) is a matrix solution of (1.1) equation which

satisfies lim E(x, 2)e "™ = condition
X—>0

peC, = {p peClmp > O} [1]. I is a unit matrix on

C N
If (1.2) exists , E(x, p) has following representation
0
0
(1.3)
ey (x,0) ]
[1]. Where

e,(x,p) = &Py IKn(x,t) &Pdr, n=12,...N
X

K, (x, 1) functions satisfy

o0
|K,,(x,t)| <c _[ |qn(u)| du , n=12,.,N (1.4)
X+t
2
Thus e, (x,p), n=12,..,N vector functions are
analytic with respect to 2 in

C, = {p :peC,Imp) O}and continuos in a .
Let us define following sets
1
Ay ={p:peCy.e,(p)=0}
2
Ay :{p:peRaen(p)ZO}

N
det E(p) =] e, (p)-

n=l1

ey (p)=e,(0,p) =1+ [ K, (0,0)e"" dt
X

o,(L) ve o (L) will denote eigenvalues and spectral

singularities of the operator L, respectively.

Theorem 1.1[5]:

N
a) oq(L)=JB) Where
n=l
B,I, :{A:l:pz,peA},}.
N
b) ou(L)=1J B2 {0} where
n=1

B,% ={/1:/'L=p2,peAn2}.
Let S(x,p) be the solution of the equation (1.1)
subject to the initial conditions
5(0,p)=0, 5'(0,p)=1-
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Xx€ R,  denkleminin

¥ gDy =0
5,(0,0)=0 5,(0,p)=1

¢Oziimleri s, (x, p) olmak tizere

smir  sartlarin1  saglayan

s1(x, p) 0
0 s(x,p)
S(x,p) =

bigimindedir[1].

Her peC, ve det E(p)#0 icin

St P)E(x,p)E (), 0<t(x
G(mp):{ (PIEPE (). 0=1( }
E(t,p)Sxp)E " (p), x<i(
olmak lizere L operatoriintin resolventi

fely(R,,CN) iin

(R, (L) f)(x):= jG(x, t; p) f(¢)dt bigimindedir [5].
0

2. Esas Fonksiyonlar

2.1. L Operatoriiniin Ozdegerlerine Karsihk Gelen
Esas Fonksiyonlar

C, da det E(p) nun sifirlan PLsp3 e p) VE U

stfirflarin katt  m;, m3 ,,..,m; olsun. Reel eksendeki
det E(p) nun sifirlarnt p,, p, ..., p, Ve bu sifirlarm kats
my,my,..., M, olsun.

E(x, p) ve S(x,p) ¢dziimlerinin Wronskian’1

WEGx, ). S(x, p)]= E(x, p)S (x,p) = E (x,9)S(x, p)
bigiminde tanimlamr{2]. iki ¢dziimiin Wronskian’1 x’ten
bagimsiz oldugundan

X—>0
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solutions  of  the  equations

s,(x,p)  are
—y" +4,(X)yy =p2y,, , XE R+ which satisfies the
initial conditions s, (0, p)=0 s, (0, p)=1.

0

0

SN(x»P)

[1].
For Vpe(/?+ and det E(p)# 0

The resolvent of the operator L

(R (L)) = [ Gx.1; p) f (1)t
0

St P)E(x, p)E" (p), 0<1t(x
E(t,p)S(x, p)E" (p), x <t(o0

and feLy(R,,CY) [5].

where  G(x,;p) ={

2. Principal Functions
2.1. Principal Functions Corresponding to The
Eigenvalues of The Operator L:
Let p{,p3...p; denote the zeros of det E(p)

inC, with multiplicity m{",m3,...m}. py,prspy
denote the zeros of det E(p) on the real axis with
multiplicity my,m,,...,m, .

Wronskian of the solutions E(x, p) ve S(x, p) is defined
as

WE(x, p).S(x, p)]= E(x, p)S (x, p) ~ E (x. p)S(x, p)

[2]. As Wronskian of the two solutions is independent of
X, it is obtained

lim W[E(x, p),S(x, p)] = lim [E(x,)S (0,0) - E (x,p)S(x, p)

= E(0,p)= E(p)

elde edilir.
p=0L..m =1, k=12,
oP
op
esitligi elde edilir. Eger n=0 ise
S(x,p)=ag(pE(x, py), k=12,

olur. Burada a (,0,:r )#0 dir.

(2.1.2)

—— WLE. ). SCe, ) ot ={ ‘

It is trivial that from definition of the Wronskian

P
B detE(p)} =0 (2.1.1)
o p=py
forsz,l,...,m,:r —1.If k=1,2,...j n=0 then
S(x,p)=ag(pEXx.p)), k=12,..j 2.1.2)

Where a (p;) =0
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Teorem 2.1.1.

p=0l.,mf-1,k=12,.,j igin

oP P
—8(x, ) =
op? pept  i=0

:pk

formiilii vardir. Burada ag,ay,...,a, sabitleri p; ya
bagldir.

Ispat:

Ispatta tiimevarim metodunu kullanacagiz. n=0 igin
(2.1.2) den (2.1.3) elde edilir. n=1 icin ispatlayalim.
(2.1.1) esitliginden

op

(1.’ ja,,,{ % E(x.ph )}
i 6pl

Theorem 2.1.1.

(2.1.3)

P=pf

p= 0,1,...,m; -1,k=12,..,j The constants

+
ay,a,...,a, depend on Py -

Proof:

We use mathematical induction. For n=0 the proof is
trivial from (2.1.2). Let us prove (2.1.3) for n=1. From
(2.1.1)

or oP
— WIE, ), S(x, p)I} ot = ——det E(p) =0 (2.14)
6pp k app 4
P=Py
olur. y(x, p) (1.1) denkleminin bir ¢6ziimii ise If U(x, p) is a solution of equation(1.1) , then
d 0
{__2+Q(x)y—P2}—U(x,p)=U(x,p) (2.1.5)
dx op
olur. (2.1.5) esitligi kullanilirsa By using (2.1.5) we obtain
d 0
{— — +0(x)y - o H— S(x, p)} =S(x,p;) (2.1.6)
dx op p=pt
k
d 0
{— — 0y - pi H— E(x, p)} =E(x,p}) (2.1.7)
dx pzp;

elde edilir. (2.1.2), (2.1.6) ve (2.1.7) den

x
bulunur. Burada

FiGepi) = {ai S(x,p)}
0

seklindedir. (2.1.4) den

p=py

From (2.1.2), (2.1.6) and (2.1.7)

{—%+Q<x>y—pk2}fl (x,p7)=0
d

Here
+] 0
—ap(pr) a—E(X,P)
p p=pj
From (2.1.4)

WIE(x, p),S(x, p)] = {% w [S(x,m,E(x,p)]} =0

elde edilir. O halde 8yle bir a;(p; ) sabiti vardir ki

p=p;

Hence there is a constant a; () such that

AGpi) = ay(pE, pif) veya/ or

F) F)
{5 SCx, pi )}p=p+ =ay(p; VECx, pi ) +ag(pf ){5 E(x, p)}

olur. O halde n=1 i¢in (2.1.3) formiilii elde edilir.
(2.1.3) formiilii 2< pg <m; —2 igin var olsun.

M

oPo
o S0P =
8p p= p;{r i

ai
[” ! ]a,,o_,« (p;){i E(x, p)}
N op

=P

Thus (2.1.3) holds for n=I.

Let us assume that for2 < py < m;{r —2 the equality

(2.1.3) holds; i.e.

(2.1.8)

p=pf

243
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(2.1.3) formilini py +1 i¢in ispatlayahm. Eger Now we prove that (2.1.3) holds for pgy +1, too. If

U(x, p), (1.1) denkleminin bir ¢dziimii ise U(x, p)is a solution of  (1.1) , then 0 U, p)
0P o op?
——U(x, p) ifadesi )
opP satisfies
d 2] @ 0P -~
——— 0y - p7 (U, p)=p——=U(x,p) (2.1.9
dx op op?
denklemini saglar. Writting (2.1.9) for S(x,p;) Ve E(x,p,), and

S(x,p;) Ve E(x,p;) sOzimleri i¢in (2.1.9) denklemini then using , we find

yazip (2.1.8) denklemini kullanirsak

{—LZJFQ(X)—pkz}prH (o )=0

/x
buluruz. Burada where
‘ oPo+l PO*(py +1 &'
.prJrl(xspI:—): —_HS(xapk) - z . po+l-i _-E(xvp)
oph? + =0\ ! op' +
p=p; = p=p
seklindedir. (2.1.1) esitliginden From (2.1.1) we have
N . 5P0 +1
WL g (PR ECe PEI= s WS, p), E(x, p)] =0
» =P

elde edilir. Bir a, . (o) sabiti vardir dyle ki Hence there exists a constant a, . () such that

S o1 6 Pk ) = a o1 (P DECx, o)
0 0

seklindedir. This shows that (2.1.3) holds for 7 = 1, +1.
Teorem 2.1.2: Theorem 2.1.2:
Ozdegerlere  karsik ~ gelen esas  fonksiyonlar The principal functions corresponding to the
N
Ly (R,,C"") uzaymn elemandir. eigenvalues belong L, (R, ,C N ).

p=0l...m{ —1,k=12,.,j igin

Po
O Srp)t  eLy(R,.CY)
appo

+

P=pP
p=01..mf-1,k=12,.,j

Ispat:

(1.3) ten

Proof:

From (1.3) we have

oP |
—pel (x, p) 0 . .0
o p=pj
o rep) 0
0 —e(x,p ..
or app : +
—— E(x.p) = p=py
op? _
P=Py
P
0 0 . a—eN (x,0)
6pp o+
L P=Py |

p=0,1,....,m; —1 ,k=12,...j icin for p=0,1,...,m{ —1 ,k=12,...
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P © .+
(@7 " 4 [(it)? Ky ety K e 0 o 0
il 0 (ix)peip;x +T(iz)l’1< (x t)ei'a’:tdt 0
—E(x,p) = 24 T
op? p:p; x
4w .+
0 0 L @PR 1 [P Ky (e K dr
) (2.1.10)
elde edilir. (2.1.10) kullanilirsa n =1,2,..., N i¢in Using (2.1.10) we have for n=12,...,N
or iotx 7 ot —xImpf ¥ —ilmpt
{ e (x, p)} =|(ix)? k" + J(it)pKn (x,0)ek af < xPe "k 4 Itp|Kn (x,t)|e "k gy
op 'szl-: X x
Impy0 oldugundan ve ayrica (1.2), (1.4) Since Im p;r >0 , we have from (1.2), (1.4)
esitsizliklerinden ¢;) 0 sabit olmak iizere
or —xImp;
0 _ o+
P P=pPy
olur. n =12,...,N igin for n =1,2,...,N where ¢;)0 is a constant . by using last
equality we have
2
or 7l of
—ey(x. ) == etn0 dx(o
o p=p; v o|lop p=p;
iy Ry ™y k
elde edilir. or
p=0,1,....m; —1 ,k=12,....j icin
ar
{a—pE(.,p)} eLy(R,,CY)
P p=p;
olur. for p:0,1,...,m}‘f -1 ,k=1,2,...,j .
Tamm 2.1.3: Definition 2.1.3:
+
-1
o 0"k
S(x, py )9 =—S(x, p) ey S(x, P)
op — 5t mit -1
P=Py, ap k 4
P=Py

fonksiyonlarna L operatdriinin p = p; k=12, are called the principal functions corresponding to the

: o+ .
6zdegerlerine bagl esas fonksiyonlar1 denir[2]. cigenvalues p=p, , k=1,2,...j of L [2].

2.2. L operatoriiniin Spektral Tekilliklerine Karsihik 2.2. Principal Functions Corresponding to The

Gelen Esas Fonksiyonlar Spectral Singularities of The Operator L
P1> P25 Py L operatériiniin spektral tekillikleri ise If p1,p7,..., Py are spectral singularities of L, then we
p=01...m -1, k=12, in have for p=0,1,...m; -1, k=12,...,a
or or
——WE®x, p).S(x, )1} oy, =1——det E(p) =0
app P=Pk app
P=Pk

esitligi vardir. Smilarly to the proof of Theorem 2.1.1, we have the

following remark.
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Sonug 2.2.1:

p=0L..m, -1, k=12, a icn

oP
{a—p S(x, ,0)}
P P=Pk

esitligi vardir. Teorem 2.1.1 in ispatina benzer olarak
yapilir.

Lemma 2.2.2:
p=0l...m -1, k

1,2,...

, 0

op

dir.
Lemmanin ispati (2.2.1) ve (2.1.10) dan kolayca
gosterilir.

Simdi asagidaki Hilbert uzaylarini tanimlayalim:

N
HR,,CN m)y=4f:f=

In

&1
H(R+,CN,—m) =ig:g=

8En

H(R,,C",m) uzaymmn normu

2
H(Ry.CN m

I

H(R,,C",—m) uzaymm normu

lel e v = [0 {0+t

bigiminde tanimhidir Bu tanimlarin  sonucunda

m=1,2,... igin

H(R+,CN,O)=L2(R+,CN)VG

HR,,CN mycLy(R",cYyc H(R,,C" ~m)
* *

[9].

bulunur.
Teorem 2.2.3

Spektral tekilliklere karsilik gelen esas fonksiyonlar
Hilbert uzayina aittir.

op
ispat:
(2.1.10) dan  p=0l..mg -1, k=12,...c
igin

oP
{_P E(x$ p)}
ap P=Pk

n o'
( .Jb(pk ){—i E(x, p)}
i=0\! % p=pk

Ja+x {fl(x)|2 +...+|f,,(x)|2}dx<oo ,

, Ta +x)2m {| @+t ) }dx(oo ,

p
{a_p S(, /1)} cH(R,,CV
P=pk

G.U. J. Sci., 18(2): 239-247 (2005)/ Esra KIR*

Remark 2.2.1:

2.1y
P :0319'"9mk -1 5 k :1,2,...,a (221)

Lemma 2.2.2:

{a—pp S(., /1)} ¢Ly(R,,CN)
P=Pk

-1, k=12,

The proof of the lemma may be easily obtained from
(2.2.1) and (2.1.10)

p=0L..m,

Now let us introduce the Hilbert spaces:

with

=Of(1+x)2m{|f1(x)|2 +...+|fn(x)|2}dx
)

2
£, fis
respectively [9]. It is evident that
H(R,,CY 0)=Ly(R,.C")and
H(R+9CN9m)CL2 (R+9CN)C H(R+:CN9_m)
# #

m=12,...

Theorem 2.2.3

The principal functions corresponding to the spectral
singularities belong Hilbert space .

—(n+1) p=0l.,my -1, k=12..a (2.23)

Proof:

From (2.1.10) we have

o0
<x?+ j tP|K, (x,0)ldt (2.2.4)

X
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elde edilir. p=0lumy —1 , k=12,..c
HR,,C N,—(n +1)) uzaymnin tanimindan ve (2.2.4) (2.2.3) is obtained from the definition of the

ten (2.2.3) elde edilir. space H(R,, cV ,—(n+1)) and (2.2.4).
Tamm 2.2.4. Definition 2.2.4.

P mj—1

S(xopk)s _S(xap) PRI —_IS(X,,D)
op _ op™k
P=Pk P=Pk

fonksiyonlarma sirastyla L operatoriinin - p = p are called the principal functions corresponding to the

k=12,.,a  spektral tekilliklerine bagli  esas spectral singularities p = py , k=12,...,a of L[9].

fonksiyonlart denir [9]. Let us choose 7, so that
= olmak tizere
my = max{m, m,..... m, | m, = max{m,, m,,...,m, |-

_ N _ N
Hy = HQR,CTomg+1), H_py = H(R.,C™ =(mq +1)) Hy, =H(R+5CN,mo+1),Hfm0 — H(R,,CN ~(my +1))

alinirsa then
N
H, cL,(R.,C")cH_ N
"o 2 2Ry );t "0 H’”o cLy(R,,C )cH_mO
olur. * *
Sonug 2.2.5 Remark 2.2.5:
Th incipal functi ding to th tral
Spektral tekilliklere bagli esas fonksiyonlar H —mo ¢ principa netions - corresponding 1o the spectra

o singularities belong H T
uzayina aittir. 0
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