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ABSTRACT

The finite-size scaling relation for the order-parameter probability distribution of
the four-dimensional Ising model is obtained. It is tested and verified numerically
by Monte Carlo simulations.The constants of the critical finite-size scaling function
in the analytical form are determined by fitting it to the finite-size scaling function

obtained numerically.
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DORT BOYUTLU ISING MODELINDE DUZEN PARAMETRESI iHTIMALIYET
DAGILIMI iCiN SONLU ORGU OLCEKLEME BAGINTISI

OZET

Dort boyutlu Ising modelinde diizen parametresi ihtimaliyet dagilimi i¢in sonlu
orgii 6lgekleme bagintisi elde edilmektedir. Bu bagintinin gegerli oldugu, Monte
Carlo simiilasyonlar1 ile sayisal olarak da gosterilmektedir. Kritik noktadaki
analitik sonlu o6rgii 6lgekleme fonksiyonunda bulunan sabitler, analitik fonksiyon
simiilasyonla elde edilen sayisal sonlu 6rgii lgekleme fonksiyonuna uydurularak,

bulunmaktadir.

Anahtar kelimeler: Ising modeli, sonlu 6rgii 6l¢ekleme, ihtimaliyet dagilimi

1. GIRIiS

Ising modelinin diizen parametresi ihtimaliyet dagilimi
icin sonlu 6rgii dlgekleme fonksiyonunun bilinmesi, diizen
parametresinin (miknatislanmanin) biitiin moment ve
‘cumulant’larinin  hesaplanmasmi miimkiin kilar (1-9).
Bundan dolayi, arzu edilen bu fonksiyonlarmn analitik
ifadeleri dir. Diizen parametresinin kritik noktadaki
ihtimaliyet dagilimi  i¢in  sonlu oOrgii  dlgekleme
fonksiyonunun, bir sinir sartlari tiirii i¢in evrensel olmasi
(10,11), aym evrensellik sinifina giren sistemlerin kritik
noktalarinin ve bu noktalarin 6zelliklerinin bulunmasina
izin verir (12). Orgiiniin uzay boyutu d olmak iizere, d > 4
deki Ising modelinin diizen parametresi ihtimaliyet
fonksiyonu icin sonlu o&rgli dlgekleme fonksiyonunun
analitik ifadesi mevcuttur (5,7-9). Bu fonksiyon ortalama
alana uygun yapida olup L — oo durumunda tamdir; L
Orgliniin  dogrusal boyutudur. d = 5 de fonksiyonun
sabitleri, fonksiyon Monte Carlo simiilasyonlarryla
hesaplanan sayisal fonksiyona uydurularak belirlenmistir
(4,13). d = 4 de de fonksiyonun analitik ifadesi ardisik

1. INTRODUCTION

The knowledge of the finite-size scaling function for the
order-parameter probability distribution of the Ising model
makes it possible to calculate all the moments of the order
parameter (magnetization) and all its cumulants (1-9).
Therefore it is desirable to have them analytically. The
universality of the finite-size scaling function for the
critical probability distribution of the order parameter for a
given type of boundary conditions (10,11) allows locating
and characterizing critical points of the systems belonging
to the same universality class (12). For the Ising model in
d > 4 where d is the dimensionality of the lattice, the finite-
size scaling function for the order-parameter probability
distribution is known analytically (5,7-9). It has the mean-
field form which is exact for the case L — oo where L is
the linear dimension of the lattice. In d = 5 the constants
have been determined by fitting it to the numerical
function computed by Monte Carlo simulations (4,13). In
d =4 it is known also analytically at the renormalized
mean-field level, that is, correct to leading logarithms. It is
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normallestirmenin kullanildigi ortalama alan seviyesinde,
yani onemi en fazla olan logaritmali kisimlar1 igerecek
dogrulukta bilinmektedir. Fonksiyon L — o durumunda
tam olup (7,9,14), sabitleri belirlenmemistir. d < 4 igin
sonlu orgii dlgekleme fonksiyonlarinin analitik ifadeleri
yoktur. Sonsuz orgli kritik sicakliginda Monte Carlo
sonuglarina uydurarak basit analitik fonksiyonlar bulmak
icin ¢aba gosterilmektedir. Bu ¢alismalarin birinde, d = 2
ve 3 de simiilasyonlarla elde edilen sayisal fonksiyonlara
uydurulan analitik fonksiyonlar, esas olarak hal denklemi
isstinde, o, farklilik gostermektedir (15). Bir diger
caligmada (16), d = 3 e ait verilere daha basit bir fonksiyon
uydurulmaktadir.

Yukarida bahsedilen ¢alismalarin  dayanagi, Ising
modelinde diizen parametresi ihtimaliyet dagiliminin bir
sonlu 6rgii 6lgekleme bagintisina uyacagi varsaymmdir (1-
3). Boyle bir baginti d = 4 de elde edilmemis olup, bu
caligmanin esas amaci, dort boyutlu Ising modelinin diizen
parametresi ihtimaliyet dagilimi i¢in sonlu 6rgii dlgekleme
bagmtisini tliretmek ve Monte Carlo simiilasyonlariyla
elde edilen sayisal fonksiyonlarla kiyaslayarak gecerliligini
denemektir. Ikinci amag ise (16) da verilen yapiya sahip
analitik ifadenin sabitlerini elde etmektir.

Sonlu orgii Olgekleme bagmntist 2. bolimde elde
edilmekte, 3. boliimde verilerin analizi yapilip sonuglar

tartisilmakta, 4. bolimde de ¢alismanin sonucu
verilmektedir.
2. DUZEN PARAMETRESI IHTIMALIYET

DAGILIMI iCiN SONLU ORGU
OLCEKLEME BAGINTISI

Ising modelinde diizen parametresi ihtimaliyet dagilim
i¢in sonlu orgii 6l¢ekleme hipotezi, dig
magnetik alan yok iken, genel olarak soyle ifade edilebilir
(1-3,8):

Py (M ,t) = a(L)p(Ma(L),tb(L)),

Bu ifadede M diizen parametresi, t = (7-7,.)/T, de, T,
sonsuz Orglinlin kritik sicakligi olmak tizere, indirgenmis
sicakliktir. a(L) ve b(L) nin L ye bagimliligy, |M;(¢)| i¢in
sonlu orgii dlcekleme bagintis1 ve asagida verilen tanim
kullanilarak bulunabilir:

My (t) = [PL(M.0)| M |dM

—00

|M,(#)| igin sonlu 6rgii dlgekleme bagintilar d<4,d =4 ve
d>4 de birbirinden farklidirlar. d<4 de dogrusal boyutu L
olan kiip seklinde ve periyodik siir sartli bir orgiiniin
serbest enerjisinin 1raksayan kismi igin Privman-Fisher
tarafindan 6nerilen yapidaki (17,18) sonlu 6rgii 6lgekleme
bagintis1 asagida verilmektedir:

fL(S) (t,h) — L_dY(CltLl/v,CzhLA/v),
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exact for the case, L — o (7,9,14); its constants have not
been determined. For d < 4 the corresponding finite-size
scaling functions do not exist in the analytical form. There
are efforts to get simple analytical functions by fitting to
Monte Carlo results at the critical temperature on the
infinite lattice. In one of these studies, the analytical
functions which are fitted to the numerical ones obtained
from the simulations in d = 2 and 3 differ mainly by the
equation of state exponent, § (15). In an other study (16),
a simpler function has been fitted to the data in d = 3.

The basis for the above studies is the hypothesis that the
probability distribution for the order parameter of the Ising
model obeys a finite-size scaling relation (1-3). Such a
relation is not available in d = 4. Thus, the main purpose of
the present study is to derive the finite-size scaling relation
for the order-parameter probability distribution of the four-
dimensional Ising model, and to test it numerically by
Monte Carlo simulations. The second purpose is to obtain
the constants in the analytical expression of the form
given in (16).

The finite-size scaling relation is obtained in section 2,
the data are analyzed and the results are discussed in
section 3 and a conclusion is given in section 4.

2.THE FINITE-SIZE SCALING RELATION
FOR THE PROBABILITY DISTRIBUTION
OF THE ORDER PARAMETER

The finite-size scaling hypothesis for the probability
distribution of the order parameter for the Ising model at
the vanishing external magnetic field (1-3,8) can be
expressed generally as follows:

t—>0,L > o [1]

where M is the order parameter and ¢t = (7-7,)/T, is the
reduced temperature with T, being the critical
temperature of the infinite lattice.The L-dependence of
a(L) and b(L) can be found from the knowledge of the
finite-size scaling relation for |M;(¢)| and the following
definition

(2]

The finite-size scaling relations for [M,(#)| are different for
d<4,d = 4 and d>4. For d<4, the finite-size scaling
relation in the Privman-Fisher form (17,18) for the
singular part of the free-energy density of a hypercubic
finite-size system of linear dimension L with periodic
boundary conditions is as follows:

t—>0,h—>0,L >

[3]



The Finite-Size Scaling Relation For...../ Dort Boyutlu Ising Modelinde Diizen ...

Bu ifadede A ‘gap’ iissii, v sonsuz Orgii korelasyon
uzunlugu i¢in kritik iis, 4 da indirgenmis dis magnetik
alandir. Bu ifadede evrensel olmayan ve orgii sistemine
bagli parametreler sadece C, ve C, 0lgek carpanlaridir;
yani, Y(x,y) sonlu orgii 6lgekleme fonksiyonu evrensel
olup, evrensel

where A is the gap exponent, v is the critical exponent for
the correlation length of the infinite lattice, and /4 is the
reduced external magnetic field. The scale factors C; and
C, are the only nonuniversal system-dependent parameters,
that is, the finite-size scaling function Y(x,y) is universal,
with no further nonuniversal prefactor. The finite-size
scaling relation for the order parameter can be obtained
from £;(,h) according to the following equation:

()

M (t,h)= Y [4]

olmayan higbir ¢arpani yoktur. Diizen parametresi i¢in
sonlu orgii dlgekleme bagmntist f;(r,h) den asagidaki
esitlige gore bulunabilir:

Bu ifadenin uygulanmasiyla,

M, (t,h)=L""C,U(CWL"",C,hL""")

elde edilir. Burada B sonsuz Orgiiniin diizen parametresi
icin kritik {is, U da sonlu orgii 6l¢ekleme fonksiyonudur.
Bu esitlik 4 = 0 da asagidaki basit hali alir:

M,(t)=L""C,U(CtLl"")

[1] esitligi [2] de kulllanilirsa sirastyla asagidaki esitlikler
elde edilir:

0

(M, (D)= Ia(L)p(Ma(L),tb(L)) | M | dM

—00

| M, (6= a(L)” [ pz,tb(L)| 2 | dz

| M, (1) |=a(L)™ p(tb(L))

[6] esitligi [9] ile kiyaslanirsa

a(L)=C,'L""”

b(L)=C,L""

elde edilir. Boylece, d<4 de diizen parametresi ihtimaliyet
dagiliminin sonlu 6rgii 6lgekleme bagintisi i¢in

P, (M,t)=C;'L"" p(MC,'L”" ,tC,L'""),

Oh

which yields the expression

[5]

where P is the critical exponent for the order
parameter of the infinite lattice and U is the finite-
size scaling function. At 2 = 0 this relation reduces
to the following one:

[6]

Inserting Eq. 1 into Eq. 2 gives the following:

[7]
8]

[9]

Comparing Eq. 6 with Eq. 9 yields the following
expressions:

[10]

[11]

Thus the finite-size scaling relation for the probability
distribution of the order parameter P;(M,f) in d<4 is as
follows:

t—>0,L >

[12]
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bulunur. Bu d = 2 ve 3 deki ¢aligmalarda kullanilmakta
olan ifadedir (1-3,8,10,11,15).

d>4 de bu ifadelerin karsiliklari, asagidaki sonlu orgii
olgekleme bagintisi (4,6) kullanilarak, benzer sekilde elde
edilebilir.

F,h) = LY (Cel’? ,C,hL"™),

Diizen parametresi ihtimaliyet dagilimi i¢in tiiretilen sonlu
orgii 6lgekleme bagintisi asagida verilmektedir:

PL (Mat) = CglLd/4p(MC;1Ld/4JtCILd/Z)a

Bu, diizen parametresi dagilimi i¢in sonlu 6rgii dlgekleme
fonksiyonunun, p(m,x), analitik olarak bilindigi durum
olup, p(m,x) ortalama alana uygun yapidadir (4-6,8,13).

d = 4 de Ising modelinin serbest enerji yogunlugunun
raksayan kismi igin sonlu orgii 6lgekleme bagintisi artik
bilinmektedir (19). Bu bilgi ve [1] esitliginin d = 4 de de
gecerli oldugu varsaymmi diizen parametresi ihtimaliyet
dagilim: ig¢in sonlu o&rgli  Olgekleme  bagintisinin
cikarilmasint miimkiin kilmaktadir. Dort boyutlu Ising
modelinde dogrusal boyutu L olan kiip seklinde ve
periyodik smur sartli bir Orgiiniin serbest enerjisinin
iraksayan kismi i¢in Privman-Fisher tarafindan onerilen
yapiya sahip (17,18) ve 6nemi en fazla olan logaritmali
terimleri icerecek dogruluktaki sonlu oOrgii Olgekleme
bagitis1 asagida verilmektedir (19):

9t h) = L*Y(CytL’ log"° L,C,hL’ log"* L),

d = 4 de diizen parametresi ihtimaliyet dagilimi i¢in, d<4
deki adimlarin aymis1 kullanilarak tiiretilen sonlu Orgi

6lgekleme bagintisi asagida verilmektedir:

P, (M,t)=C;'L”" log™"* (L) p(C;'ML""" log™"* L,C,tL"" log"® L)

Dogrulugu denenecek olan fonksiyon bu olup, deneme
alisilagelmis simiilasyonlarla dogrudan yapilabilir.

3. BULGULAR VE TARTISMA
3.1. Sonlu Orgii Olcekleme
Dogrulugunun Denenmesi

Bagintisinin

d =4 de diizen parametresi ihtimaliyet dagilimi i¢in [16]
esitliginde verilen sonlu oOrgii dlgekleme bagmntisinin
dogrulugunu denemek amaciyla, dogrusal boyutu L = 8 ve
10 olan periyodik smnur sartl soyut basit kiip orgiilerde, L* ,
Metropolis algoritmast (20) kullanilarak Monte Carlo
simiilasyonlar1 yapilmaktadir. Sonsuz o6rgii kritik sicaklig
icin (21-25), J en yakin komsu ciftlenim sabiti, kz de
Boltzmann sabiti olmak fiizere J/kz biriminde, 7, =
6.6802(2) (24) degeri kullamlmaktadir. ¢+ = 0 daki
ihtimaliyet dagiliminin,

G.U. J. Sci., 17(3):59-70 (2004)/Nevzat AKTEKIN

This is the well-known expression used in the studies in d
=2and 3 (1-3,8,10,11,15).

The corresponding expressions for d>4 can be
obtained similarly, by using the finite-size scaling relation
below (4,6):

t—>0,h—>0,L > [13]

The derivation results in the following finite-size scaling
relation for the probability distribution of the order
parameter:

t —>0,L — oo [14]
This is the case for which the finite-size scaling function
p(mx) for the order-parameter distribution is known
analytically, and has the mean-field form (4-6,8,13).

The finite-size scaling relation for the singular part of
the free-energy density of the Ising model in d = 4 is now
available (19). This makes it possible to derive the finite-
size scaling relation for the probability distribution of the
order parameter by assuming that Eq. 1 is valid also in d =
4. The finite-size scaling relation in the Privman-Fisher
form for the singular part of the free-energy density of a
hypercubic finite-size system of linear dimension L with
periodic boundary conditions for the four-dimensional
Ising model, correct to leading logarithms, is given as
below (19)

t—0,h—0,L — o [15]
By using the same steps as in d<4, the derivation leads to
the following finite-size scaling relation for the
probability distribution of the order parameter in d = 4:

[16]

This is the relation to be tested; this can be done by
simulations directly.

3. RESULTS AND DISCUSSION
3.1. The Test of the Finite-Size Scaling Relation

For the purpose of testing the finite-size scaling
relation for the probability distribution of the order
parameter in d = 4 given in Eq. 16, Monte Carlo
simulations with Metropolis algorithm (20) are carried out
on simple hypercubic lattices L* of linear dimension L = 8
and 10 with periodic boundary conditions. The critical
temperature of the infinite lattice (21-25) is taken as 7, =
6.6802(2) (24) (in units of J/ky where J is the nearest-
neighbor coupling constant and kz is the Boltzmann
constant). For finding the plots and the finite-size scaling
plots of the probability distribution at # =0,



P,(M0) = C;' " log™* (L) p(C;' ML log™'* L)

cizimleri ve sonlu orgii 6lgekleme ¢izimlerini bulmak igin

her bir érgiide 107 adimlik simiilasyonlar yapilmaktadir. M

= 0 daki ihtimaliyet dagiliminin,

P, (0,0)=C,'L"" log™"* (L) p(CytL"" log"* L)

cizimleri ve sonlu orgii dlgekleme ¢izimlerini bulmak igin
her bir orgide ve her bir sicaklikta 10° adimhk
simiilasyonlar yapilmaktadir. P;(M,0) n L =8 ve 10 i¢in
cizimleri, diizen parametresi araligt 80 esit parcaya
boliinerek yapilmis olup Sekil.1 de gosterilmektedir.
P (M0) m L =8 ve 10 icin sonlu orgli 6lgekleme
cizimleri, logaritma diizeltmeleri g6z Oniine alinmadan
Sekil.2.a da, logaritma diizeltmeleri géz oniine alinarak da
Sekil.2.b de verilmektedir.. Bu sekiller sonlu orgii
6lgekleme ¢izimlerinin logaritma diizeltmeleri géz oniine
alindiginda st iiste geldigini, logaritma diizeltmeleri goz
online almmadiginda ise bu durumun yaklasik olarak
gerceklestigini gostermektedir. P;(0,/) nin L = 8 ve 10
i¢in ¢izimleri Sekil.3 de gosterilmektedir. P;(0,f) nin L =8
ve 10 icin sonlu Orgli Olgekleme c¢izimleri, logaritma
diizeltmeleri g6z oniine alinmadan Sekil.4.a da, logaritma
diizeltmeleri goz Oniline alinarak da Sekil4.b de
verilmektedir.. Bu sekiller P;(0,f) nin sonlu o&rgi
6lgekleme ¢izimlerinin logaritma diizeltmeleri gdz Oniine
alindiginda iist iiste geldigini, logaritma diizeltmeleri goz
Online almmadiginda ise bu durumun yaklasik olarak
gerceklestigini gostermektedir.
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[17]

simulations of 107 sweeps are carried out for each lattice.
For finding the plots and the finite-size scaling plots of
the probability distribution at M =0,

[18]

within the temperature interval 6.61 < T < 7.52
simulations of 10° sweeps are carried out at each
temperature for each lattice. Histograms of 80 bins are
used in plotting P;(M,0) for L = 8 and 10 which are
illustrated in Fig. 1. The finite-size scaling plots of
P;(M,0) for L = 8 and 10 without logarithmic corrections
are given in Fig. 2.a, and those with logarithmic
corrections are given in Fig. 2.b. These figures show that
the finite-size scaling plots collapse when the logarithmic
corrections are included, but they collapse approximately
when the logarithmic corrections are omitted. The plots of
P;(0,t) for L =8 and 10 are given in Fig. 3. The finite-
size scaling plots of P;(0,f) for L=8 and 10 without
logarithmic corrections are given in Fig. 4.a, and those
with logarithmic corrections are given in Fig. 4.b. These
figures show that the finite-size scaling plots of

0.5 -
0.4
0.3 -
P

0.2

0.1

—--L=8
-0-1L=10

-0.6 -0.4 -0.2

0 0.2 0.4 0.6

M

63

Figure 1. The plot of the order parameter probability distribution P, against the order parameter M at the reduced

temperature

t= 0 for the lattices with the linear dimensions L = 8 and 10. 7, = 6.6802(2) is used

Sekil 1. Diizen parametresi ihtimaliyet dagilimnin, P; , indirgenmis sicakligin ¢ = 0 degerinde ve dogrusal boyutlar: L = 8
ve and 10 olan orgiiler i¢in, diizen parametresine, M , karsi ¢izimi. 7. = 6.6802(2) kullanilmaktadir
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® L=8
-0-L=10

p LY

MLPY

Figure 2.a.The finite-size scaling plot of the order parameter probability distribution P; against the order parameter M at
the reduced temperature ¢# = 0 for the lattices with the linear dimensions L = 8 and 10 without the logarithmic
corrections. B/v=1and 7, = 6.6802(2) are used. The curve passes through the data points for L =10

Sekil 2.a. Diizen parametresi ihtimaliyet dagilimnin, P, , indirgenmis sicakligin # = 0 degerinde ve dogrusal boyutlar L =
8 ve and 10 olan orgiiler i¢in diizen parametresine, M , karsi sonlu orgii Slgekleme ¢izimi. Logaritmali
diizeltmeler g6zoniine alinmamaktadir. B/v = 1 ve T, = 6.6802(2) kullanilmaktadir. Egri L = 10 a ait veri
noktalarindan gegmektedir

0.6 ® L=8
—O—L=10
0.5 4
| 0.4
Ny
—
8
= 0.3 1
i
-
-}
o 0.2 4
0.1 4
0 B T T T
-4 -2 0 2 4

MLPVlog™4L

Figure 2.b.The finite-size scaling plot of the order parameter probability distribution P, against the order parameter M at the
reduced temperature ¢ = 0 for the lattices with the linear dimensions L = 8 and 10 with the logarithmic corrections. B/v =
1 and 7. = 6.6802(2) are used. The curve passes through the data points for L = 10
Sekil 2.b. Diizen parametresi ihtimaliyet dagilimnin, P; , indirgenmis sicakligin ¢ = 0 degerinde ve dogrusal boyutlar1 L =8 ve and
10 olan orgiiler i¢in diizen parametresine, M , karst sonlu 6rgii 6lgekleme ¢izimi. Logaritmali diizeltmeler gézoniine
almmaktadir. B/v=1ve T, = 6.6802(2) kullanilmaktadir. Egri L = 10 a ait veri noktalarindan ge¢mektedir
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0.18 - - L=8
-0-L=10
0.15
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0.03 ~

0 T T T T T T
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Figure 3. The plot of the order parameter probability distribution P, against the reduced temperature ¢ at the order parameter M =
0 for the lattices with the linear dimensions L = 8 and 10

Sekil 3. Diizen parametresi ihtimaliyet dagilimnin, P, , diizen parametresininn M = 0 degerinde ve dogrusal boyutlar1 L =8 ve and
10 olan orgiiler i¢in indirgenmis sicakliga, ¢, karsi ¢izimi

18 4 e L=38

—-o-L=10

O T T T T T T T
-2 0 2 4 6 8 10 12

Figure 4.a. The finite-size scaling plot of the order parameter probability distribution P, against the reduced temperature ¢ at the
order parameter M = 0 for the lattices with the linear dimensions L = 8 and 10 without the logarithmic corrections. f/v =
land 7, =6.6802(2) are used. The curve passes through the data points for L =10

Sekil 4.a.Diizen parametresi ihtimaliyet dagilimnin, P; , diizen parametresinin M = 0 degerinde ve dogrusal boyutlar1 L =8 ve and
10 olan orgiiler i¢in indirgenmis sicakliga, ¢ , karsi sonlu orgii dlgekleme ¢izimi. Logaritmali diizeltmeler g6zoniine
alinmamaktadir. B/v =1 ve T, = 6.6802(2) kullanilmaktadir. Egri L = 10 a ait veri noktalarindan gegmektedir
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Figure 4.b.The finite-size scaling plot of the order parameter probability distribution P, against the reduced temperature ¢

at the order parameter M = 0 for the lattices with

the linear dimensions L = 8 and 10 with the logarithmic

corrections. B/v =1 and T, = 6.6802(2) are used. The curve passes through the data points for L =10
Sekil 4.b.Diizen parametresi ihtimaliyet dagilimnin, P; , diizen parametresinin M = 0 degerinde ve dogrusal boyutlar1 L
= 8 wve and 10 olan orgiiler igin indirgenmis sicakliga, ¢ , karsi sonlu 6rgii 6lgekleme ¢izimi. Logaritmali

diizeltmeler gozoniine alinmaktadir. B/v = 1 ve T, =

noktalarindan gegmektedir

Bu bulgular dort boyutlu Ising modelinde diizen
parametresi ihtimaliyet dagilimi igin [16] esitliginde
verilen sonlu 6rgili 6lgekleme bagintisnin gegerli oldugunu
gostermektedir.

3.2. Sonlu Orgii Olcekleme Fonksiyonunun Kritik
Noktadaki Analitik ifadesi

d = 4 de sonlu orgii 6lgekleme fonksiyonunun ardigik
normallestirmenin kullanildig1 ortalama alan seviyesinde,
yani Onemi en fazla olan logaritmali terimleri i¢erecek
dogrulukta (7,9,14,22), kritik noktadaki analitik ifadesi
asagida verilmektedir: Bu ifade, d>4 de oldugu gibi
(4,6,13),

p(m,0) = p, exp(~(Am’

ortalama alana uygun yapidadir. po, 4 ve B birer sabit
olup, analitik fonksiyon karsilig1 olan sayisal fonksiyona
uydurularak degerleri belirlenebilir. Sayisal fonksiyon ise
dogrusal  boyutu  yeterince  biiyilkk  oOrgiilerdeki
simiilasyonlar ve diizen parametresi ihtimaliyet dagilim
icin sonlu orgli o6lgekleme bagintisi kullanilarak elde
edilebilir. m Olgeklenmis miknatislanma olup, [16]
esitligine gore m = M LPY log"L dir. m® y1 igeren
diizeltme terimi sonlu orgii Olcekleme fonksiyonuna,
asagida goriildiigi gibi, L ye bagl bir katki getirir (5,14):

6.6802(2) kullanilmaktadir. Egri L = 10 a ait veri

P;(0,f) with logarithmic corrections collapse, while they
collapse approximately when the logarithmic corrections
are omitted. These results verify the finite-size scaling
relation given in Eq. 16 for the order parameter
probability distribution of the four-dimensional Ising
model.

3.2.The Analytical Expression for the Critical Finite
Size Scaling Function

The analytical expression of the critical finite-size
scaling function in d = 4 at the renormalized mean-field
level, that is, correct to leading logarithms, (7,9,14,22)
has, as in >4 (4,6,13), the following mean-field form:

+ Bm*)) [19]

where pg, A and B are constants. They can be determined
by fitting to the corresponding numerical function. It, in
turn, can be obtained from the simulations for lattices
with sufficiently large L and the knowledge of the finite-
size scaling relation for the probability distribution of the
order parameter. m is the scaled magnetization, being m =
M L log™L according to Eq. 16. The correction term
with m® makes an L-dependent contribution to the finite-
size scaling function as below (5,14):



The Finite-Size Scaling Relation For...../ Dort Boyutlu Ising Modelinde Diizen ...

p(m,0) = p, exp(—(Am’> + Bm* + CL?m")) [20]

Bu ifadedeki A4, B ve C sayisal fonksiyona uydurularak
degerleri Dbelirlenecek olan parametrelerdir. Analitik
fonksiyonun bu hali yerine, daha fazla bilgi verecek
parametreleri iceren asagidaki yeniden

diizenlenmis hali (16)

p(m,0) = p(my,0)exp(~((m* /mg) =1)*(a(m* / mg) +¢))

sayisal fonksiyona uydurulmaktadir. my , p(m,0) m en
biiyiik deger olan p(m,0) a esit oldugu m degeridir; yani
mg , m nin en biiyiik ihtimal ile alacag1 degerdir. a ve ¢ nin
degerleri Olgeklenmenin  gergeklestigi u¢  durumda
evrenseldir. @ = 0 oldugunda p(m,0) basitleserek ortalama
alana uygun yapiy1 alir. p(m,0) bu haliyle m® y1 iceren
terimin L ye nasil bagli oldugunu agik¢a gostermemekle

where 4, B and C are fitting parameters. Instead of fitting
this form of the analytical function to the numerical one,
the following form with a more informative
parameterization is used for fitting (16):

[21]

where mq is that value of m at which p(m,0) has its
maximum value p(m,,0), that is mq is the most probable
value of m. The values of a and ¢ are universal in the
scaling limit. It reduces to the mean-field form when a =
0. Although this form does not show the L-dependence of
the term with m® explicitly, comparison of the coefficients
of m® in Egs. 20 and 21 gives the equation below for

beraber, [20] ve [21] esitliklerindeki m® larn determining C:
katsayilarmin karsilastirilmast C yi belirlemek igin
asagidaki denklemi verir:
-2 -6
CL™ =am, [22]
[21] esitligindeki analitik sonlu orgii  dlcekleme The values of the parameters of the analytical finite-size

fonksiyonunun parametreleri igin, L = 8 ve 10 a ait diizen
parametresi ihtimaliyet dagiliminin, P, , sonlu Orgi
Olgekleme c¢izimine uydurularak elde edilen degerleri
Tablo 1 de gosterilmektedir. Tablodan L = 10 i¢in analitik
fonksiyonun parametrelerinin aldig1 degerlerin 7.5 x10°
adimdan sonra degismedigi goriilmektedir. Bu durum L =
8 i¢in de dogrudur. Buna gore L = 8 and 10 igin
parametrelerin aldigi degerler arasindaki farklar 6rgiilerin
biiyiikliiklerinden kaynaklanmaktadir. Orgiiniin dogrusal
boyutu L = 8 den L = 10 a yiikseldiginde, [21] deki
parametrelerin degerleri sdyle degismektedir: p(m, ,0)
neredeyse oldugu gibi kalmakta, m, ve ¢ yaklasik olarak
% 2, a da % 45 azalmaktadir. Buna goére a Orgiiniin
biiytikligiine en duyarli olan parametredir. Bu
parametrenin L = 10 igin bulunan degeri a = 0.006(1)
sonsuz Orgli degerine, yani evrensel degerine, a = 0,
hemen hemen esittir. ¢ parametresinin degeri L = 8 i¢in ¢
=0.210(1), L = 10 igin de ¢ = 0.206(3) dir. Azalma hemen
hemen % 2 olup, ¢ = 0.206(3) bu parametrenin yaklasik
evrensel degeri olarak alinabilir; exp(c) = 1.229(4), p(m,0)
m en biyllk degerinin en kiigiik degerine oranim
vermektedir. @ ve m, m Tablo 1 deki degerleri [22]
esitliginde kullanilarak C sabitinin degeri bulunur. L = 8
and 10 a ait verilerden C ig¢in sirasiyla C = 0.14(1) ve C =
0.13(2) elde edilmekte olup, bu degerler hata sinirlar
i¢inde birbirine esittir. Thtimaliyet dagilmnim, P (M), L =
10 i¢in sonlu orgii Slgekleme ¢izimi ile buna uydurulan
analitik egri ( [21] esitligi) Sekil.5 de gosterilmektedir; L =
10 i¢in aym ¢izim ile buna wuydurulan, ardisik
normallestirmenin kullanildig1 ortalama alan seviyesindeki
analitik egri ( @ = 0 kullanilarak [21] esitliginden elde
edilen fonksiyon) Sekil.6 da verilmektedir. Sekil.5 ve 6
nin karsilastirilmasi, L = 10 a ait verilere analitik egrinin (
[21] esitligi) ortalama alana uygun yapidakinden daha iyi
uydugunu gostermektedir.

scaling function (Eq. 21) obtained by fitting it to the
finite-size scaling plot of the order-parameter probability
distribution P; for L = 8 and 10 are listed in Table 1. It
shows that for L = 10 the values of the parameters of the
analytical function remain unchanged after 7.5 x10°
sweeps. This is true also for L = 8. Thus the differences
between the values of the parameters for L = 8 and 10
originate from their sizes. When the linear dimension of
the lattice increases from L = 8 to L = 10, the fitting
parameters change as follows: p(m,0) remains almost
unchanged, m, and ¢ decrease about 2 % and a decreases
45 %. Thus the parameter a is most sensitive to the size
of the lattice. Its value a = 0.006(1) for the lattice with L
= 10 is comparable with its value for the infinite-lattice,
that is its universal value, a = 0. The parameter ¢ has the
value of ¢ = 0.210(1) for L = 8 and ¢ = 0.206(3) for L =
10. The decrease is about 2 % and ¢ = 0.206(3) can be
taken approximately as its universal value. exp(c) =
1.229(4) gives the ratio of the maximum value of p(m,0)
to its minimum value. By inserting the values of a and m,
from Table 1 into Eq. 22 the value of the constant C is
found. The values obtained from the data for L = 8 and
10 are C = 0.14(1) and C = 0.13(2) respectively, which
are equal to each other within the error limits. The finite-
size scaling plot of the probability distribution P;(M) for
L =10 and the analytical curve (Eq. 21) fitted to it are
illustrated in Fig. 5; the same plot for L = 10 and the
analytical curve at the renormalized mean-field level
(Eq. 21 with a = 0) fitted to it are given in Fig. 6. The
comparison of Figs. 5 and 6 shows that the analytical
curve (Eq. 21) fits
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Figure 5. The finite-size scaling plot of the order parameter probability istribution P, against the order parameter M at
the reduced temperature =0 for the lattice with the linear dimension L = 10 with the logarithmic corrections,
and the analytical finite-size scaling function fitted to it. /v =1 and T, = 6.6802(2) are used

Sekil 5. Diizen parametresi ihtimaliyet dagilimnin, P, , logaritmali diizeltmeler gdzoniine alinarak indirgenmis sicakligin ¢
= 0 degerinde ve dogrusal boyutu L = 10 olan 6rgii i¢in diizen parametresine, M , karst sonlu 6rgii 6lgekleme
¢izimi ile buna uydurulan analitik sonlu 6rgii 6lgekleme fonksiyonu. B/v =1 ve T, = 6.6802(2) kullanilmaktadir
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Figure 6. The finite-size scaling plot of the order parameter probability distribution P; against the order parameter M at
the reduced temperature ¢ = 0 for the lattice with the linear dimension L = 10 with the logarithmic corrections,
and the analytical finite-size scaling function at the renormalized mean-field level (a = 0) fitted to it. B/v =1
and T, = 6.6802(2) are used

Sekil 6. Diizen parametresi ihtimaliyet dagilimnin, P, , logaritmali diizeltmeler gézoniine alinarak indirgenmis sicakligin ¢
= 0 degerinde ve dogrusal boyutu L = 10 olan 6rgii i¢in diizen parametresine, M , karst sonlu 6rgii 6lgekleme
¢izimi ile buna uydurulan, ardisik normallestirmenin kullanildig1 ortalama alan seviyesindeki analitik sonlu
orgii 6lgekleme fonksiyonu (a =0). B/v=1ve T.= 6.6802(2) kullanilmaktadir



Ortalama alana uygun yapidaki egri sayisal fonksiyonun
en yiiksek noktalar1 civarinda yiikselmekte, en algak
noktas1 civarinda algalmakta ve kuyruklar1 civarinda
ylikselmektedir.. Buna gore L = 10 i¢in ihtimaliyet
dagilimmin, P;(M), sonlu orgii 6lgekleme ¢izimi, veya
buna uydurulan analitik egri ( [21] esitligi) diizen
parametresinin kritik noktadaki ihtimaliyet dagilimmin
evrensel bigimini yaklasik olarak temsil etmektedir.

Table 1. The values of the parameters of the analytical finite-size scaling function obtained by fitting it to the finite-

The Finite-Size Scaling Relation For...../ Dort Boyutlu Ising Modelinde Diizen ...

to the data for L = 10 better than the mean-field form.
The latter has a rise about the maxima, a depression
about the minimum, and a rise about the tails of the
numerical function. This means that the finite-size
scaling plot of the probability distribution P,(M) for L =
10, or the analytical curve (Eq. 21) fitted to it represents
the universal shape of the critical probability distribution

of the order parameter approximately.

size scaling plot of the order parameter probability distribution P, for L =8 and 10
Cizelge 1. Analitik sonlu orgii dlgekleme fonksiyonunun parametreleri i¢in, bu fonksiyonun L = 8 ve 10 a ait diizen
parametresi ihtimaliyet dagilimlarinin sonlu 6rgii 6lgekleme ¢izimlerine uydurulmasiyla elde edilen degerler

L Number of p(my,0) m a c
Sweeps /Adim
Sayisi
10 2.5x10° 0.620(2) 1.281(3) 0.005(1) 0.204(3)
10 5.0x10° 0.621(3) 1.286(3) 0.005(1) 0208(4.)
10 7.5%x10° 0.621(2) 1.285(3) 0.006(1) 0.206(5)
10 10x10° 0.621(2) 1.284(3) 0.006(1) 0.206(3)
10 10x10° 0.623(2) 1.275(3) O(fixed) 0.215(4)
8 10x10° 0.620(1) 1.306(1) 0.011(1) 0.210(1)
4. SONUC 4. CONCLUSION

d = 4 de Ising modelinin diizen parametresi ihtimaliyet
dagilimi igin sonlu orgii 6l¢ekleme bagmtisi elde edilmis
ve Monte Carlo simiilasyonlartyla sayisal olarak
dogrulanmistir. Bdylece, diizen parametresi ihtimaliyet
dagilim igin [1] esitliginde verilen sonlu orgii dlgekleme
bagintisinin yap1 olarak d = 4 de de gegerli oldugu
gosterilmistir. [21] esitliginde verilen analitik sonlu 6rgil
6lgekleme fonksiyonu Monte Carlo verilerine uydurularak
fonksiyondaki  sabitlerin  yaklagik  degerleri tayin
edilmigtir..
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