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ABSTRACT

In regression analysis, data analysis is very important. Because, even one
observation (data point) may be large effect over parameters estimates in
regression model. If the observation is removed in data set then regression model
is completely change. Therefore, observation has large residual or outlier which
fairly effect in regression analysis. In case of data set has outlier, robust methods
are used in parameter estimates. In this paper, when input data are fuzzy

(X; = (x[,fi,g?[) , Y; =(»;,m;,77;) ) and data set has outlier in multi regression
analysis, weighted matrix will be defined with respect to membership function. In
regression model estimate, fuzzy regression analysis will be used. Regression

model estimates are obtained with least squares method (LSM), robust methods
and suggested fuzzy robust method and the results will be compared.
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GiRDi DEGISKENLERININ BULANIK OLMASI DURUMUNDA
ROBUST REGRESYON COZUMLEMESI

OZET

Regresyon ¢6ziimlemesinde veri analizi olduk¢a 6nemlidir. Ciinkdi, tek bir gézlem
bile regresyon modelindeki parametre tahminleri tizerinde biiyiik bir etkiye sahip
olabilir. Bu gézlemin veri kiimesinden ¢ikartilmasi regresyon denklemini tamamen
degistirebilir. Bu nedenle biiyiik artik degere sahip gézlemler ya da aykir1 deger,
regresyon ¢dziimlemesinde oldukga etkilidir. Veri kiimesinde aykirt deger olmasi
durumunda, parametre tahminlerinde robust yontemler kullanilmaktadir. Bu
calismada ¢oklu regresyon coziimlemesinde girdi degiskenlerinin bulamik say1

(X; =(x;,¢,5), Y, =(;,m;,1;)) ve veri kiimesinde aykiri deger olmasi
durumunda, iiyelik fonksiyonu yardimiyla agirhk matrisi tanmimlanmustir.
Regresyon model tahmininde ise bulanik regresyon ¢oziimlemesi kullanilmustir.

Klasik en kiiciik kareler (EKK), robust yontemler ve Onerilen bulanik robust
yontem ile regresyon model tahminleri elde edilmis ve sonuglar karsilastirilmustir.

Anahtar Kelimeler: Robust Regresyon, Aykir1 Deger, Bulank Regresyon, Uyelik
Fonksiyonu.

1. GIRiS 1. INTRODUCTION
Bir dogrusal regresyon modeli matris gosterimi ile, A linear regression model is given by matrix notation
as,

Y-Xpie [1]

olarak tanimlanir. Burada Y, nx1 boyutlu bagimh where Y is a nx1 vector of response variable, X is a

degisken i¢in gozlemlerin vektérii; X , [nx(m+1)] boyutlu [nx(m+1)] matrix of independent variables, [ is a

bagimsiz  defiskenlere iligkin matris; é - [(mtD)x1] [(m+1)x1] vector of regression coefficient, & is a (nxl)

boyutlu regresyon katsayilarinin vektdéri ve &, (nxl) vector of random error.
boyutlu hata vektoriidiir.



72

G.U. J. Sci., 17(3):71-84 (2004)/ Kamile SANLI, Aysen APAYDIN

The least estimates for the

coefficients [ are obtained by minimizing equation

squares regression

Y&l =ce=(Y-XP(X-Xp) 2]
i=l

esitliginin en kii¢liiklenmesi gerekir. Es. 2’den parametre
vektortii

From Eq. 2 parameters vector is obtained as (1)

B=xx)"'XxY [3]

olarak bulunur (1).

....Test istatistiklerinin ve katsayilarin belirlenmesinde her
bir gdzlemin roliine 6nem verilmeli ve veri ayrintili bir
sekilde test edilmelidir. Ciinkii elde edilen parametre
tahminleri sadece bir gozleme bile bagli olabilir ve bu
gbzlemin veriden ¢ikartilmasi analiz sonucunu ciddi bir
sekilde degistirebilir. Digerlerine gére biiyiik artik degere
sahip bu gozlemlere aykirt deger (outlier) denir (2). Aykiri
deger olmasi durumunda regresyon model tahmininde
EKK yontemine gore daha az etkilenen robust yontemler
kullanilir.

Bulanik regresyon c¢oziimlemesi ve veri kiimesinde
aykir1 deger olmasi durumuyla ilgili yapilan ¢aligmalar ele
alindiginda asagidaki gibi dzetlenebilir:

Tanaka vd. (1982) bulanitk modele sahip dogrusal
regresyon ¢oziimlemesindeki ilk ¢aligmay1 onermislerdir.
Bu yaklagim Bardossy (1990) tarafindan
genellestirilmistir. Optimizasyon problemini ¢dzmek i¢in
Tanaka (1987) yaklasimi ¢ok karmagiktir. En kiigik
kareler yaklasimi agik degildir ve artiklar tarafindan en iyi
uygunlugun Sl¢limii tanimlanmamigtir. Tanaka modelinin
bu dezavantajlarint gidermek i¢in Dimond (1988) bulanik
en kiigiik kareler yaklagimini 6nermistir (3,4).

Tanaka (1987) modeli siklikla kesin sayilar iirettigi igin
Celmins (1987) tarafindan

elestirilmigtir. Daha sonra Tanaka vd. (1982) tarafindan
ileri siiriilen minimizasyon probleminin 6lgek bagiml
oldugunu Jo’zsef (1992) ileri siirmiistir. Celmins
(1987)’in elestirisine karsilik Tanaka ve Ishibuchi (1991)
etkilesimli bulanik katsayilar1 elde etmek i¢in bir yontem
gelistirmislerdir (3). Bu yontemin aykir1 degerlere giiclii
bir sekilde duyarli oldugu, verinin icerdigi kesin bilgiyi
g6z ardi ettigi ve sinirsiz ¢Oziim {rettigi Redden ve
Woddall (1996) tarafindan gosterilmistir (3).

Sakawa ve Yano (1992) ¢ok amagli programlama
problemlerini formiile etmek igin karar vericiyi tatmin
edecek sekilde iteratif, karar vericiyle etkilesime dayanan,
etkilesimli algoritmay1 ileri siirmiiglerdir. Fakat bu
algoritma da aykirt degerlere karsi ¢ok fazla duyarlidir.
Redden ve Woddall (1996) ortogonal en kiigiik kareler
yardimiyla Sakawa ve Yano’nun modelini gelistirmisler
ve dogrusal programlama problemini énermislerdir (3).

Chang ve Lee (1996) aykirt deger olmasi durumu igin
iiyelik dereceleriyle agirliklandirma yapan ve karar verici
ile etkilesime dayanan  genellestirilmis  bulamk
agirliklandirilmig en kiigiik kareler yontemini ileri

In the determining of test statistics and coefficients, the
role of each observation must taken into consideration and
the data must be tested detaily. Because the results of
parameters estimations may even related to an observation
and removes of this observation from data may change the
result of the analyze. This kind of observations which has
a bigger residual value than the others is called outlier (2).
In the event that outlier value, robust methods are being
used which is less affected than LSM method during the
estimation of regression model.

Taking the fuzzy regression analysis and in case of data
set has outlier as basis, the work accomplished can be
summarized as follows:

Tanaka (1982) and the others have suggested first study
in the linear regression analysis that has a fuzzy model.
This approach generalized by Bardossy (1990). The
approach of Tanaka (1987) is too complicated to solve the
optimization problem. The approach of least squares is not
clear and the measurement of the best suitability has not
completed by residuals. Dimond (1988) has suggested the
fuzzy least squares method, to eliminate that disadvantages
of model Tanaka (3,4)

Model Tanaka (1987) produced frequently crisp
numbers therefore, criticized by Celmins (1987). Later,
Jos’zef (1992) has suggested that minimization problem
has a scale independent which also suggested by Tanaka
(1982) and the others. As a reaction to Celmin’s critique,
Tanaka and Ishibuchi had improved a method to get
interaction fuzzy coefficients (3). Shown by Redden and
Woddall (1996), this method had a strong sensitive to
outlier, undervalued the knowledge that contains absolute
data and produced unbounded solution (3).

Sakawa and Yano (1992) suggested interaction
algorithm which is iterative to satisfy the decider and
leaning to interaction with decider, to formulize
multiobjective programming problems (4). But this
algorithm is much sensitive against the outlier too. By the
assist of the orthogonal least squares method, Redden and
Woddall (1996) had improved the model of Sakawa and
Yano and also suggested the linear programming problem

Q).

Chang and Lee (1996), for a outlier condition, making
weighted with degree of membership and lean on an
interaction with the decider, have suggested generalized
fuzzy weighted the least squares method (5).

For a simple regression, Yang and Ko (1997) suggested
weighted fuzzy the least squares of analyzed iterative
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stirmiislerdir (5).

Yang ve Ko (1997) Dbasit regresyon igin
agirliklandirilmig bulanik en kiigiik kareler
¢ozlimlemesinin iteratif algoritmasini ileri siirmiiglerdir.
Bu algoritma iki asamaldir. Ilk olarak gozlemlerin sinif
iyeliklerini veren bulanik siniflama yontemi segilir, daha
sonra iiyeliklerin bu degerleri agirliklar olarak kullanilir.
Bulanik regresyon ¢o6ziimlemesinde agirliklandirilmig
bulanik en kiigiik kareler bir optimizasyon problemi olarak
disiiniilmiistiir (6)

Yang ve Lin (2002) bulanik girdi ve bulanik ¢ikti igin
bulanik en kiigiik kareler dogrusal

regresyon ¢oziimlemesini ileri siirmiislerdir. Heterojen
veri kiimesi ve aykir1 degerleri belirlemek i¢in kiimeleme
analizinden yararlanmiglardir (7).

Yang ve Liu (2003) etkilesimli bulanik dogrusal
regresyon modelleri i¢in bulanik en kiiciik kareler
algoritmasini 6nermislerdir. Bu algoritma basit regresyon
icin aykirt degere karsi robusttir. Bu algoritmada
ortogonal kosullar optimizasyon problemine kisit olarak
eklenmistir (8).

Bu c¢alismada ¢oklu regresyon ¢oziimlemesinde girdi
bulamk (X; =(x;,,8),

Y; =(y;,m;,77;) ) ve veri kiimesinde aykir1 deger olmasi

degiskenlerinin say1

durumunda, iyelik fonksiyonu yardimiyla agirlik matrisi
tanimlanmistir. Regresyon model tahmininde ise bulanik
regresyon ¢ozlimlemesi kullanilmugtir.

Bu calismanm Ikinci Boélimiinde literatiirde siklikla
kullanilan robust yontemler igin tanimlamalar yapilacak,
Ugiincii Boliimde bulamk en kiigiik kareler yontemi
tanimlanacaktir. Dordiinci  Boliimde ise bagimsiz
degisken(ler)in ve bagimli degiskenin bulanik say1 olmasi
ve veri kiimesinde aykir1 deger olmasi durumunda iiyelik
fonksiyonu yardimiyla agirlik matrisi tanimlanacaktir.
Regresyon modelinin tahmininde ise bulanik regresyon
¢Oziimlemesi kullanilacaktir. Son Béliimde ise EKK, M,
En Kiigiik Medyan Kare (LMS) ve LMS’ye Dayanan
Yeniden Agirliklandirilmis EKK (RLS) yontemleri ve
Onerilen bulanik robust yontem ile regresyon model
tahminleri elde edilecek ve sonuglar karsilastirilacaktir.

2. ROBUST YONTEMLER

Bu kesimde literatiirde siklikla kullanilan Robust
yontemlerden M, LMS ve RLS yontemleri i¢in tanimlar
verilecektir.

2.1. M Yontemi
M yontemi artiklarin  kareleri toplamini minimum

yapmaktan ¢ok artiklarin fonksiyonunu minimum yapar.
Regresyon katsayilari

p
-2 xB)d
=1

algorithm. This algorithm has two stages. First of all
chosen the fuzzy classification method which gives class
membership of the observations, then values of this
membership used as weights. In the solution of fuzzy
regression, weighted least squares method was thought as
an optimization problem (6).

Yang and Lin (2002) had suggested the fuzzy least
squares linear regression analysis for fuzzy input and
fuzzy output. They had benefited from cluster analyzing to
determine the heterogeneous data group and outlier (7).

Yang and Liu (2003) had suggested the fuzzy least
squares algorithm for the models of fuzzy interaction
linear regression. This algorithm is robust against the
outlier for simple regression. In this algorithm, orthogonal
conditions have added constraint to optimization problem

®).

In this study when input data are fuzzy number
(X; :(xl.,él.,gi), Y; =(;1;,7;) ) in multi regression
analysis and data set has outlier, weighted matrix will be

defined with respect to membership function. In regression
model estimates are used fuzzy regression analysis.

Section 2 of this paper there will be definitions robust
methods which are used usually in literature. Section 3
will be given the definitions fuzzy least squares method.
Section 4 when independent variable(s) and response
variable is fuzzy number and data set has outlier, weighted
matrix will be defined with respect to membership
function. In regression model estimate, fuzzy regression
analysis will be used. Finally regression model estimates
are obtained with least squares method, robust methods
which M, Least Median of Squares (LMS) and
Reweighted Least Squares Based on The LMS (RLS) and
suggested fuzzy robust method and the results will be
compared.

2. ROBUST METHODS

In this section, there will be definitions robust methods
which M, (LMS) and RLS are used usually in literature.

2.1. M Methods
M method is minimizing of residual function much than

minimizing the sum of squared residuals. Regression
coefficients are obtained by the minimizing the sum

[4]
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toplam1 minimum yapilarak elde edilir. Es. 4’iin ,B ; ’ya

gore tlirevi alinip sifira esitlenirse
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By taking the first partial derivative of the sum in Eq. 4
with respect to each ,B ; and setting it a zero it may be

found regression coefficient that p equations.

n p R
2xW | =2 x5 By)ld =0 j=l..p
i=l Jj=1

p denklem sistemi igin regresyon katsayilari elde edilir.
Huber’in p fonksiyonu

ZZ
pe)=1°

KH-5
z=r/d

Huber’s p function is defined as

|Z| <k
[5]
|Z| >k

d = median |r,~ —median(r; )| /0.6745

bi¢iminde tanimlanir. Burada k ifadesi tuning sabiti (ayar
sabiti) olarak ifade edilir ve k&=1.5 degerini alir. d’nin pay1
genellikle mutlak sapmalarin medyan1 (MAD) olarak
tanimlanir. Es. 5’in tilirevi alinirsa

where k is called tuning constant and % is set at 1.5.
Sometimes the numerator of d is called the median of the
absolute deviations (MAD). By taking derivative of Eq. 5

—k z<—k
w(z)=1z |z| <k [6]
k z>k

fonksiyonu elde edilir. ¥/ fonksiyonu p ’nun tiirevidir.
Es. 5’de aykir1 degere genellikle sifir ya da sifira ¢ok
yakin ¥/ agirliklan verilir. Bu nedenle ¥/ “sifira geri
azalan” (redescending to zero) olarak nitelendirilir.
Hampel i/ fonksiyonu

g
a
v(2) = (signz) | (-
c—b
0

biciminde tanimlanir. Genellikle sabitlerin degerleri
a=1.7, b=3.4 ve ¢=8.5 olarak segilir. Andrews (siniis
tahmini) ise §/ fonksiyonunu

sin(z/ k)
(2) = { 0

olarak tamimlamustir, burada £=1.5 ya da k=2.1 alinir.
Tukey’in iki agirlikli tahmini igin /' fonksiyonu ise

it may be function. The function ¥/ is the derivative of
p . They are typically set up such that large residuals will
be given only marginal or zero |/ weights in Eq. 5. So
Y/ is often labeled as “redescending to zero”.

Hampel Y/ function is defined as

cS|z|

where £ is taken 1.5 or k/=2.1.

|z| <kr

|z| >k

In Tukey’s biweight estimate, {/ function is defined as
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1

biciminde tanimlanir. £, 5 ya da 6 olarak segilir (9-12).
6l¢ekleme bagintis1 agagida verilmektedir:

2.2. En Kiiciik Medyan Kare (LMS)

Hata karelerinin medyanin1 en kiigiik yapmay1 amaglayan
bu yontemde amag fonksiyonu,

min med riz
0 i

bigiminde tanimlamir. Burada 7, i’inci gézlem hatasi, &

tahmin bigiminde tanimlanir. En kii¢iik medyan kare
yonteminde i’inci gézlemin agirligt

|1;./s0|£2,5

|7 /50| > 2,5
where k is selected as 5 or 6 (7- 10).

2.2. Least Median of Squares (LMS)

Minimizing the median of the squared residual is
purposed in this methods, the objective function is defined
as

: 2
min med r;
o i
where 7; is ith observed error, 0 is defined as estimated.

In least median of squares method, a weight for ith
observation is defined as

min z wl-rl-2
0

bi¢ciminde hesaplanir. Burada 72 toplam gozlem sayisi, p

degisken sayisi olmak lizere
5 2
5o =1,4826| 1+ med. r; olarak
n—p i

tanimlanir. LMS yoOntemi, Rousseuw ve Leroy (1987)
tarafindan verilen yeniden oOrnekleme algoritmas: ile
hesaplanir (13-15).

2.3. LMS’ye Dayanan Yeniden Agirhiklandirilmis EKK
(RLS)

Agirliklandirilmig  hata  kare toplamimi  minimum
yapmaya ¢alisan RLS yonteminde amag fonksiyonu

where 71 is the sum number of observation, p is the
number of variable. Then

5 2
med n . LMS method
n—p i

is calculated by Rousseuw and Leroy (1987) were taken
with resampling algorithm (13-15).

so =1,4826| 1+

2.3. Reweighted Least Squares Based on The LMS
(RLS)

Minimizing the weighted median of the squared residual
is purposed in RLS, the objective function is defined as

min Z wl-rl-2
0

biciminde tanimlanir. RLS yonteminde agirliklar

In RLS method, weights are defined as

1 | /6]<2,5

seklinde hesaplanir. Burada

QD
I

olarak tanmimlanir (13-15).

2w
zwz’ 4

|i;/6'|>2,5

where O is defined as

(13-15).
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3. BULANIK EN KUCUK KARELER
YONTEMI

X =(m,m,m) seklinde tamimlanan {iggensel bulamk
sayida, m X’in merkezi (modal value), 72 sol yayilma
(left spread) ve M sag yayilma (right spead) olarak
tanimlanir. Bulanik en kiiciik kareler yaklagimi igin
X; :(xi,éi,.fi), Y; = (y;,m;,7;)  Uggensel bulanik
sayilar1 ele alindiginda

Y=a+bX
modeli diisiiniilebilir. Burada @, b kesin sayilardir.

Parametrelerin kesin oldugu model ele alindifinda en
kiiciik kareler optimizasyon problemi

G.U. J. Sci., 17(3):71-84 (2004)/ Kamile SANLI, Aysen APAYDIN

3. FUZZY LEAST SQUARES METHOD

Triangular fuzzy numbers is defined as X = (m,m,m),
where m is modal value of X, M is left spreads and 7 is
right spreads. For fuzzy least squares method, when
X, = (xi,él-,gi) . Y, =(,m;,7;)  triangular  fuzzy

number is taken, following model will be considered

Y=a+bX
where a, b are crisp numbers. When parameters are
crisp, least squares optimization problem is defined as

Minimum  r(a,b) = Zd(a+bX,~,Yi)2 [7]

olarak tanimlanir. Bu durumda

In this case d (a +bX , X) is defined as

2 - _.12
d(a+in’Yi):|:a+bxi_yi_(béi_ziﬂ +[a+bxi_yi+(b§i_77i):| +(a+bx; -y,

seklinde tanimlanir (16).
X ’in kesin say1 ve Y = (y,77,77) liggensel bulanik say1

olmast durumda bulanik regresyon modeli

(16).
When X is crisp and Y = (y,7,77) is triangular fuzzy

number, fuzzy regression model is defined as

Y=A+xB 8]

olarak  tanimlanir.  Burada 4= (a,2,a) ve

B=(b,5.5) Es.8’deki

parametre tahminlerinin yapabilmesi i¢in en kiiciik kareler
optimizasyon problemi

bulanik  parametrelerdir.

Minimum

bi¢imindedir. Burada

where 4 =(a,a,&) and B = (b, E,B) are fuzzy

parameters. For parameters can be estimated in Eq.8, least
squares optimization problem is

r(4,B)= d(A+xB.Y;)*

where d(A+xB,Y)is defined as

d(A+x,~B,Y,~):(a+bxl~—yi)z+(a+bx,~—c_t—éxi—yi+gl~)2+(a+bxi+§+xlﬁ—yi—ﬁl~)2

od od
olarak tamimlanir. — =0 ve % =0 ¢oziimlemesiyle
a

a V€ b parametreleri ve

od =0ve % =0 ¢dziimlemesiyle @ V€

oa

parametreleri elde edilir (16,17).

4.GiRDi DEGISKENLERININ BULANIK
OLMASI DURUMUNDA ROBUST

REGRESYON COZUMLEMESI

Bulanik girdi degiskenleri ile ilgili yapilan ¢alismalarda
genellikle basit dogrusal regresyon modeli ele alinmustir.

od od
solving — =0 and — =0, a and b parameters and
Oa ob
. od
solving — =0, — =0, o and [ parameters are
ox op

obtained (16,17).

4. THE FUZZY ROBUST REGRESSION

ANALYSIS, THE CASE OF INPUT
VARIABLES IS FUZZY
In fuzzy input variables are taken the work

accomplished, simple linear regression model has been
taken in general. In this study, form of
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Bu galismada ¥ = Sy + B X1+ Sr Xy +..+ B, X, + ¢

bi¢imindeki ¢oklu regresyon modeli ele alinarak, Es. 7
genellestirilmis ve bir lemma olarak verilmistir.

Lemma: Coklu dogrusal regresyon modeli durumunda
Es.7 ile tanimlanan optimizasyon problemi

P Min r(a,by,by,....b,) = > d(a+b Xy +...+b,X

olarak genellestirildi. Burada a,by,...,b,, kesin sayular,

X =(x,E,&), ve Y, =(y;,m;,7;) ticgensel bulamk

sayilar olmak iizere

Y =05+ 06X + X, +...+ﬁpo+£ multi linear

regression model has been taken, Eq. 7 has been
generalized and lemma will be given.

Lemma: The case of multi linear regression model,
optimization problem which defined in Eq.7 has been
generalized as

Y

)

where a,b,...,b,, are crisp number, X = (x,f,f_)

P pi>

and Y; = (y;,7;,7;) are triangular fuzzy number. Then

2

d(a+b X+t by X i Y ) = @by + by + kb = v = (BE + by ++ by, — 1) |
_ _ 2

arbp byxg ot byxy = v+ (& +byBy 4,5, T )|

2
+(a +hpxy; +byxpi +.+byx —yl-)

dir. P probleminin en kiigiiklenmesi sonucunda

When P problem is minimized, ,8 is obtained as

ﬁ:(X'X+A’A+B'B)_I(X'Y+A’C+B'D) 9]
olarak bulunur. Burada where
_1 X1 xpl_ _ —
1 xp - Vi Yi—h y+m
X = Y= C= D=
Yn Yn _Qn Yn +77)1
_1 X1n Xpn
1 <x11+é?11) (xp1+é?p1)_ 1 (xll—éll) (xpl—épl)_
1 (xlz +&5) (po +9?p2) 1 (x12 —élz) (po _£p2)
B= A=
_1 (xln +§_ln) (xpn +§_pn)_ _1 (xln _éln) (xpn _épn)_

olarak tammlanir. Gozlem sayist [=1,....,7m ve
degisken sayist j =1,..., p *dir. Parametre tahminlerinin
elde edilebilmesi i¢in (X'X + A'A+ B'B) ’nin tersinin

alinabilmesi gereklidir. Klasik regresyonda X matrisi

icin gerekli olan kosullarin saglanmasi durumunda
(X'X + A'A+ B'B) ’nin tersi almabilir.
4.1. Onerilen Algoritma

Regresyon ¢oziimlemesinde aykiri deger olmasi

durumunda parametre tahminleri ile ilgili olduk¢a g¢ok
caligma  yapilmis ve Robust tahmin ediciler

The observed number is  =1,....,n and the variable
number is
obtained, (X'X +A4'A+B'B)

ordinary regression when X matrix is provided necessary
condition, inverse of (X'X + A'A+ B'B) will be taken.

j=L..,p. To parameter estimates is

must be inverse. In

4.1. Suggested Algorithm

In regression solution, many studies were done about
parameter estimation in the event that outlier and were
defined the Robust estimators. Studies were made as for
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tanimlanmistir. Son yillarda yapilan ¢alismalarda ise,
bulanik tahminler de olduk¢a etkindir. Ancak bu
caligmalarda genellikle basit dogrusal regresyon modeli
ele alinmig ve tamimlanan iteratif siireclerde model
parametrelerinin kesin say1, merkezlerin sifir olmasi gibi
bazi1 dezavantajlara rastlanmistir. Bu sakincalar1 gidermek
ve siireci ¢oklu dogrusal regresyon igin genellestirmek bu
calismanin amacint olusturmustur. Bu nedenle asagida

Onerilen algoritmada tanimlt ﬁ ’larin tahmininde agirlik

matrisi tyelik fonksiyonlar1 yardimiyla tanimlanmis,
tiyelik matrisinin tanimlanmasinda uzaklik kullanilmig ve
yelikler kullanilarak agirliklandirilmig bulanik en kiigiik
kareler tahmin edicisi elde edilmistir. Onerilen
algoritmanin adimlar1 agagida verilmistir.

Adim 1: X; =(x;,6;,6;) . Y; = (y;,1;,77;) tiggensel
bulanik sayilar1 i¢in parametre tahmini Es. 9°dan elde
edilir.

Adim 2: P ', tahmin degerleri ve artiklar (€; ) hesaplanr,

Adim 3: Artiklarin mutlak degerlerine gére medyani
belirlenir ve

d(i) = |abs(e(i)) - medyan(e; )|

uzaklig1 hesaplanir. Burada "” oklid uzakligidir.
Adim 4: Uzakliklara bagl olarak iiyelik fonksiyonu

1
L
)= —"1

H b—a

0

bi¢iminde tanimlanmistir. Burada;

a = medyan(d (i))

b = max(d (7))
dir.
Adim 5: Es.10’da tanimlanan iiyelik fonksiyonundan
tyelik dereceleri belirlenir ve agirlik matrisi (W)
olusturulur. Agirlilk  matrisi, kosegen elemanlari
iyeliklerden olusan diagonal matristir. Es. 9’dan
agirliklandirilmis bulanik en kiigiik kareler tahmin edicisi

B=(X"WX +A'WA+B'WB) (X'WY + A'WC + B'WD)

bigiminde tanimlanir. Bu tahmin edici kullanilarak

parametre tahmini yapilir.

Adim 6: Eger /}kﬂ - ﬁk‘ <¢ ise durulur. Aksi durumda

Adim 2’ ye gidilir. Burada ,3 tahmin edilen regresyon

model parametreleri, k iterasyon sayist ve & >0 olmak
iizere ¢ok kii¢iik bir sayidir.
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the last years, fuzzy estimations were quite active. But in
this operations have generally taken up simple linear
regression model and in defined iterative processes, were
met disadvantages like crisp number and zero centered of
model parameters. The aim of this studies that to remove
those objections and to generalize the processes for the
multi linear regression. For this reason, estimation of
defined S which was suggested algorithm in below, was
defined help of the functions of weights matrix
membership, distance was used defining of matrix
membership and was found estimator of the weighted
fuzzy least squares by using memberships. Suggested
algorithm steps are given in below.

Step 1: For X; =(x;,6;,6;), Y; = (y;,1;,7;) triangular
fuzzy numbers, estimation of regression parameter is

obtained from Eq.9.
Step 2: J , are estimated and residuals (€;) are

determined.
Step 3: According to absolute residual value, median is
determined and distances are calculated

d (i) = |abs(e(i)) ~ medyan(e;

where "” is euclide distance.

Step 4: According to distance, membership function has
been defined

x<a

a<x<b
[10]

d.d

where

a = medyan(d (i))

b = max(d(i))
Step 5: From Eq. 10 has been defined membership
function, membership values are determined and weighted
matrix (W) is constituted. Weighted matrix is diagonal
matrix which diagonal elements are consist of membership

value. From Eq.9, weighted fuzzy least squares parameters
coefficient is defined as

[11]

As this parameters coefficient is used, regression
parameters will be estimated.

Step 6: 1f ‘/Afkﬂ —,[Afk‘ <¢& then stop. Otherwise is go to

Step 2. Where [ is estimates of regression model

coefficients, k is iteration number and & >0 is a small
number.
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4.2. Uygulama

Onerilen algoritmay1 irdeleyebilmek ve Ikinci Boliimde
verilen klasik yontemlerle karsilagtirabilmek i¢in Gujarati
(2001)’den 31 gozlem ve ii¢ bagimsiz degiskeni igeren bir
ornek ele almmustir (18). Aykir1 gozlem durumu icin
24’tincii gozlemin degeri 30.1 olarak degistirilmistir. Veri
kiimesi Cizelge 1’de verilmistir. Bu veri kiimesi i¢in
Boliim 1’de tanimlanan EKK, B6liim 2’de tanimlanan M,
LMS, RLS ve oOnerilen yontemden elde edilen mutlak
artiklar Cizelge 2°de verilmistir. Onerilen yéntem igin

bagimsiz degisken degerleri; merkez (xi), sol yayilma

& =x;/7, sag yayilma é?l =X; /6 ve bagimh degisken

degerleri; merkez (yi) , sol yayilma 77; = »; /8 ve sag

yayilma 73; = y; /7 almarak ¢6ziimleme yapilnustir. Sol

ve sag yayimalar literatirde belirtildigi  gibi
belirlenmistir. M ydntemi ve tanimlanan yontem igin
Matlab paket programinda program yazilmistir. Elde
edilen regresyon model tahmini Cizelge 3’de, mutlak
hatalara iligkin indeks plot ise Sekil 1, 2, 3, 4, 5, 6, 7 ve
8’de verilmistir..

4.2. Numerical Example

To investigate suggested algorithm and compare
classical method that given in second part, an example was
taken which includes 31 observations and 3 independent
variables from Gujarati (2001) (18). For a outlier
observation, the value of the 24th observation was changed
into 30.1. Data set was given in Table 1. For this data set,
LSM that defined in Section 1, M, LMS, RLS that defined
in Section 2 and absolute residuals was taken from the
suggested method, was shown in Table 2. For the
suggested method, was taken the values of independent

variables; center (xi), left spread & =x;/7, right

spread g?[ =x;/6 and dependent variables; center (),
left spread 7; = y; /8, right spread 7; = y; /7 analyze

has done. Left and right spreads were determined as shown
in literature. For the M method and suggested method was
written a program in Matlab software. The gotten
estimation of regression model in Table 3, as for the index
plot belonging to absolute errors was given in Figures
1,2,3,4,5,6,7 and 8.

Table 1. Data set
Cizelge 1. Veri kiimesi

Observed Observed
Number x| X X3 YV | Number x| X X3 y
/Gozlem Gozlem
No No
1 4,89 5,52 487,67 8,01 17 3,96 7,80 874,29 10,75
2 4,83 5,05 490,59 9,06 18 3,85 8,30 925,86 9,47
3 4,68 5,41 533,55 10,31 19 3,75 8,81 980,98 10,31
4 4,42 6,16 576,57 11,76 20 3,69 8,66 1007,72 8,88
5 4,36 6,26 598,62 12,43 21 3,56 8,78 1051,83 8,88
6 4,55 6,34 621,77 13,31 22 3,56 9,18 1078,76 9,70
7 4,66 6,81 613,67 13,1 23 3,48 9,03 1075,31 7,69
8 5,54 7,15 654,80 14,94 24 3,53 9,00 1107,48 30,1
9 4,44 7,17 668,84 16,17 25 3,39 8,78 1171,10 7,54
10 4,75 6,71 681,02 14,71 26 3,68 8,38 1234,97 7,47
11 4,56 7,05 679,53 13,2 27 5,92 8,01 1217,81 8,63
12 4,29 7,04 720,53 13,19 28 6,03 7,78 1202,36 9,21
13 4,19 7,18 736,86 11,7 29 6,12 7,88 1271,01 9,23
14 4,17 7,33 755,34 10,99 30 6,05 7,88 1332,67 9,96
15 4,11 7,54 799,15 10,80 31 5,89 8,67 1385,10 10,78
16 4,04 7,61 830,7 10,66

*R, residual and W, weights
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Table 2. Absolute Residuals and Diagonal Elements of Weighted Matrix
Cizelge 2.Mutlak Hatalar ve Bunlara Karsilik Gelen Agirlik Matrisinin Késegen Elemanlari

Observed LSM Huber Hampel Tukey Andrews LMS RLS Suggested
Number R R W R W R W R w R w R W R W
/Gozlem /EKK /Hata  Agirhk | /Hata  Agirhk | /Hata  Agirhk | /Hata  Agirhk | /Hata Agirhk | /Hata Agirhk | /Hata  Agirhik
No Hata Estimated
/Tahmin
1 3.3093 | 43406  0.6045 | 42117  0.7108 | 4.6024 03753 | 43690  0.3559 | 6.3138 0 6.2188 0 4.5623  0.7980 12,5723
2 0.6494 1.7388 1 1.5388 1 2.0622  0.8505 1.7431 04557 | 54822 0 4.9001 0 2.5225  0.9020 11,5825
3 0.3012 | 0.4924 1 0.2991 1 0.7461 0.9797 | 0.4689  0.4747 | 3.6916 0 32250 0 1.1545 09717 11,4645
4 0.3926 | 0.0877 1 0.2386 1 0.0275 1 0.1147  0.4760 1.4229 1 1.3701 1 0.1089 1 11,8689
5 1.1499 | 0.9609 1 1.1171 1 0.8673 09727 1.0320  0.4689 | 0.5322 1 0.4696 1 0.7470  0.9924 11,6830
6 1.8176 1.5217 1 1.6519 1 14192 09277 1.5693  0.4595 | 0.4359 1 0.3763 1 1.4418 09570 11,8682
7 0.1509 | 0.4417 1 0.3920 1 0.4883  0.9913 | 0.4279  0.4749 | 0.3874 1 0.2058 1 0.0952 1 13,0048
8 1.3814 1.3519 1 1.3926 1 1.3687  0.9326 1.3888  0.4631 2.7303 0 2.0163 0 2.0169  0.9277 12,9231
9 2.8977 | 29856  0.8789 | 3.0439  0.9835 | 3.0166  0.6948 | 3.0424  0.4153 | 4.1077 0 3479 0 3.5486  0.8497 12,6214
10 2.5874 | 23105 1 2.3918 1 2.2407  0.8248 | 2.3371 0.4397 | 2.3016 1 1.9507 1 2.5494  0.9006 12,1606
11 0.2744 | 0.2459 1 0.3082 1 0.2464  0.9978 | 0.2914  0.4756 1.0728 1 0.5152 1 0.7238  0.9936 12,4762
12 1.2824 1.5603 1 1.6801 1 1.5901 0.9097 1.6625  0.4575 1.4429 1 1.1853 1 1.6819  0.9448 11,5081
13 0.2664 | 0.1626 1 0.2853 1 0.2240  0.9982 | 0.2819  0.4756 | 0.1822 1 0.0958 1 0.3034 1 11,3966
14 1.1572 | 0.6414 1 0.5270 1 0.5556  0.9887 | 0.5168  0.4744 | 0.3207 1 0.6714 1 0.4220 1 11,4120
15 1.2989 | 0.6020 1 0.4867 1 0.4783  0.9917 | 0.4588  0.4748 | 0.0961 1 0.4744 1 0.3628 1 11,1628
16 1.1083 | 0.2774 1 0.1471 1 0.1351 0.9993 | 0.1143  0.4761 0.0300 1 0.2752 1 0.1307 1 10,7907
17 0.8800 | 0.1443 1 0.2807 1 03238 0.9962 | 0.3296  0.4754 | 0.5322 1 0.2298 1 0.2758 1 10,4742
18 2.8386 1.5042 1 1.3943 1 1.2389  0.9446 1.2983  0.4647 | 0.0961 1 0.6442 1 1.1037 09743 10,5737
19 2.6737 1.0294 1 0.9471 1 0.6779  0.9833 | 0.8034  0.4718 1.4176 1 0.6191 1 0.3553 1 10,6653
20 3.1642 1.4573 1 1.3348 1 1.1205  0.9546 1.2083  0.4663 | 0.0947 1 0.4450 1 1.0887  0.9750  9,9687
21 2.7229 | 0.7950 1 0.6500 1 04256 0.9934 | 0.5138  0.4744 | 0.4958 1 0.0571 1 0.5547 1 9,4347
22 2.7809 | 0.7073 1 0.6023 1 0.2793  0.9971 0.4283  0.4749 1.7056 1 0.9728 1 0.1355 1 9,8355
23 4.2469 | 2.1460 1 2.0119 1 1.7310  0.8934 1.8514  0.4531 0.3695 1 0.9225 1 1.7802 09398  9,4702
24 18.6356 | 20.7413  0.1265 | 20.8872 0 21.1471 0 21.0404 0 22,1923 0 21.7340 0 20.9890 0.0005  9,1110
25 2.1237 | 0.1621 1 0.3853 1 0.5526  0.9889 | 0.5118  0.4744 | 0.0366 1 0.0093 1 0.1669 1 7,7069
26 0.4735 1.5703 1 1.8351 1 1.8719  0.8759 1.9094  0.4516 | 0.0961 1 0.3215 1 0.7735  0.9911 6,6965
27 1.7785 1.8254 1 1.8295 1 1.8254  0.8818 1.8286  0.4536 | 0.3959 1 1.0632 1 1.3721 0.9606 10,0021
28 0.8595 1.0868 1 1.0831 1 1.1326  0.9536 1.1057  0.4679 | 0.0961 1 0.6619 1 0.7463  0.9925  9,9563
29 0.3218 | 0.4836 1 0.4739 1 0.5235  0.9900 | 0.4951 0.4745 | 0.3494 1 0.1579 1 0.2296 1 9,4596
30 1.3837 1.3912 1 1.4388 1 1.3602  0.9335 1.4123  0.4627 1.4877 1 1.2103 1 1.3635 09610  8,5965
31 0.7009 1.1355 1 1.1259 1 1.2379  0.9447 1.1767  0.4668 | 3.1548 0 23928 0 1.6520 09463  9,1280

*R, residual and W, weights

Cizelge 2 incelendiginde, aykir1 deger olarak alinan 24.
gozlemin agirhign Huber’de “0.1265”, Hampel, Tukey,
Andrews, LMS ve RLS’de “0” Onerilen yontemde ise
“0.0005” olarak bulunmustur. Onerilen yontem sonucunda
bulunan agirliklar aslinda her bir goézlemin {yelik
dereceleridir. Bu tiyelik dereceleri goézlemlerin modele
etkisini gostermektedir. Dolayisiyla Cizelge 3’ten de
goriildiigl gibi aykinn degerler ¢ok kiigiik iiyelik derecesi
ile modeli etkilerken diger gozlemlerin tiyelik dereceleri 1
ya da 1’e yakin degerdedir ve bunlarin tahmini regresyon
modeline etkileri 6nemlidir.

When examined in Table 2, the weight of 24
observation, which was taken as outlier, in Huber
“0.1265”, in Hampel, Tukey, Andrews, LMS and RLS “0”
and in the suggested method was found as “0.0005”.
Weights that were found in the end of the suggested
method, actually were degrees of membership of each
observations. These memberships show effects of
observations to the model. Also as seen in Table 3, outlier
effective the model by very small membership degree, the
degrees of membership of the other observations values
are 1 or near 1 and the effects of those to the estimate of
regression model take importance.
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Table 3. Estimated of Regression Coefficients

Cizelge 3.Regresyon model tahminleri

Regression Coefficient
Method Constant /Regrasyon Katsayilari
/Yontem /Sabit ﬂl ﬂ y ﬂ3 Sum of Square Residual
/Hata Kare Toplami

LSM -6.5535 1.5118 3.1446 -0.0141 456.9177
Huber -7.6080 2.3910 2.8980 -0.0159 496.8698
Hampel -8.3784 2.5659 2.9423 -0.0163 502.2505
Tukey -7.0755 2.5015 2.7527 -0.0159 514.0758
Andrews -8.3271 2.5460 2.9273 -0.0162 508.7170
LMS 17.9016 0.5117 -0.5676 -0.0060 626.9510
RLS 11.0860 1.1279 0.3715 -0.0091 583.3430
Suggested 0.2126 1.6831 1.8160 -0.0121 512.4447
/Onerilen

Cizelge 3’de EKK, Huber, Hampel, Tukey, Andrews,
LMS, RLS ve oOnerilen yontemle elde edilen regresyon
model tahminleri verilmistir. Onerilen yéntemde bulanik
girdi verileri ele alindif i¢in girdi verileri bir aralikta ele
alinmustir. Onerilen yontemden elde edilen parametre
tahmin degerleri diger Robust yontemlerle isaretce ayni ve

biiytikliik¢e ¢cok yakindir.

20
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Figure 1. LSM Absolute Residual Index Plot
Sekil 1. EKK Mutlak Hta i¢in Indeks Plot
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Figure 2. HUBBER absolute Residual Index Plot

Sekil 2.HUBER Mutlak Hata i¢cin Indeks Plot

In Table 3, LSM, Huber, Tukey, Andrews, LMS, RLS and
the estimations of regression models that gotten by
suggested methods was given. In suggested method fuzzy
input data handled therefore input data have handled in
one interval. Estimation values by suggested method are
close to other Robust methods as size and equal as mark.
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Figure3. HAMPEL Absolute Residual Index Plot Figure 4. TUKEY Absolute Residual Index Plot

Sekil 3. HAMPEL Mutlak Hata ligin Indeks Plot Sekil 4. TUKEY Mutlak Hata i¢in Indeks Plot
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Figure 5. ANDREWS Absolute Residual Index Figure 6. LMS Absolute Residual Index Plot

Sekil 5. ANDREWS Mutlak HATA I¢in Indeks Plot Sekil 6. LMS Mutlak Hata I¢in Indeks Plot
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Figure 7.RLS Absolute Residual Index Plot
Sekil 7. RLS Mutlak Hata I¢in Indeks Plot

Figure 8 Suggested Absolute Residual Index Plot
Sekil 8. Onerilen Mutlak Hata I¢in Indeks Plot
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Robust yontemler ve 6nerilen yontem i¢in ¢izilen
mutlak hata sa¢ilim grafiklerinde, aykir1 degere iliskin
hata oldukga biiyiik deger alirken diger gozlemlere iliskin
hatalar sifira yakin degerler almistir.

5. SONUC ve TARTISMA
Bu cabismada X; =(x,,8). ¥ =7 70)
iiggensel bulamik sayilarinin ele alinmasi ve veri

kiimesinde aykir1 deger olmasi durumda regresyon model
tahmini igin iteratif bir yaklasim ileri stiriilmiistiir. Agirlik
matrisinin elde edilmesinde uzakliklara bagli olarak
tanimlanan {iyelik fonksiyonundan yararlanilmigtir. Her
bir gozlem iiyelik derecesine gore parametre tahminine
katilmistir. Elde edilen agirliklar ile agirliklandirilmis
bulanik en kiigiik kareler analizi yapilmistir. Parametre
tahmininde aykir1 degerden EKK yontemine gore daha az
etkilenen model tahmini elde edilmistir. Cizelge 2’de
verilen mutlak hatalar incelendiginde Onerilen yontemle
elde edilen hatalarin aykirt deger igin (20.9890) gibi
biiytik degerler, diger goézlemlerde ise (0.3553,0.1669)
gibi kiigiik degerler aldigi ve tahmin degerlerinin
gozlemlenen degerlere yakin oldugu goriilmektedir.
Aykirt deger icin iiyelik fonksiyonundan elde edilen
yelik (agurlik) “0.0005” iken diger gozlemler i¢in “1 ya
da 1’e yakin” degerler almaktadir. Uyelikler yardimiyla
aykir1 degerler belirlendigi gibi digergdzlemlerin modele
etki dereceleri de ayri ayr1 incelenebilmektedir.

Cizelge 3 incelendiginde Onerilen yontemden elde
edilen parametre tahminleri literatiirde yer alan klasik
yontemlere yakin elde edildigi goriilmektedir ve hata kare
toplam1 Huber ve Hampel’e ¢ok yakin diger yontemlerden
ise daha kiigliktiir. Sag¢ilim  grafiginden, robust
yontemlerde oldugu gibi Onerilen yontemden de aykiri
degerler kolaylikla belirlenebilmektedir. Sekil 8’den
goriildiigli gibi aykir1 deger biilyilik artiga sahipken diger
gozlemler sifira yakin artiga sahiptir. Boylece elde edilen
regresyon model tahmininin uygunlugunun, aykiri deger
disinda kalan gozlemler i¢in daha iyi oldugu sdylenebilir.
Coklu regresyon ¢oziimlemesinde gozlemlerin bulanik ve
veri kiimesinde aykir1 deger olmasi durumunda regresyon
model tahmininde 6nerilen yontem kullanilabilir.

KAYNAKLAR/ REFERENCES

In absolute error graphics that drawn for Robust and
suggested method, error that related to outlier gained big
value, errors that related to the other observations gained
close to zero.

5. CONCLUSION and DISCUSSION

In this study was suggested an iterative approach for
estimation of regression model in the event that
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