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In this paper, we establish a new fractional integral identity, and then we derive some new fractional
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1. Introduction

It is well known that convexity plays an important and central role in many areas, such as economic, finance,
optimization, and games theory. Due to its diverse applications this concept has been extended and generalized
in several directions. One of the most significant is that introduced by Hanson [4], called invex functions. Many
authors have studied the basic properties of the preinvex functions and their role in optimization, variational
inequalities and equilibrium problems [12, 13, 22, 26].

It is well-known inequalities in mathematics for convex functions is the so called Hermite-Hadamard integral
inequality

b
(52 < g [ flagae < S0 o

where f is a real convex function on the finite interval [a, b]. If the function f is concave, then (1.1) holds in the

reverse direction (see [11]).
The above double inequality has attracted many researchers, various generalizations, refinements, extensions
and variants have appeared in the literature one can see [2, 3, 5, 7-9, 11, 12, 16-21], and references therein.
Kirmaci et al. [6] presented some results connected with inequality (1.1)

b
s [ e — 1 (5)] < 52 (7 @] +1 ).

Recently, Sarikaya et al [23], gave the fractional analogue of (1.1)

F(522) < 3ol [(J2, £) (6) + (JR f) (o)) < L0 (12)

Zhu et al [27] established the following result connected with inequality (1.2).

| St ) (g ) ) + () (@) — £ (422)
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Motivated by the above results, in this paper we establish a new fractional integral identity and derive some
new fractional Hermite-Hadamard type inequalities for functions whose derivatives are s-preinvex.

2. Preliminaries

In this sections we recall some definitions and lemmas

Definition 2.1. [21] A function f : I — R is said to be convex, if

flz+ (A -t)y) <tf(z)+ (1 1) f(y)
holds for all z,y € I and all ¢ € [0, 1].

Definition 2.2. [1] A nonnegative function f : I C [0,00) — R is said to be s-convex in the second sense for some
fixed s € (0, 1], if

fltr+ (1 =t)y) <t°f(x)+ (1 —1)"f(y)
holds for all z,y € I and ¢ € [0, 1].

Definition 2.3. [26] A set K C R™ is said an invex with respect to the bifunctionn : K x K — R",ifforall z,y € K,
we have

x+1tn(y,x) € K.
In what follows we assume that X' C R be an invex set with respect to the bifunctionn : K x K — R.

Definition 2.4. [26] A function f : K — Ris said to be preinvex with respect to 7, if

flattn(y,x)) < (1 —1) f(z) +f(y)
holds for all z,y € K and all ¢ € [0, 1].

Definition 2.5. [7] A nonnegative function f : K C [0,00) — Ris said to be s-preinvex in the second sense with
respect to n for some fixed s € (0, 1], if

fle+in(y,z) <A =1)°f(z)+1°f(y)
holds for all z,y € K and ¢ € [0, 1].

Definition 2.6. [5] Let f € Li[a, b]. The Riemann-Liouville fractional integrals J, f and J;* f of order o > 0 with
a > 0 are defined by

x

J f(x) :ﬁ/ (z—0)*"" ft)dt, z>a

b

/(t —2)* 7 f)dt, b>x

x

Jg f(x) =ﬁ

respectively, where I'(a) = [ e "t*~!dt, is the Gamma function and J?, f(z) = J_ f(z) = f(z).
0

The incomplete beta function is given by
t
By (2,y) = /eH (1—6)""1do, 0<t<1.
0

Lemma 2.1. [20] Forany 0 < a < bin R and fixed p > 1, we have
(b—a)’ < b’ —aP.
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3. Main results
We start with the following identity

Lemma 3.1. Let f : [a,a + 1 (b, a)] — R be a differentiable mapping on (a,a + n (b, a)) with n (b,a) > 0, and assume that
f" € L([a,a+ n(b,a)]). Then the following equality holds

£ (2] - oE e (T F(@) + T2 fla+ 0 (b,0)))

=) (/kf’ (a+tn (b,a)>dt+/(t“—(1—t>a>f' (a+tn(b,a))dt),
0

0

(3.1)
where " )
[ tifo<t<i,
k_{ —lif§ <t <1 (32)
Proof. Let
1
b= [kf (@t tn.0) (3:3)
0
and )
/ (1= F' (a + tn (b, a)) dt, (3.4)
0
where k is defined by (3.2).
Clearly, we have
I = n(b2,a)f (2a+g(b,a)) _ n(blﬂ) (f(a)+ f(a+mn(ba)). (3.5)
Now, by integration by parts, I, gives
I =g f (a+n(b,0)) + 75 f (a) (3.6)
1 1
— a0 (/talf(a+t7) (b, a))dt+/(1 — ) f(a+t (b, a))dt) .
0 0
Making the change of variable u = a + t7 (b, a), (3.6) becomes
L =mayf (@t n(b.0) + ey f (@) — Gy
a+n(b,a) a+n(b,a)
X / (u—a)*"" f(u)du+ / (a4n(ba) —uw)* " f(u)du
:ﬁf( a+n(ba))+ (bl’a)f(a) - (n((zz()(;()3¢+1 (J‘X_M(b ay-f (@) + I3 fla+n (0, a)))
=rom (fla+n(ba)+ f(a) - 7(,7%‘;)*)&1 (J{; by~ f(@) + g fla+n (0, a))) . (3.7)
Summing (3.6) and (3.7), , we obtain the desired result. [

In what follows we note by
1_(%)a+s+1

)\Q’S:W—B%(a—i—l,s—l—l), (3.8)
()
ua,szB% (s+1,a+1)— 2a+s+1 , (3.9)

a+1
dor =t = (1) 610
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a—+1
Mol = GinaTs — art (3) (3.11)
1+s
Mo = e (s+ (') (3.12)
and 1+

Theorem 3.1. Let f : [a,a+n(b,a)] C [0,00) — R be a positive function on [a,a + 1 (b,a)] with n(b,a) > 0 and
feLla,a+n(b,a)l. If | f'| is s-preinvex function, where s € (0, 1], then the following fractional inequality holds

‘f (2a+g(b,a)) _ 2(1;7((233‘1 (J(O‘_H](b oy~ S (@) + 3 fla+n (0, a)))‘

g"“;‘”( L Z0 B 0t 1s+1)+B (s—|—1,a—|—1)> (U (@) + |f B)]), (3.14)

s+1 a+s+1 %
where By (., .) is the incomplete beta function.

Proof. From Lemma 3.1, properties of modulus, and s-preinvexity of | /|, we have

2a+n(b,a T'(a+1 « o
‘f( n )) _ 2(n((b aﬁu (J(W](b - /(@) +Ja+f(a+n(b,a)))'

/\f (a+ tn (b, a) |dt—/|f (a+tn (b, a))] dt

+/KL%W—ﬁwa+m®ﬂmﬁ+/ﬂ“—ﬂ—#ﬂf@+m®ﬂmﬁ
0 1

/ (=1 1 ()] + £ | (b (ﬁ+/"1ft|f<n+ﬁu<>b
0

2

| /\

1

(=) =) (A=) [f (@) + " [f (B)]) dt + /(t“ =L =)") (A=) (@) + [ (B)]) at

_|_
o\m\»—‘

N

b,a @)+ (b) 1o (1)e+s
—77(2)<<| g|+l |>+( a(—i-2s)+1 —B%(a+1’s+1)+B

+<(B;(s+l,oz+1)—B;(a+1 s+1)+ ﬁ) |f" (b )|>

@+La+n)u%@

1
2

which is the desired result. O

Corollary 3.1. In Theorem 3.1 if we take s = 1, we obtain the following fractional midpoint inequality for preinvex functions

’f (2a+g(b7a)) _ 2(27(8;;;;“ (J(C:wn )~ (@) + I3 fla+n (b, a)))’
<0 (a+3- (1)) 1F @] +1F B)).-

Corollary 3.2. In Theorem 3.1 if we choose 1 (b,a) = b — a, we obtain the following fractional midpoint inequality for
s-convex functions

‘f (a?b) _ ;(g)a_t;l (Jpe f(a) + J3+f(b))‘

1— 1 a+ts
<bse <si1 + 7(1(;2“ —By(a+1,5+1)+By

@+La+n><fm>+v%wn

Moreover if we take n (b,a) = b — a and s = 1, we obtain Theorem 2.3 from [27].
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Corollary 3.3. In Theorem 3.1 if we take o = 1, we obtain the following midpoint inequality for s-preinvex functions

a+n(b,a)

Fleten) - s [ o] < 2 (s+ 1+ ()7 15 @1+ 17 0.

a

Moreover if we choose s = 1, we obtain the following midpoint inequality for preinvex functions

a+n(b,a)

pea) s [ ol 2827 @)1 ).

a

Corollary 3.4. In Theorem 3.1 if we choose 1 (b,a) = b — a and o = 1, we obtain the following midpoint inequality for

s-convex functions
| i -1 / ft)dt

Moreover if we choose s = 1, we obtain the following midpoint inequality for convex functions

b
PWﬂ—ﬁJﬂwt

Theorem 3.2. Let f : [a,a+n(b,a)] C [0,00) — R be a positive function on [a,a + 1 (b,a)] with n(b,a) > 0 and

f € Lia,a+n(b,a)]. If |f'|" is s-preinvex function, where s € (0,1] and q > 1, then the following fractional inequality
holds

< wiit (s+ 14+ ) 1F @] + 17 o).

< 28 (11 (a)] + | (B)])-

7 (402) ~ a5 (Fsnan @)+ J5 S0t n .

<wm<GlGWWﬂMQU”W@)
- 2

s+1

N ((é)s“lf’(a)|“+(1(;)S+1)|ff(b)|q>i . (1-(2)")

_1
s+1 (a+1)1 3

Q=

% (s [ @1 + s | BN + (s [ (@ + A 1 (9)])

where Ao s and i s are defined as in (3.8) and (3.9) respectively.

)

Proof. From Lemma 3.1, properties of modulus, and power mean inequality, we have

2a+n(b,a I'(a+1 a a
£ (Beple) — e (T F(@) + T F (a4 0 (0,0)) |

1

1
4 1

<) | | [17 @ mbalae |+ | 1 @+ (bl ae
0 1

+ /((1 — )% —tY)dt /((1 — )" —t*)|f (a+tn(b,a))|’ dt

0 0

1 -3 1 a
+ /w—a—wmﬁ /W—ﬂ—ﬁmfm+mwwwﬁ
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q

Q=

F atm®a)d| + / | (a + tn (b, a))|" dt

I
3
=
NI
S
=
O\m\»—t

(L 0= || -0 — e @+ mapa
0

+ /(ta — (=) |f (a+tn(b,a))|"dt : (3.15)

N|=

Since |f’|? is s-preinvex function, (3.15) gives

2a+n(b,a I'(a+1 a «
‘f( Yoa)) — S (T - (@) + T fla+n b, “)))‘

) Lo, ,
Sn(ga) /(17t)5|f/ (a)|q+t5|f/ (b)|th + /(1*t)5‘f' (a)‘q+ts|f/ (b)|th
0 1
m 4 g y _pets g y a1 _$)5d
+ (a-&-l)l_% |f" (a)] [(1 t) t {t (1—t)%dt
q . )

N /ts (1-0)° /ta“dt i@ | fera-oda- [a-oa
0

1 1
2 2

Q=

1

+ |f" (b ]t‘”sdt /ts (1—t)*dt

1

Nl

2

1 1
b <<(1_(;)°‘“)|f’(a)‘I+(;;)”1|f/(b)")q N <(;)S+1|f'<a>|"+(1—(;)5“)|f/(b)|q)q

2 s+1 s+1

(T =)

(a+1)' "4
+<f’(a)q (B% (s+1,a+1) i+:+1rl>+f/ < 5111:1“73% (a+1,s+1))>q>,

which is the required result. O

; 1 vts+1
H1roF (By e+ asn - BT0))

Corollary 3.5. In Theorem 3.2 if we take s = 1, we obtain the following fractional midpoint inequality for preinvex functions
2a+n(b,a) I'(a+1) o o
‘f< Yoal) — S (T (@ + T fa+n b, a)))‘

b @ lre\T | (r@lsroP ), 0-(3))
o (s (v )

(at+1)' "4

Q=

< (Ot I @1+ s 1F D) + (s [ @+ 2as 17 0.
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where Ao 1 and pq 1 are defined as in (3.10) and (3.11) respectively.

Corollary 3.6. In Theorem 3.2 if we choose 1) (b,a) = b — a, we obtain the following fractional midpoint inequality for
s-convex functions

Q

7 (252) - et (3 () + T 7))

1
ba (1=(3)" ) @[ +(3) e\ ®
S 2 s+1

N ((;)5“|f/<a>|“+(1—(é)”1)|f/<b>|“>é REOD

1
s+1 (a+1)175

Q=

X (()‘a,s |f/ (a)|q + Ha,s ‘fl (b)‘q)% + (Na,s |f/ (a)|q + Aas |f/ (b)|q) )) )

where A, s and pi, s are defined as in (3.8) and (3.9) respectively. Moreover if we take 1 (b,a) = b — a and s = 1, we obtain
the following fractional midpoint inequality for convex functions

£ (25) - et G (a>+J:5‘+f<b>>\

1
—a [ (3F (a)|q+|f )| [/ @] +3]®)]" ) *
gT -8 8

LG (1 @1 + st IF O + (o | @1+ A |7 B)?)).

where A1 and i1 are defined as in (3.10) and (3.11) respectively.
Corollary 3.7. In Theorem 3.2 if we take o = 1, we obtain the following midpoint inequality for s-preinvex functions

a+n(b,a)
2a+n(b,a)
f(a Z a)_n(;a) / f(t)dt

1

<ntba) <<(1—(;>”1)|f'<a>“+(é)‘““|f“b>q)q
- 2

s+1

1
(%)S+1|f/(a)|q+ 1_(%)s+1 |f/(b)|q q 2(1-1
+ < s(+1 ) * (%) e

1

x (sl @ YOI+ (s 1 @1+ A [ B))))

where 1 s and py s are defined as in (3.12) and (3.13) respectively. Moreover if we choose s = 1, we obtain the following
midpoint inequality for preinvex functions

2a+n(b,a I'(a+1) o
’f < g ) T 2(n(b,0)" ( (a+n(b,a)) ) +Ja+f(a+77(b7a)))’
1

< 1tba) <<3|f @l lr ol ) <f<a>|u3|f<b )
— 2
F@IHr N T (@] sl m) )
1 5 (a)|"+| £ (b) a f(@)|*+5]£ ()| ) ¢
e (Hrelrely (irergirer) )

Corollary 3.8. In Theorem 3.2 if we choose 1 (b,a) = b — a and o = 1, we obtain the following midpoint inequality for
s-convex functions

b

73 - ﬁ/f () dt| <b5e ((<1—(é)‘“’“)|f’<z>+;’+(;)8“|f/<b>l")q

a
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)2(1—§)

n ((%f“|f'<a>|q+(1—(é)3“)|f’<b>|q)é +

s+1

=

< (eI @F sl O+ (e I @1+ A7 ) ))

where \i s and py ¢ are defined as in (3.12) and (3.13) respectively. Moreover if we choose s = 1, we obtain the following
midpoint inequality for convex functions

b 1 1
o [ (Blr @@\ (@] s o)
LJﬂmh§2<( "+ |>+C 8|)
’ q q : a a :
i1 <<5|f(a)6+|f ®)] ) N <|f @["+5)7'0) > )) .

Theorem 3.3. Let f : [a,a+n(b,a)] C [0,00) — R be a positive function on [a,a + 1 (b,a)] with n(b,a) > 0 and
f € Lla,a+n(b,a)]. If |f'|? is s-preinvex function, where s € (0,1], and q¢ > 1 with % + % = 1, then the following
fractional inequality holds

2a+n(b,a) I'(a+1) o o
’f ( it ) ~ Sma)T (J(a+71(b an-Sa) + I3 fla+n (b, )))’
o 1 1
wva) (1, =@ [ (=@ )@+ @) el
S 2 1 + T s+1
(ap+1)P

1
(Wl sogrelror )
s+1 :

Proof. From Lemma 3.1, properties of modulus, and Holder inequality, and Lemma 2.1, we have

2a+n(b,a I'(a+1 a «
[ (2} — D (2 - £ (@) + T2 fa+ 0 (5,a) )|

B 1
<2 | | [17 @ malae |+ | 1 @+ (b)) ae
0 1

q

/mm+m&@Ww
0

(t* — (1 —t)*)dt /|f’ (a+tn(b,a))|?dt

S =
Q=

_l’_
o NE
—
—
—
|
~
~—
Q
|
~
Q
~—
3
QU
~
St
By

1
/
( /|f (a+1tn(ba))|"dt E /If (a+tn(b,a))|*dt E

1
1 p
2

((1—1)° — o7 dt /Wm+m&@Wﬁ
0

Q=

=
Q=

1

(17 — (1 — £)°7) dt ‘/Wm+m@ﬂm%t

1

+
=

M\»—A\»—l

2
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1
i / Fla+in(ba)|%de | + /|f’<a+tn<b,a>>\th
0

2 % 1 %
+—— (1-(3)"")" /\f’ (a+tn(ba)|dt | + /\f’ (a +tn (b,a))|" dt
(ap+1)P ) f
(3.16)
Since | f'| is s-preinvex function, (3.16) gives
2a+n(b,a I'la+1 « a
‘f( Z( )) - 2(,,((57@);@ (J(aJrn(b )~ fla) + Ja+f(a+77(b, a)))‘
<77(b7a) (1+ 1 . 1— 1\aP P>
i) (14 11— (1))
% a 1 q
/((lft)s\f’ @+ f (o)) dt | + /((1*t)slf' (@) +¢ [ (b)|") dt
0 1
2
apy L ‘ 1
v (1, (=G (Gl @) e
- 2 1+ 1 s+1
(ap+1)P
1
+ ((;)“1|f’<a>lq+<1—<;>s+1>|f'(“'q)q)
s+1 )
which is the desired result. O

Corollary 3.9. In Theorem 3.3 if we take s = 1, we obtain the following fractional midpoint inequality for preinvex functions

’ f (2a+n(b,a>) _ (Fn%g;a (J(O; oy (@) Ig fla+n (b, a)))’

o 1 1
NEOW <3|f’<a>Q+|f'<b>l">q + (If'<a>lq+3|f'<b>|‘?>q
= 1 8 8 '
(ap+1)?

Corollary 3.10. In Theorem 3.3 if we choose 1 (b,a) = b — a, we obtain the following fractional midpoint inequality for
s-convex functions

_l(w% (s Y £ (@) [T (1) 4 (I%
7 (242) — Bt (g fla) + T2 £0)| <5 <1+<1 () ) )(((1 Wl

1
(ap+1)P

1
" ((;)S“|f/(a>|‘1+(1—<;f“)lf/(b)")Q>
s+1 :

Moreover if we take n (b,a) = b — a and s = 1, we obtain the following fractional midpoint inequality for convex functions

o _ l_lap% f/aq f/bq% f/{lq f/bq%
7 (552 - HEH (g f(@) + g5 0)] <5 <1+( (2) ) )((3 ALAZOL) Ty (IelEror) ).

(apt1)¥
Corollary 3.11. In Theorem 3.3 if we take oo = 1, we obtain the following midpoint inequality for s-preinvex functions
a+n(b,a)

a a a 1_11)% 1*l§+1 F( qulS-Hf/(b)q %
f (o) 1 / Y Sn(f;)<1+( (2)") )((( DOl (3) |)

1
(p+1)P

a
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1
4 (W@ =@ )
s+1 .
Moreover if we choose s = 1, we obtain the following midpoint inequality for preinvex functions
1 1

Y (-(5))"
b, b, -(3) )" 3£ @[+ ®)]" ) F1@] " +3[£/®)]" | @
TS Py i pece <1+ ) )((| "+ |> +(| 43 |> )

a

Corollary 3.12. In Theorem 3.3 if we choose n (b,a) = b — a and o = 1, we obtain the following midpoint inequality for
s-convex functions

1

/ (- AT
f(%b)—ﬁ/f(t)dt <tze <1+ 2. ><<(1(2) I |f(b)|>

1
» (@Ol )

s+1

Moreover if we choose s = 1, we obtain the following midpoint inequality for convex functions

b 1 1 1

1\P 1 1

b1 b (1-(3)")” sl @+ w1\ (@] sl ®] )
f(%)—m/f(t)dt <> <1+ e 8 + 8 .
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