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ABSTRACT

Hotelling's T isa popular statistic. In practice, T is computed using the sample

covanance matrix, S, as an estimate of the population covariance matnx, . This
estimator has many properties, but in some cases other covariance matrix
estlmators can be reasonable. In this paper, we consider alternative covariance
T* matrix and location estimator named Minimum Volume Ellipsoid estimator for
statistics in case of outliers. The simulation study was performed to compare the
two statistics. Hotelling's T* based on minimum volume ellipsoid estimator has
given better result than the classical one.
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EN KUCUK HACIMLI ELIPS KESTIRICILERINE DAYALI
HOTELLING'S T2 ISTATISTIGI

OZET

Hotelling's T populer bir istatistiktir. Pratikte T" meklem kovaryans matrisinden
yararlanailarak hesaplanir. 3, kitle kovaryans matrisi £ 'min tahmin edicisidir. Bu
tahmin edicinin birgok 6zelligi vardir, fakat bazi durumlarda diger kovaryans
matris tahminleride s6zkonusu olabilir Bu ¢aligmada aykirn deger varliginda T
1statistigi i¢in en kiigtik hacimbh elips kestinicisi adi verilen alteratif bir kovaryans
matrisi ve konum kestiricisi incelenmistir. Her iki istatistii karsilagtirmak i¢in
simulasyon ¢aligmasi yapilmugtir. Slmulasyon (;ah$ma:31 sonucunda en ktguk
hacimli elips kestiricisine dayali Hotelling's T'ninklasik Hotelling's T “den daha
1y1 sonug verdigi gorilmustir.,

Anahtar Kelimeler: Saglam kovarvans matrisi, en kiigitk hacimli elips
kestiricisi, Hotelling's T, cok degiskenli konum ve
dlcek tahmini, bozulum noktasi.

1. INTRODUCTION

It is known that some statistical methods are very sensitive to outliers (1), to reduce the
influence of outliers, robust methods have been proposed (2). Robust estimates of location and
scale parameters also play a very important role in statistics. Rousseeuw (3) introduced two esti-
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mators, minimum-volume-ellipsoid (MVE) estimator and minimum-covariance-determinant (MCD)
estimator having high breakdown point. MVE is used more widely than MCD. Since the presence
of outlier may cause some problems, the effect of outlier on the distribution of Hotelling's T should
be investigated. We consider alternative covariance matrix and location estimator for T? statistics
in case of outliers. Many authors have used different estimators of covariance matrix for T? (4). In
the Second Section, classical Hotelling's T? was briefly introduced and the Third Section Minimum
Volume Ellipsoid estimator was presented. In this study, distribution of T? for single sample was
examined by the simulation study when outliers exist given in the Fourth Section.

2. HOTELLING'S T’ DISTRIBUTION

The distribution of the T? statistics as the multivariate extension of Fisher'st for 1= 1y was

deneved by Hotelling (5). Hotelling (5) introduced the statistics T2. Denote the sample mean vector
by and the sample covariance matrix by S then Hotelling's T? statistic is defined by,

T2 =N VS & uy) [1]
where N is the sample mean. This is an example of a quadratic form, so that T? is scalar.

When the null hypothesis HO: 1L = L the following function of T is F-distributed:

N-p 12
P _
FNp = p N-1 2]

where p denotes the number of variables.

3. MINIMUM VOLUME ELLIPSOID ESTIMATORS

Outliers in multivariate data set can cause some erroneous statistical results. Several outlier
detection methods have been proposed in the earlier literature.

In a multivariate sample, the aim of detecting outliers can be different. Several multivariate
outlier identification rules base on robust estimators of location and scale. In recent years, Kosinski(6)
proposed a new method for detection of outliers which is very resistant to high contamination of
data. As classical covariance matrix is very sensitive to outliers, alternative covariance matrix have
been proposed.

The minimum-volume-ellipsoid and the minimum-covariance-determinant are two of several
multivariate location and scale estimators. These estimators have high finite-sample breakdown
point. The use of estimators with high finite-sample breakdown point yields good performance
according to masking effect.

Roussecuw (7) introduced the affine equivariant estimator with maximal breakdown point, by
putting

T(X)=center of minimal volume ellipsoid covering h points of X.

where h can be taken equal to [n+1]+1. This is called the minimum volume ellipsoid estimator
(8). The covariance estimator of this is given by the ellipsoid. Because of the transform x —» xA+b

1s an ellipsoid where A and b are the constants, MVE is an affine equivariant estimator. Such that
any transformation on x does not affect the MVE.

The minimum-volume-ellipsoid estimator proposed by Rousseeuw (3) is a robust estimation of
location and scale of multivariate data in the presence of outliers.

The MVE is the robust estimation of multivariate location and scale defined by minimizing the
volume of an ellipsoid containing h points. These robust location and scale estimators can be used
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to detect multivariate outliers and leverage points.

The MVE estimator searches for the smallest ellipse containing half of the data (9). When
sampling from a multivariate normal distribution, then it rescaled these estimates so that they esti-
mate the usual population mean and covariance matrix. It is difficult to find the smallest ellipse
containing half of data. From the n points, MVE estimator randomly selects h points without re-
placement and computes the volume of this ellipse. The set of points giving the smallest volume is
taken to be minimum volume ellipsoid. The location and scale MVE estimators yield an effective
method for identifying outliers in multivariate data (10).

This estimator is defined to be the ellipsoid of minimum volume covering at least h points of the
data set (8).

The breakdown point of MVE estimator at any p-dimensional sample X equals
g (T,X)=(n/2—p+1)/n [3]

which converges to 50% as n » « (8).

Equation (1) can be redefined in terms of MVE estimators as follows,
Tive = NGyve — by YSwve Gapve —H,) [4]

In cquation [4], Ryvp and Sybvp represent the MVE estimates of the sample mean and
covariance matrix.

4. SIMULATION STUDY
The simulation was performed to discuss the Hotelling's T? and the T? based on MVE estimator

(Tlg/IVE ) when the data consist of outliers.

In this study, random samples having 10, 20, 50 and 150 observations and three variables were
generated from multivariate normal distrubution, N . Z ) with known mean (10, 20 and 30 respec-

tively) and covariance matrix. In order to see the influence on the Hotelling's T2, an outlying obser-
vations in data set were created arbitrarily in each sample. 1000 replications were performed with
outlier and no outliers. Four cases were examined, as follows

- Hotelling's T? with no outliers (1?)
- Hotelling's T? with outliers ('T2)

. . o)
- T? based on MVE with no outliers ( Ty )

) . . 2
- T? based on MVE with outliers (Tirvg )
For a given mean vector, below hypothesis was tested

Hy: R=4

versus the alternative hypothesis,
Hy o op# K,

Where K, is the population mean vector as 10, 20 and 30 respectively. The proportions of the
rejected and accepted hypothesis for 1000 replications, are given in Table 1.

In order to obtain the considered above, a program was coded using S-Plus functions.
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Before the outlying observations were created, we set all the parameters the null hypothesis has
been rejected.

The results show that T? and Tl\z/IVE are almost obtained similar in case of no outlier. It 1s clear
that T? is affected by the outlying observations. TI%/[VE gives more successful results in the pres-

ence of outliers. Unlike T? with outliers, Tl%/IVE with outliers rejected 99.3% of hypothesis for

n=50 when the alternative hypothesis is true. when data consist outliers give the same proportions
with T? when data consist of no outliers. It is determined that when the data consist of outlier,

Tl%/IVE is the most proper method.

Table 1. Simulation Results

Ho rejected (%) Heo accepted (%)
N=10 outlier no outlier outlier No outlier
T’ 14.1 96.9 85.0 3.1
TI\ZJIVE 972 97.4 2.8 2.6
Ho rejected (%) Heo accepted (%)
N=20 outlier no outlier outlier No outlier
T? 8.6 100.0 93 4 0
T2 100.0 100.0 0 0
MVE
Ho rejected (%) Ho accepted (%)
N=50 outlier no outlier outlier No outlier
T? 43 99 4 057 0.6
TI\ZJIVE 993 995 0.7 0.5
Ho rejected (%) Heo accepted (%)
N=150 outlier no outlier outlier no outlier
T’ 386 100.0 61.4 0
T2 100.0 100.0 0 0
MVE

5. CONCLUSION

As mentioned earlier, classical covariance matrix is sensitive to outliers. In this study MVE
estimators as an alternative has been used. After the simulation study it is shown that the Hotelling's
T2 based on MVE estimator has given the better results than the classical estimator when data

include outliers. From the results of Table 1, We could see that TI%/[VE gives better results for small

samples (n=10, 20 and 50). For large samples and T? give the similar proportions when rejecting
and accepting the hypothesis. Simulation study was performed for the samples over the 150, but the
same results were obtained with the n=150. It 1s shown that when data consist of outlier, does not
effect the outlier for small samples. When data consist of no outlier and T? are the analogous
statistics. Simulation study could extent for the different parameters.
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