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A TYCHONOFF THEOREM FOR GRADED DITOPOLOGICAL TEXTURE
SPACES

RAMAZAN EKMEKCI

ABSTRACT. In this paper, initial and product graded ditopologies are formulated and ac-
cordingly it is shown that dfGDitop is a topological structure over dfTex x dfTex. By
means of spectrum idea, (di)compactness in graded ditological texture spaces is defined as
a generalization of (di)compactness in ditopological case and its relation with the ditopo-
logical case is investigated. Moreover, the relations between graded difilters and dicom-
pactness of graded ditological texture spaces are studied.

1. INTRODUCTION

The idea “graded ditopology” has been introduced in [7] by Brown and Sostak. This
new structure is more comprehensive than ditopologies basically given in [2,[3] and fuzzy
topologies given independently by Sostak in [11] and Kubiak in [Z0]. Unlike ditopological
case, in graded ditopologies, openness and closedness are given by means of independent
grading functions.

In this work, we formulate the initial and product graded ditopologies and then we show
that dfGDitop (given in Theorem[I.15) is a topological structure over dfTex x df Tex. Note
that dfTex is the category of textures and difunctions between them [4]. Also dfTex x
dfTex is the product category whose objects are all pairs of textures ((S,.#),(V,¥")) and
morphisms are all pairs of difunctions ((f,F), (h,H)) from ((S,.), (V,¥)) to ((S',.7"),
V', ") with (f,F) : (S,”) — (§,%), (h,H) : (V,?) — (V/,¥’). By using spectral
theory as in [12] [13]], we define (di)compactness in graded ditopological texture spaces as
a generalization of (di)compactness in ditopological case and then a Tychonoff Theorem
for that spaces is proved. The relationship between dicompactness spectrum and diconver-
gence (diclustering) spectrum is also studied.

Textures: [2] For a set S, a subset . C £(S) is called a texturing on S if it is a point
separating (i.e. for all s;t € S, s#1t there exists a set A € . such thats € A, t Z A or
s¢ A, t € A), completely distributive, complete lattice with respect to inclusion which
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contains @, S and for which meet A coincides with intersection () and finite joins \/ with
unions |J. In this case (S,.7) is called a texture space or simply a texture.
For any texture (S,.7), many properties are conveniently defined in terms of the p — sets

PR=(){Ac.|scA}
and the q — sets

Q=\{Acs|s¢gA}=\/{Pi|ueS,s¢ZP}.

A texture (S,.7) is called plain if Ps Qs for all s € S or equivalently A = \/ic, Aj =
Uil Ai forall Aj e Zie L.

In general, a texturing of S need not be closed under set complementation, but there
may exist a mapping o : . — . satisfying 6(c(A)) =Aand AC B = ¢(B) C o(A) for
all A)B € .. In this case o is called a complementation on (S, ) and (S,.”, o) is said to
be a complemented texture.

For any set A € .7, the core of A (denoted by A?) is defined by

AN =N{UAliel} [{Ailiel}cs, A=\/{Ai|icl}}.
Product of textures: [3,/4,5] Let (Sj,.#j), j € J be textures, S = [Tjc; Sj and Ax €
for some k € J. If we write

A ifj=k
E(k,Ac) = []Y; whereY; = { SjJ otr{erwise
jed

then the product texturing . = ® <, - of S consists of arbitrary intersections of elements
of the set

e={|JE(j,A)) |1 CJ, Aj€.jfor jedi}.
jed
Consider two textures (S,.#) and (V, 7). The p-sets and g-sets of the product texture
(SxV,2(S)® ) will be denoted by P, 6(5.\,) respectively.

Definition 1.1. [4] Let (S,.#) and (V,¥") be textures. Then
(1) re 2(S)® ¥ is called a relation on (S,.7) to (V, ¥) if it satisfies
RL rZQ(s,v), Py £ Qs =1 £ Q(s',v). B
R2 r £ Q(s,v) = 3s' e Ssuch that Ps Qg and r £ Q(s', V).
(2) Re Z(S)® 7 is called a co-relation on (S,.7) to (V,¥) if it satisfies
CR1 P(s,v) ZR,Ps € Qy = P(s',v) Z R.
CR2 P(s,v) £ R=3s' € Ssuch that Py Qs and P(s',v) Z R.
(3) Apair (r,R), where r is a relation and R a co-relation on (S,.%) to (V, ¥) is called
adirelation on (S,.7) to (V, 7).

For a texture (S,.7) the identity direlation (i(s o), (s ) is defined by

is,7) = V/{P(s,) | s €S} and Is o) =({Q(s,5) | s €S}
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ForACS, r"A={Qy|Vs,r¢ 6(57\,) = A C Qs} is called the A-section of rand R~A =
V{P | ¥s,P(sy) € R=Ps C A} is called the A-section of R.

ForBCV,r"B=V{Ps|Wr¢ 6(57\,) = R, C B} is called the B-presection of r and
RB=N{Qs | W,Pi,) £ R=B C Qy} is called the B-presection of R.

Lemma 1.2. [4] Let r,r1,r2 be relations, R,R1,R, co-relations on (S,.%) to (V,7") with
rCrz, R1CRy, A ALA €7, AL C A2, BBy, By €7, B1 CBa.

(1) r€Quy < Pus) £r~ and P, LR R € Qg forallseS,veV.

(2) (r')“=rand (R7)~ =R

(3) Forasecond direlation (m,M) from (S,.#)to (V,¥), (,R) C (m,M) < (r,R)" C

(m, M)~

4 rr0=0ACr—(r"A),r>(r'B)CB

(5) R"S=V,R~(R"A) CA BCR(R"B)

(6) ri"A1 C 1y Ag, R7AL C Ry Ag, 15 By C 1 By, Ry By C Ry By

Proposition 1.3. [4] If (r,R) isadirelationon (S,.) to (V,#) thenr— (Vic; Ai) = Vie F A,
R™(Nie1 Ai) = Niat R™AI, 1 (Njes Bj) = Njesr " Bjand R (Ve Bj) = Vjey RTBj for
anyAie ., Bje 7, iel, jel.
Definition 1.4. [4] Let (f,F) be a direlation from (S,.) to (V,¥"). Then (f,F) is called
a difunction from (S,.7) to (V, %) if it satisfies the following two conditions:

(DF1) Fors,s' €S, Qy = IveV with f £ Q) and Py ) Z F.

(DF2) Forv,V eVandseS, f £Qe,) and Py £ F = PRy € Q.

It is clear that (is, Is) is a difunction on (S,.#’) and we call it the identity difunction on

(S,.7). (f,F) is called surjective if

W,V eV R, ¢ Q= IseSwith f ¢ Qs and Py £ F.

Proposition 1.5. [4] Let (f,F) be a difunction on (S,.%) to (V,¥).
(1) f*B=F~BforeachBe 7.
(2 f*0=F0=0and f*V=F"V=8.
3) ACF—(f"A)and f7(F-B)CBforallAe ./,Be V.
(4) If (f,F) issurjective then F~(f~B)=B=f~(F~B)forallBe 7.

Definition 1.6. [2] A dichotomous topology, or ditopology for short, on a texture (S,.) is
a pair (7, ) of subsets of .7, where the set of open sets 7 satisfies
(1) S,0e
(Tg) G1,Get=06G1NGret
(T3) Gier,iel=V;Ger
and the set of closed sets x satisfies
(CTy) S,0ex
(CTZ) Ki, Ko e k= KiUKp € k
(CTs) Kiexk,iel=NiKiek.
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Hence a ditopology is essentially a “topology” for which there is no a priori relation
between the open and closed sets.

Definition 1.7. [5] Let (S, %, Tk, k), K = 1, 2 be ditopological texture spaces and (f,F):
(S1,-71) — (S2,-#%) a difunction. (f,F) is called continuous if

FTAec1, VAeT
and cocontinuous if
f"Ac Kk, VA€ K.
The difunction (f,F) is called bicontinuous if it is both continuous and cocontinuous.

Theorem 1.8. [5] Ditopological texture spaces and bicontinuous difunctions form a cate-
gory denoted by dfDiTop.

Fors=(sj) €S, Ps=jcs E(J,Ps;) =I1jes Ps; The jth-projection difunction (7, IT;):
(S,7) — (§j,-7}) is defined by

i =\/{Piss;) | 5= (5)) €S}, Tj = [ {Qess;) | 5= (5)) €S’}

and it is surjective by [6].

For ditopological texture spaces (Sj,-%j,7j,kj), j € J, the product ditopology on the
product texture (S,.#) has subbase {E(j,G) | G € 7j, j € J}, cosubbase {E(],K) | K €
Kj, j€J}.

Proposition 1.9. [5] Let (7j,IT;) be the jth-projection difunction of the product texture
(S,.7) of the textures (Sj,.#}), j € J. Then

(D) IfAje 7 ieJand A #0,1# jthen ;7 Ny E(1,A) = Aj.

(2) IfAj € A, i€Jand A £S;,i+# jthen HrUjeJ E(i,A)) =A;.

Proposition 1.10. [15] Let (S,.”) be the product texturing of the textures (Sj,.}), j € J.
(S,-7) is plain if and only if (Sj,.}) is plain for all j € J.

Definition 1.11. [6] Let (S,., 1, k) be a ditopological texture space and A € .. Then

(1) Aiscalled compactif whenever {G;j|i€|1}isanopencoverofA(ie.VielGier
and A C V¢ Gj) then there is a finite subset J of | with A C \/;c; Gj. In particular
(S,.7,71,x) is called compact if S is compact.

(2) A is called cocompact if whenever {K; | i € I} is a closed cocover of A (i.e.
Vi e | Kj € x and (g Ki € A) then there is a finite subset J of | with M;c; Ki C A.
In particular (S,.7, 7, x) is called cocompact if @ is compact.

(3) (S,.7,1,K) is called stable if every K € x with K # S is compact.

(4) (S,.7,7,x) is called costable if every G € x with G = 0 is cocompact.

(5) (S,7,7,x) is called dicompact if it is compact, cocompact, stable and costable.

Theorem 1.12. [6] A product of non-empty ditopological texture space is dicompact if and
only if each component space is dicompact.
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Graded Ditopological Texture Spaces: [7] Let (S,.%), (V,¥) be textures and consider
T, X S — ¥ satisfying
(CTy) 7(S)=7(0)=V
(GTz) (Al) N y(Az) - y(AlﬂAz) VA1,Ar € .S
(GT3) mJeJ ( ) - y(V]eJA )VAJ €Y, ] €J
and
(GCTy) A'(S) =2 (0) =V
(GCTz) (Al) ﬂ%(Ag) CH(ALUAY) VAL, Ay € S
(GCTs) Njes# (Aj) € (NjesAj) VAj€ 7, e
Then 7 iscalled a (V, ¥)-graded topology, ¢  a (V, ¥')-graded cotopology and (.7, %)
a (V,¥)-graded ditopology on (S,.#) and for any graded ditopological texture space
(S,.7,7,# NV,?) and for each v € V it is defined that

={Ac Y |RC TN}, #'={Ac.S|R CH(A)}.

Then (7V,.#"V) is a ditopology on (S,.) foreach v e V. Thatis, if (S,, 7,2 ,V,¥)
is any graded ditopological texture space, then there exists a ditopology (7", .¢") on the
texture space (S,.”) foreachveV.

If (S,.7,0) is a complemented texture and (7,.%") a (V,¥')-graded ditopology on
(S,.7), then (£ 00,7 o0) is also a (V,¥)-graded ditopology on (S,.%). (Z,.%) is
called complemented if (7,.¢) = (# 00,7 o0).

Let (%, %), k= 1,2 be (V,¥)-graded ditopologies on (S,.7). (1,.#1) said to be
coarser than (%, %) and (9, #2) said to be finer than (93,.241) if Z1(A) C Z(A),
JA(A) C ot (A) forall A e 7 [8].

Example 1.13. [7] Let (S,., 7, k) be a ditopological texture space and (V, ¥') the discrete
texture on a singleton. Take (V,?) = (1, 22(1)) (The notation 1 denotes the set {0}) and
define 719 : . — (1) by 19(A) =1 < Ac t. Then 79 is a (V,”')-graded topology
on (S,.). Likewise, x9 defined by k9(A) =1 < Ac kisa (V,?)-graded cotopology on
(S,.7) and (79, x9) is called the graded ditopology on (S,.#) corresponding to ditopology
(1,%).

Definition 1.14. [7] Let (S, %, %, <k, Vk, %), k = 1,2 be graded ditopological texture
spaces, (f,F):(S1,-21) — (S2,-22), (h,H) : (V1,71) — (V2,¥2) difunctions. For the pair
((f,F),(h,H)), (f,F) is called continuous with respect to (h,H) if

H™ % (A) C A(FA)forall Ace A
and cocontinuous with respect to (h,H) if
h™ o5 (A) C o (fTA) forall A e 7.

The difunction (f,F) is called bicontinuous with respect to (h,H) if it is both continuous
and cocontinuous with respect to (h,H).

Theorem 1.15. [[7] The class of graded ditopological texture spaces and relatively bicon-
tinuous difunction pairs between them form a category denoted by dfGDitop.
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2. PRODUCT GRADED DITOPOLOGY

Throughout the paper we denote the finite subset of a index set J by Jo and the finite
subfamily of a family % by %.

Theorem 2.1. Let (S,.7), (V,7) be textures, (Sj,.-7}, 7}, %,Vj, ¥j) jes be graded ditopo-
logical texture spaces and (fj,F;j): (S,.) — (Sj,), (hj,Hj) : (V,¥) — (V}, %j), (1 €J)
be difunctions. Then the mappings .77, % : . — ¥ defined by
TR =V{(H; Zi(Gj) |A= [ FGj, o CJ, Jois finite}
j€do j€do
A (A) =\{[hy #(Gj) |[A= | f; Gj, o CJ, Jois finite}
j€do j€d
forall Ac . forma (V,¥)-graded ditopology on (S,.%). (7, .%) is the coarsest (V, ¥)-
graded ditopology on (S,.#) that makes (fj,F;) bicontinuous with respect to (hj,Hj) for
each j € J.

Proof. Firstly, we show that ¢ is a (V, ¥")-graded cotopology on (S,.7):
(i) Since S = fiSjand hj"Vj =V forall j € J by Proposition(Z), if we take a jo €J
then we have 7' (S) = V{Njey, "j #i(Gj) | S = Ujey, f; Gj, Jo € J, Jo is finite} O
h=j,(Sj,) =h"Vj, =V andso .#(S) =V.

On the other hand, since @ = f;"0 and hj"@ = 0 for all j € J by Proposition E] (2),
if we take a jo € J then we have 2 (0) = \/{Njey, hj #j(Gj) | 0 = Ujey, fj Gjs Jo C
J, Jo is finite} D h= %, (0) =h=Vj, =V (by (GCTy)) and so ¢ (0) =V.
(ii) Let A,B € . be given. If there is no Gj € .#j such that A = {Jjcy, f;Gj or B =
Ujes, fjGj forafinite Jo CJ then 2" (A)N.#"(B) =0 C 7 (AUB). So, let A= Ujey, fj G;j
and B = Ujey, fjL; for some finite subsets J;,J, C J and for some Gj,Lj € .j. If we re-

define
o Gj, jGJl
GJ_{Q jed

L Lj, jed
I 07 J €d
then we have Ujey, f;Gj = Ujeyus, T Gj and Ujey, fLj = Ujes,us, fj Lj by the fact
that ;70 = 0 for all j € J. Similarly, since .#j(0) =Vj and hi"Vj =V for all j € J, we
have Njey, hj#j(Gj) = Nijesuz, Ny #i(Gj) and Njey, hj #j(Lj) = Njes,us, hj Hj(Lj)-
Thus we get

A (A)N (B)
=\{Nhi %G A= fGpn\/{Nhy#(Ly|B=J fiLj}
j€eq J[SN} i€d j€d

=\V{Nhi Gy n M hixLy) [A=] 76, B=J fiLj}

jed jed jed jed
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=V{ N hy#6GHn () hoaL) A= | f76,.8= J fiLj}
JISVALSAN JISVISAN) jeI Uy jedudy
=V{ N hy#G)nhiLy) A= |J G, B= [J fiLj}

jEJ]_UJz jEJ]_UJz jEJlUJz
VU N b ehG) L) A= | e 8= U L)

jedUdy jeh Uy jedUdy
c\V{ ) h G uLy) [AuB= (] (fi GjufiL)= |J f(GjuL)}

jeHh Uy jeh Uy jeh Uy
=\V{ () hy#my) |AuB= (] fiMj}=(AUB)
jeI Uy jedudy

(i) Let Aj € .7 for all i € | where | is a nonempty index set. If for some i € I, A
can not be written as Aj = Uj¢;, f;~ G where J; is a finite subset of J then ¢, 2 (Aj) =

0 C 2 (Nic Ai)- So, for each i € 1 let Aj = Ujey, ffGij for some Gij €., j€J Ifwe
redefine

i Gl, jeJ
I — IE
si=10" 1o
then considering f;~0 = 0, #j(0) = Vj (by (GCT1)), hj V]

. =V forall jeJand “j ¢
Nier Ji = Nie) Gj = 0” we have

Na=NU 6l =NU el =UNf el

iel iel jeJ; iel jed jeldiel
=Ufrep= U firqeh
jed iel i€Nier Ji iel

and

NN hi#5(Gh) =N hi (G} = N hi (#(G

i€l jej iel jed jed i€l
< #(16)= (1 (NG
jed icl j€Nier Ji i€l

Therefore we get

Nx@)=NC V() hAG)H)

i€l (i€l) (Ai=Ujey, f;6}) (i€d)

= V N (N hj (G

(Ai=Ujey, ffG‘j, icl) (icl) (jed)

c V(N ANS)

(Nier Ai=Nie1 Ujey; F576Y) (1€Micr 3) iel
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= V ( N hiA(G)H)

(Niet Ai=Uje(ic, 35 Fi (et GF)) (1€Mier i) i€l
= V ( () hyxB))=2(A)
(Nier Ai=UjE(ﬂi€|Ji) ffBj) (1€Nie1 Ji) icl

So % is a (V,7")-graded cotopology on (S,.#). By the definition of ", (fj,F;) is
cocontinuous with respect to (hj,H;) for each j € J.

Let .z bea (V,?')-graded cotopology on (S,.#) that makes (f;j,Fj) cocontinuous with
respect to (hj,Hj) for each j € J. Then Gj € .} implies hj™#j(Gj) C #'(f;~G;) for each
j€d. 50 A=Ujey, fiGj = Njes, N7 #5(G) € Njegy #”£;7Gj € " (Ujey, f7Gj) =
' (A) forall A € 7. Hence,

H(A)=\/{[hi #(Gj)|A= ] f;Gj, o CJ, Joiis finite} C 2" (A)
j€do j€do
forall A€.. Therefore % is the coarsest (V, ¥')-graded cotopology on (S,.#) that makes
(fj,Fj) cocontinuous with respect to (hj,H;) for each j € J.

Similarly it can be shown that .7 is the coarsest (V,¥")-graded topology on (S,.7) that
makes (fj,F;j) cocontinuous with respect to (hj,H;) for each j € J. O

Now, referring to [1], we investigate the outcomes of Theorem[2.1]in categorical aspects.
If we consider the forgetful functor i : dfGDitop — dfTex x dfTex then (dfGDitop, 1) is
a concrete category over dfTex x dfTex.

Theorem 2.2. The source
(((fj,Fy),(hj,Hy)) : (S,.7, T, N, V) — (Sj,-7}, T, #}, Vi, i) jed)

in dfGDitop is initial if and only if (.7, .%") is the graded ditopology defined as in Theorem
21

Proof. Let the source

(((F5,Fy). (hj, Hy) 2 (5,7, 7, N, ) — (84,55, 75, 1.V, V) jea)
be initial. For each j € J; (f;,Fj) is bicontinuous with respect to (hj,H;) because ((fj,Fj),
(hj,Hj)) is a morphism in dfGDitop. So, H;”.7j(Gj) € 7 (F;~Gj) and hj"#j(Gj) C
J (f;7Gj) forall Gj € .j, j € J. If we denote the graded ditopology defined in Theorem
2.1by (7*,¢*) then we have

A= (FGj= H Z(G)C () Z(F G)CT([FGj)=T(A)
i€do j€do j€do j€do
andso, 7*(A) C 7 (A)forallAc 7, ie. T*C J.
Since ((is, Is), (iv, lv)) in dfTex x dfTex makes the right hand diagram commutative, it
lifts to a morphism in dfGDitop such that the left hand diagram is commutative.
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(8.7, T.HV,Y) (8.7),(V, %))

() (1)
(i )G :)T N (i ds) G n-nT \) ’

(S5, T H* V) i Sis T3 T Vi 1) (85)s VW) ity (S ), (Vi 7))

Since ((is, Is), (iv,lv)) is a morphism in dfGDitop, (is, Is) is bicontinuous with respect
to (iv,lv). Hence Iy 7 (A) C I*(IgA) = T (A) C T*(A) forall Ae .7, ie. T C T7
Therefore we get .7 = .7*. Similarly it can be shown that 7 = J#™*

Now we will show that

(((f5,Fj), (hj,Hy)) = (S,7, T, N,V ) — (Sj,}, T}, #i.Vi, 7)) jed)

is initial. Let ((k,K),(I,L)) be a morphism in dfTex x dfTex that makes the right hand
diagram commutative.

(8.7, T 4*V.¥) ((8,.7), (V. %))

04,5 0 ) (U165 (1)
(t hl-(r.L)lT N’ (i LJ]T \j

(8,7, 3 '.Jf’.V’,V’)[(M)U‘},;)](Sj,._%,;%,-)@.Vj,'f/j) (8", (V", 7/1))(u;s;)[nj-l;)J((Si"-gﬁf)ﬂ(Vjiyf))

Then, by using Proposition [1.3} Proposition[L.5] (1) and (GT;) we have

L=(7*(A) =L~ (VI H Zi(G)) |A= [ F G}, b CJ})

j€do j€do
=V{N L= (H] Zi(G)) |A= () FGj, b €I}
i€do j€do
=V{N HjeL)" 7j(G)) |A= () F Gj, b €I}
i€k jcdo
=\V{NH" 7i(G)) |A= () F G}, Jo €3}
i€do jedo
CI'(F G)= () Z((FioK)~Gj)
i€do Jj€d
j€do j€do

for all A € .. Hence (k,K) is continuous with respect to (I,L). Similarly it can be shown
that (k,K) is cocontinuous with respect to (I,L) and so (k,K) is bicontinuous with respect
to (I,L). Therefore ((k,K), (I,L)) is a morphism in dfGDitop, i.e. the left hand diagram is
commutative. O

Definition 2.3. The graded ditopology constructed in Theorem [2.T] is called the initial
(V, ¥')-graded ditopology on (S,.#) induced by

((fj,Fj), (hj,Hj))jes and (Sj,-#5, 75, %,Vj, ¥j)) jes-
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Corollary 2.4. dfGDitop is a topological structure over dfTex x dfTex with respect to the
functor 1.

Proof. Let(Sj,.%},Jj,-#j,V}, ¥j) € ObdfGDitop and ((fj,Fj), (hj,H;j)): ((S,),(V,?)) —
((S,75), (Vj, #;)) is a morphism in dfTex x dfTex for all j € J. If (7,.%) is the graded
ditopology defined in Theorem [2.1] then, considering Theorem (((fj,Fy), (hj,Hj)) :
(S,7, 7, N, V)= (Sj,,7},%#;,Vj, 7)) jes) is the unique initial source, which sat-
isfies
u((((thJ)v(hijJ)) : (Sayayal/avaqj/) - (Sjvxvzﬁzfjﬂvlay/l))]e]))
= ((fj,Fj), (hj, Hp) 2 ((S,7), (V. 7)) — (S, ) (Vj: 7)) jea)-
([l

Definition 2.5. Let (S,.) and (V,”7") be the product textures of the textures (Sj,.”})jes
and (Vj, #j) jes respectively then the initial (V,?")-graded ditopology on (S,.”) induced by
the projection difunctions (5,15 : (S,.#) — (S;j,.#) and (a¥,TTY) : (V,7) — (V}, %))
is called the product graded ditopology of (Sj, -}, 7j,-#j,Vj, ¥j) jes-

Example 2.6. Let (7, «) be the product ditopology of (Sj, .}, 7j, kj)jes. Foreach j € J, if
we take (Vj,7}) = (1,22(1)) then (Sj,.7j, 73, 7, Vj, #}) is a graded ditopological texture
space where 7J(A) =14 A€ tjand k) (A) = 1 = A € kj, A€ .%j. So, the product graded
ditopology (7, %) of (Sj,yj,rﬁ-’, K?,V,-,“I/j)jej equals the graded ditopology (79, x9) cor-
responding to ditopology (7, x). Indeed, for all A € ., by the definition of .7 and (GTs)
we have

YA =1sAct
< A=\/Bj, Bi= ﬂ(n]-_Gj), Ji CJ finite, Gj € tj for a index set |
i€l jeJi
& A=\/Bi, Bi= (%] Gj), J CJ finite, T?(Gj) =1 for a index set |
i€l jedi
& A=\/B;, 7(Bij)=1foraindexset| < 7(A)=1
icl
3. COMPACTNESS IN GRADED DITOPOLOGICAL TEXTURE SPACES

A. P. Sostak has developed the spectral approach for the study of various topological
properties of fuzzy topological spaces in [12]]. Accordingly, we use this effective approach
to study compactness notion (in accordance with fuzzy idea) in graded ditopological tex-
ture spaces as a generalization of compactness in ditopological texture spaces.

Definition 3.1. Let (S,.”,.7,.%#,V,¥") be a graded ditopological texture space and A €
.. The families defined by

CA)={ReV|[%CT" AC\ % =>3IUU AC\ %}
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¢ A ={P eV ||%w X, /\% CAl=3%m % :/\%gA}
where %y denotes a finite subfamily of %, are called compactness and co-compactness

spectrums of A € . respectively. In particular, the compactness spectrum and the co-
compactness spectrum of (S,.#,.7,.2,V,¥") are €(S) and €*(0) respectively.

Proposition 3.2. If (S,., 7, ,0,V, ') is a complemented graded ditopological texture
space then €' (A) = ¢*(c(A)) for all A € .. In particular, €(S) = €*(0) i.e. the com-
pactness and co-compactness spectrums of a complemented graded ditopological texture
space are equal.

Proof. Since ACV % < o(A)Do(N%)=No(%)= No (%) Co(A)andU € 7" &
o(U) e xVforallU € . we get

CA)={ReV|[%CT AC\ U =3UU AC\ %}
={Re¥|[oc(%)C X", /\6(%) Co(A))=3do(%) Co(%) :/\o(%) Co(A)}

={ReV | ', NU Co(N)=3U CU : \% Cc(A)}=¢"(c(A))
where %’ = o(%) and %, = o(%). In particular, since S = o(0) we have ¢(S) =
©*(0). O
Theorem 3.3. Let (S, %, k. #k,Vk, %)k=1,2 be graded ditopological texture spaces and
let (f,F):(S1,7) — (S2,-7%), (h,H) : (V1,71) — (V2,¥2) be difunctions. Forall A € .1
(1) If (f,F) is continuous with respect to (h,H) then,
PV]_ e Cgl(A) = PVZ 6 ng(fHA)

(2) If (f,F) is cocontinuous with respect to (h,H) then,
P, € 61 (A) =R, € €, (FTA)
where R, € 71, R, € 72 with R, Ch™R,,.
Proof. LetP, € 61(A)andP,, Ch=PR,. If % C 7,2 and f"AC\/ % thenACF—(f~A) C
F-(V%)=\F~% =\/yecy F~U. Moreover, R, Ch“ R, Ch™(%(%))C AF~%)
since (f,F) is continuous with respect to (h,H). Now, because of R, € %1(A) there
exists a finite subfamily F— (%) C F— (%) such that A C \/F*(%). This follows
fPAC T VF (%) =V 7 (F~ (%)) C\ %. Hence P, € 62(fA).
The proof of (2) is similar. O
Corollary 3.4. Let the difunction (f,F) in Theorem3.3]be surjective.
(1) If (f,F) is continuous with respect to (h,H) then,
F’\,1 S %1(51) = F’V2 IS %2(52)
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(2) If (f,F) is cocontinuous with respect to (h,H) then,
P, € 67 (0) = R, € €, (0)
where B, € 71, R, € %2 with B, Ch™R,,.
Proof. Immediate from f—S; =S, and F~0 = 0. O

Corollary 3.5. Let (Sj,.%},7j,-#],Vj, ) jes be non-empty graded ditopological texture
spaces and (S,., .7, ¢V, ¥) their product graded ditopological texture space. Then for
all jeJ;

(1) R e?(S) = R, € E(Sj)

(2) R €€ (0) =R, €%} (0)

where B, =[]je3R; € 7 and R, € 7j.

Proof. We have R, C zf ~ () "R, = x|~ (R;) forall j € Jand v €V by Proposition
(3). So, the proof follows from Corollary[3.4] O
Theorem 3.6. (Tychonoff Theorem) Let (Sj, .}, 7j,-#],Vj, ¥}) jes be non-empty graded

ditopological texture spaces and (S,.,.7, ¢V, ¥') their product graded ditopological
texture space. If (Vj, 7j)jes are plain textures then;

(1) Re¥(S) = VjelR, €%j(S))
(2 Re?"(0) = VjelIR,; € %j*((b)
where P, = [Ty R, € ¥ and R € Y.

Proof. The necessity comes from Corollary@} For sufficiency let B, € 7" and R, =
ny "R € %j(Sj) forall jeJ. If 7 C 7V and S =\ % then we get forall j € J

Sj=m"(S)=n"(\/#)=\ ©"U
Uew
On the other hand, since 7 C .7V, U € % implies
RC7U)=\{NI"Z(G)) |U=)I"Gj, o CJ, Jis finite}
jedo j€do

Since (Vj, %j) e are plain, (V, ) is also plain by Proposmon- 1.10} Hence,
P, € Njes, IT~ 73(GY ) for some U = Ny, I3~ G with GY € .#}, j € Jo. From Propo-
sition[L.5](3) we have

RC I~ 7(GY)=Vjed R CI" Z(GY)
j€do
= Vi€ Py =7 R Caf” (" Z(G})) € 7j(G]) = R, € Fj(GY).

Since U = ey, I~ GY = Njey, E(1,GY ) we get 757U = 57 (Njey, E(§,GF ) = G}
by Proposition(l). So, considering (1) we have Sj = Vy<y 5 U = Vyey G . Since
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Gﬁjeﬂ and R, € j(S;) we get

I S;C \ GY (jed).
Ue

Thus, S =TI Sj CTT5 (Viyegy GY) € Ve, 15~ GY forall j € Jo and so,

®s=5C NV m )=V (N6 =V (NEGS).

jed i€d Ve Ue?y jch Ue% j<do
By the definition of E(j, GLJ.J );

j¢lh=Sj=n"scx(\/ NEGG)H=r"(\V V)
Ue? jcdo Uey

jelh=sj=n"scx(\/ NEGG))=r"(\V V)
Ue? j€do Ue
and hence, Sj = xj7'S C 75" (VyegU) forall j € J. That means S C \/yc4, U and as a
result R, € €(S). O

Definition 3.7. For a graded ditopological texture space (S,.”, .7, ,V,¥), the families
defined by

Q={Re?|[AcS A£S|=[R CH(A)=PR %A}

={R eV |Aes A£0 = [RCT(A) =R T (A)}
are called stableness and costableness spectrums of (S,., .7, %V, ¥') respectively.

Proposition 3.8. For a complemented graded ditopological texture space

Proposition 3.9. For a complemented graded ditopological texture space
(8,7, 7, %, 0N, ¥), Q=Q*

Proof. Let R, € Q*and Ac ., A#S. Then, R, C Z(A) =R C(Jo0o)A) =R C
 (o(A)). Since 6(A) # 0 and R, € Q* we have B, € €*(c(A)) = € (A) by Proposition
[3.2] So, R, € Q. The other direction of the proof can be shown similarly. O

Proposition 3.10. Let (Sg,-%, Jk, &, Vk, % )k=1,2 be graded ditopological texture spaces
with stableness (costableness) spectrums Q1, Q, (Q, ©3) respectively. If (f,F):(S1,71) —
(S2,-7%), (h,H) : (V1,%1) — (V2, ¥2) are surjective difunctions and (f,F) is bicontinuous
with respect to (h,H) then R, € Q1 = R, € Q; and B, € Q] = R, € Q3 where v; € V1,
Vo €V with By, Ch™R,,.

Proof. Let (f,F) be bicontinuous with respect to (h,H) and B, € Q; with B, C hR,,.
For a set A € . with A # S, we have; R, C % (A) = R, Ch R, Ch™J%(A) C
24 (f~A) by the bicontinuity of (f,F) with respectto (h,H). Onthe other hand, f~A#S;
since (f,F) is surjective and A # S,. So, R, C J#4(f~A) and P, € Q1 imply R, €

G(fA).
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Now, by using Theorem[3.3|we have P, € 6>(f " (f~A)). Since (f,F) is surjective we
get f7(f~A) = f~(F~A) = A by Proposition [1.5] (4). Therefore we have P,, € ¢2(A)
and that means P, € Q. O

Corollary 3.11. Let (Sj, %}, Jj,*#j.Vj, ¥j) jes be non-empty graded ditopological texture
spaces with stableness (costableness) spectrums Q;j, (Q]?) respectivelyand (S,., .7, .2V, ¥)
their product graded ditopological texture space with stableness (costableness) spectrum
Q, (Q*) respectively. Then for all j € J;
(1) R €eQ= R, cQ;j
2 PReQ* = R; € Qj
where B, =[]je3 R € 7 and R, € 7j.

Proof. We have P, C '}~ (x{"R,) = x|~ (R,;) forall j€ Jandv eV by Proposition
(3). So, the proof follows from Proposition[3.10] O

The other direction of Corollary@(i.e. VieJR,;€eQj=ReQandVjelR, €
Q]‘ =P, € Q*) is an open problem for now as in the ditopological case in [6]. So we use the
method which based on the relationship between ditopological and graded ditopological
case to prove Theorem 3.16]

Definition 3.12. For a graded ditopological texture space (S,.,.7,.%,V,¥), the family
defined by

9€ =€¢(S)NE* (D) NQANQ*
is called dicompactness spectrum of (S,.”, 7, ¢ V,¥).

Example 3.13. Let (S,.#, 1, k) be a ditopological texture space and (V,?") = (1, #(1))
the discrete texture on a singleton. If (S,., 7, x) is compact (cocompact, dicompact) then
for the graded ditopological texture space (S,.7,19,x9,V, %), R, € €(S) (R, € €*(S),
R, € 2%) respectively forallveV,i.e. v=0.

Proposition 3.14. Let (S,., 7,2 ,V,¥') be a graded ditopological texture space. Then
the following hold:

(1) Re?(S) & (S,,7Y, V) is compact

(2) B, e€*(0) < (S,.7,7",#") is cocompact

(3) ReQ & (S,7,7Y,2V) is stable

(4) R eQ* < (S,7,7Y,.2V) is costable

(5) R e2¢ < (S,,7",2") is dicompact

Example 3.15. Let (S,. = 22(S)) and (V, ¥ = (V)) be discrete textures where S # 0
andV = {a,b,c}. Then the mappings .7, % : ¥ — ¥ defined by

V, A=00orA=S
TR :{ {a}, otherwise

V, A=00orA=S
Z(A) :{ {b}, otherwise



GRADED DITOPOLOGICAL TEXTURE SPACES 207

for all A € & form a (V, ¥')-graded ditopology on (S,.%”). We have 78 = .&¥ = Z(S),
TP = 7 ={S,0}, #° =.7 = P(S), #2 = ¢ = {S,0}. If Sis finite then we have
() =6"(0) = Q= Q" = 7% = {Pa, R, P} = {{a}, {b},{c}}.

If S is infinite then for an infinite subset AC S, Z = {Px | x € A} implies AC V% =
Vyxea{X} however there is no finite subfamily %4 of % such that A C \/%. So we get
%(S) = Q= {Py,P:}. Similarly, for a subset A C S, if S\ A is infinite then % = {(S\ A) \
Px [ x € (S\A)} implies A% = Axe(s\a) ((S\A) \ P) =@ C A however there is no finite
subfamily 24 of % such that A 2% C A. Hence we get € (0) = Q* = {P,,P:}. Therefore,
if S is infinite then 2% = € (S)N€*(0) NQNQ* = {P.} = {{c}} is obtained.

Theorem 3.16. Let (Sj,.”], 7}, %#j,Vj, 7j)jci be non-empty graded ditopological tex-
ture spaces and (S,.”, .7, ¢ ,V,¥) their product graded ditopological texture space. If
(Vj, 7j) jes are plain textures then;

ReZC<VjecIR, €27
where P, =[]je;R; € 7 and R, € ¥.
Proof. (=): Itis obvious from Theorem 3.6 and Corollary [3.11]
(«): LetR,; € ¢ forall jeJwhere R, =[]jc; R,; € ¥ and By; € ¥j. Then ditopological
texture spaces (Sj, .}, ijj , %fjvj ) jej are dicompact by Proposition So, their product

ditopological texture space (S,.”, %, %) is dicompact by Theorem
Now, we show that %, = .7V, Take A € %, then A = Vgep B where B’ C B and B isthe

base for the ditopology (.7, -%;). On the other hand, if B € B’ there exists a finite subset
Jo C I with B = ey, H?‘_G,- such that “Gj € ﬂjvj for all j € Jy”. This follows,

Vi€ R, C Z(G) =Vjeh O R, CI 7(Gj)

=R C m H\J'/HPVJ- - m H\j/H%(Gj)
jed j€do

because R, CITY ~ (nY "R,) =TI} " (R,;) for all j € J and v € V by Proposition [L.5| (3).
Thus we have R, C Njcg, T}~ 7j(Gj) and B = ey, T3~ Gj where Jo C J is a finite
subset. So we get R, C .7 (B) by the definition of .7. Using GT; we obtain that .7 (A) =
T (Vep'B) 2 MNpepr 7 (B) 2R andso A€ 7.

If we take A € .7V then R, C .7 (A). Since (Vj, ¥j)jes are plain, (V, ) is also plain by
Proposition[1.10] Hence, considering the definition of .7 we have:

3o CIfinitewith A= (I3 G; : R, C (1T}~ (G)).
jedoy jedoy
Besides, considering Proposition[L.5](3) we get
P C (I} Z5(Gj)=Vied R CII]" (G))

i€do



208 RAMAZAN EKMEKCI

=VjelP,=r] R Cx] (I Z(Gj) C J(Gj).
Thus we obtain that
Ap C I finitewith A= (I Gj : “Vje Ry, C Z5(Gj)”

j€do

= 3 CIfinitewith A= (I} G : “VjeJpGje 7" =Ae %
i€do
Similarly it can be shown that %, = V. That means (S,.#, 7", #") is dicompact
and so, R, € 2%. O

Note that in Theorem 3.16 the textures (Sj,.”j)jes don’t have to be plain unlike the
textures (Vj,”7j)jes. It is an open problem whether Theorem is still true in case
(Vi, 7j) jes are not plain.

4, GRADED DIFILTERS AND DICOMPACTNESS SPECTRUM

Difilters on Textures: [14] Let (S,.”) be a texture. .# C .7 is called a filter on (S,.%)
if (i) Z#£0, (i)0g .7, (i) Fe F,FCF e ¥Y=F eZand (v) F,h € Z =
FNk e #. ¢ C.Yiscalledacofilteron (S,.7)if ()4 #0, (i) S¢ ¥, (iii)Ge ¥, GD
G es=Gec¥and(iv) G1,G, €9 = G1UG, € 4. If & isafilter and ¢ is a cofilter
on (S,.7) then F x ¢ is called a difilter on (S,.). A difilter # x ¥ on (S,.%) is called
regular if #N¥Y = 0.

Proposition 4.1. [14] If # x ¢ is a difilter on (S,.%, 7, k) then
(8) .7 convergestos€ S’ (F —s) = “GeT,GZL Q= Ge F”
(b) ¢ convergestos (¥ —s) < “Kek, BREK=Ke¥”
(c) .Z x ¥ isdiconvergentif # — sand ¢ — s’ for some s,s’ € Swith Py Z Qs.

A difilter # x ¢ on (S,.,7,x) is said to be diclustering if A € % = Py C [A] and
B € & =]B[C Qs for some s,s’ € S with Py Z Qs.

Theorem 4.2. [14] A regular difilter & x ¢ on (S,.) is maximal if and only if # U¥ =S.

Proposition 4.3. [14] A maximal regular difilter is diconvergent if and only if it is diclus-
tering.

Theorem 4.4. [14] A ditopological texture space (S,.”, 7, k) is dicompact if and only if
every regular difilter on (S,.7, 1, x) is diclustering if and only if every maximal regular
difilter on (S,., 7, k) is diconvergent.

Graded difilters : [9] Let (S,.) and (V, ") be textures. A mapping §: .7 — ¥
is called a (V,¥")-graded filter on (S,.7) if (i) F(0) = 0, (ii) A1 C Az = (A1) C §(A2)
and (iii) $(A1) AF(A2) CF(A1NA2). Amapping & : . — ¥ is called a (V,¥")-graded
cofilteron (S,.7) if (i) &(S) =0, (ii) A1 C Az = B(A2) C B(A1) and (iii) B(A) A& (A2) C
G(A1UA2). If Fisa (V,?)-graded filter and & (V,¥")-graded cofilter on (S,.7) then the
pair (§,®) is called a (V, ¥")-graded difilter on (S,.7).
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(§,8) is called regular if §AG =0i.e. F(A)AG(A)=0forall Ac 7.
The diconvergent graded difilters were defined in [9]. To avoid a long preliminaries we
will give the following equivalent proposition instead of the definition.

Proposition 4.5. [9] If (F,®) is a (V, ¥')-graded difilter on (S,.”,.7,.#,V, ") then

(@) Fconvergestos (F —s) < “AZ Qs= 7 (A) CF(A)”
(b) & convergestos (& —s) < “PsZ A= 7 (A) C &(A)”
(c) Fors,s' €8S, (F,®) is diconvergent if Py ¢ Qs, § — sand & — .

Let (S,.7, 7,2 ,V,¥) be a graded ditopological texture space, A€ . andv e V. The
set{Be ¥|ACB, R, C.#(B)} €.7is called v-closure of A and denoted by [A]¥. The
set\/{Be.”IBCA, R, C 7 (B)} €.~ is called v-interior of A and denoted by JA['. Note
that for each v e V, [A]Y (JA]") is the closure (the interior) of A in the ditopological texture
space (S,.7, 7V, V).

A regular graded difilter (§,®) on (S,.7, 7, ,V,¥) is called diclustering if for all
Ace . veF(A) =P C[AYandv e &(A) =]A["C Qy for some s,s’ € S with Ps Z Qy.

Proposition 4.6. [9] Let (§,®) be a regular (V,¥')-graded difilter on (S,.#). For the
statements

(1) (3,®) isamaximal regular (V,7')-graded difilter
2) sve =V (ie. VAe Z,F(A)VB(A) =F(A)UB(A) =V)

(1) <= (2) and in case of (V,¥) is discrete, (1) = (2) are hold.
if (F,®) be a (regular) (V,¥")-graded difilter on a texture (S,.%) then the families

F={AcZ|PRCFA)}, &"'={Ac S|P CBA)}
form a (regular) difilter ¥ x &V on (S,.”) for each v e V [9].

Proposition 4.7. [9] Let (S,.”, 7, V,¥) be a graded ditopological texture space.
Then, for the statements

(a) Every regular graded difilter on (S,.7, .7, ¢ )V, ¥) is diclustering.
(b) Every maximal regular graded difilter on (S,.”,.7,.# ,V,¥) is diconvergent.

the implication (b) = (a) and in case of (V, ") is discrete, (a) = (b) are hold.

Definition 4.8. Let (F,®) be a regular graded difilter on a graded ditopological texture
space (S,., 7, ,V,¥). Then the family defined by

Dcl(F,6) ={R, | 35,5’ e SwithPs £ Qy : VA€ .Y
Ve &(A) =]A'C Qg andv € F(A) = P C [A]']}

is called diclustering spectrum of (F,®).
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Example 4.9. Let (S,.7,7,.¢ V, ) be a graded ditopological texture space andv € V.
If # x ¢ is aaregular difilter on (S,.7, 7V, #") then the mappings defined by

V, AeF
&Q‘(A):{@ A%g

V, Ac¥
‘MA):{ 0, A¢Y

for all A € . form a regular graded difilter (§#,®«) on (S,., 7, V,¥). Moreover,
§,=Fand &), =9.

Proposition 4.10. For a graded ditopological texture space (S,.”,.7,¢ )V, ¥), the fol-
lowing equation holds:

D€ = ﬂ{DcI(S,Qﬁ) | (3,®) is a regular graded difilter}

Proof. LetR, € N{Dcl(F,8) | (F,®) is a regular graded difilter} and take a regular difilter
Fxgon(S,S, 7Y, %V). Then (§#,B«) isaregular graded difilteron (S,.7, 7,2V, ¥).
Since B, € N{Dcl(F,®) | (F,®) is a regular graded difilter} we have B, € Dcl (7, B« ).
So we get

3s,s' eSwithPsZ Qg : VA€ . [ve &y (A) =]A'C Qg and v € Tz (A) = P C [A]"].

This follows that “A € &y, =]A['C Qy” and “A € §'% = Ps C [A]"”. Thus we have “A €

¢ =]A[C Qy”, “A € .Z = Ps C [A]” and this implies that .# x ¢ is diclustering. Since

every regular difilter on (S,.7, 7V, #") is diclustering, (S,.7,.7",¢") is dicompact by
Theorem[4.4)and that means R, € 2.

On the other hand, let P, € 2% and take a regular graded difilter (§,&) on (S,.”7, .7, ¢ V., ¥).

Then (3 x &) is a regular difilter on (S,.,.7V,¢"). Since B, € 2%, (S,.7, 7", %)

is dicompact and so, (F" x &") is diclustering by Theorem That means “A € &Y =

JA[C Q¢”, “A € F¥ = Ps C [A]” for some s,s’ € S with Ps & Qy. Thus we get,

3s,s' €eSwithPs £ Qg : VA€ .7 [ve &(A) =]A'C Qy and v € F(A) = P; C [A]"].
Hence we get P, € N{Dcl(F,®) | (F,®) is a regular graded difilter}. O

Lemma 4.11. Let (V,7) be a discrete texture. If (F,®) is a maximal regular graded
difilter on a graded ditopological texture space (S,., .7, ¢V, ¥') then the regular difilter
F'x6von (S,.”7, 7Y, ") is maximal forallve V.

Proof. Let (§,®) be a maximal regular graded difilter on (S,.&”, 7,2 ,V,¥)andveV.
Since (V, ) is a discrete texture we have §V & =V by Proposition[4.6] We also know that
3 x &Y is aregular difilter. Consider §¥ ={Ae . |R, CF(A)}and &' ={Aec ¥ |R, C
&(A)}. Since FVv G =V and (V,7) is discrete we get
Ac.7 =P CFA)VSB(A) =F(A)UBG(A) = P, CF(A) or P, C &(A)
=AcF orAce'=AcF UG
forall Ac .. That means ' U&' =.# and so §¥ x " is maximal by Theorem[d.2l O
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Lemma 4.12. Let (S,.,7,.%,V,¥) be a graded ditopological texture space andv € V.
If # x ¢ is a maximal regular difilter on (S,.”7, .7V, ") then the regular graded difilter
(F7,84)o0n (S,7, 7,2 NV, ¥) is maximal.

Proof. Let & x ¢ be a maximal regular difilter on (S,., Y, ¢"). Then we have % U
¥ =.7.90,forallAc.”wegetAc.ZorAc¥. Thisfollows §#(A) =V or &4 (A) =V.
That means §# V ¢ =V. Hence (F#,®) is maximal by Proposition 4.6 O

Definition 4.13. Let (§,®) be a graded difilter on a graded ditopological texture space
(S,.7, 7, N,¥). The family defined by
Den(F,8) ={R/ | 3,5’ e SwithPs £ Qg : VA€ .Y

(Ae 7, AZdQs)=AcF and(Ac ¥, Py ZA)=Ac 8}
is called diconvergence spectrum of (3, ®).
Proposition 4.14. Let (V,¥') be a discrete texture. For a graded ditopological texture
space (S,.7, 7, ,V,¥), the following equation holds:

9€ = ﬂ{Dcn(S, &) | (§,®) is a maximal regular graded difilter}
Proof. Let R, € N{Dcn(F,®) | (F,®) is a maximal regular graded difilter} and % x ¢ be
a maximal regular difilter on (S,., 7V, #"). Then (§ #, ) is a maximal regular graded
difilteron (S,., 7,2 V,¥) by Lemma|4.12

Since R, € N{Dcn(F,®) | (F,®) is a maximal regular graded difilter} we have P, €

Den(F .z, By ). This follows

3s,s' e SwithPs £ Qy : VA€ .Y
(Ae T, AL Qs)=>AcFrand (Ac #, Py £ A)=Ac &yl
Therefore we get “(Ae 7Y, AL Qs) == Ac F”and “(Ae Y, Py L A)=>Ac Y
Considering Proposition[4.1] .# x ¢ is diconvergent and so, (S,.#, 7",.#") is dicompact
by Theorem[4.4 Hence we get P, € 2%.

On the other hand, let R, € 2% and take a maximal regular graded difilter (F,®) on
(S,.7, 7, % N,¥). Then F¥ x &" is a maximal regular difilter on (S,.”, 7Y, ¢") by
Lemma Besides, (S,.7, 7", #") is dicompact since B, € 2%. So, ' x & is
diconvergent by Theorem 4.4} Thus we have

Js,s' €eSwithPsZ Qg : VAE .Y
(Ae 7Y, AZQs)=AcF and (Ac ¥ Py LA)=>Ac®].
Hence we get P, € Den(F, ®) i.e.,
P, €[ {Den(3,®) | (3,8) is a maximal regular graded difilter}.
(Il
Corollary 4.15. Let (V,¥') be a discrete texture. If (F,®) is a maximal regular graded
difilter on a graded ditopological texture space (S,.,.7,.#,V,¥). Then

Den(F, &) = Dl (§, 8)
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Proof. Considering Lemma[4.1T)and Proposition[4.3|we have
P, € Den(F, 8) < “3s,s' e SWithP, £ Qg @ VA€ .Y
(Ae 7", A¢Qs)=AcF and (Ac ¥, Py LA)=>Ac&"]”
&“F' —s, 6 =5 and P € Qg”
& “3s,s eSWithR ¢ Qy : VA€ .Y [Ac 8’ =]A'CQyandAc F' =P C [A]']”
< PR, € Dcl(F,8).
U

ACKNOWLEDGEMENTS

The author would like to thank the referees for their helpful suggestions and comments.

REFERENCES

[1] Adémek, J., Herrlich, H., Strecer, G. E., Abstract and Concrete Categories, John Wiley & Sons, Inc., 1990.
[2] Brown, L. M., Diker, M., Ditopological texture spaces and intuitionistic sets, Fuzzy Sets and Systems, 98
(1998), 217-224.
[3] Brown, L. M., Ertiirk, R., Fuzzy sets as texture spaces, |. Representation theorems, Fuzzy Sets and Systems,
110 (2000), 227-236.
[4] Brown, L. M., Ertlirk, R., Dost, S., Ditopological texture spaces and fuzzy topology, |. Basic concepts,
Fuzzy Sets and Systems, 147(2) (2004), 171-199.
[5] Brown, L. M., Ertiirk, R., Dost, $., Ditopological texture spaces and fuzzy topology, 1. Topological consid-
erations, Fuzzy Sets and Systems, 147(2) (2004), 201-231.
[6] Brown, L. M., Gohar, M. M., Compactness in ditopological texture spaces, Hacettepe Journal of Mathe-
matics and Statistics, 38(1) (2009), 21-43.
[7] Brown, L. M., Sostak, A. P., Categories of fuzzy topology in the context of graded ditopologies on textures,
Iranian Journal of Fuzzy Systems, 11(6) (2014), 1-20.
[8] Ekmekei, R., Graded ditopological texture spaces, Phd Thesis, Canakkale Onsekiz Mart University,
Canakkale, Turkey, 2016.
[9] Ekmekgi, R., Ertlirk, R., Convergence in graded ditopological texture spaces, Applied General Topology,
17(1) (2016), 17-35.
[10] Kubiak, T., On fuzzy topologies, PhD Thesis, A. Mickiewicz University Poznan, Poland, 1985.
[11] Sostak, A. P., On a fuzzy topological structure, Rendiconti Circolo Matematico Palermo Serie 11, 11 (1985),
89-103.
[12] Sostak, A. P., On compactness and connectedness degrees of fuzzy topological spaces, General Topology
and its Relations to Modern Analysis and Algebra, Heldermann Verlag, Berlin (1988), 519-532.
[13] Sostak, A. P., Two decates of fuzzy topology: basic ideas, notions and results, Russian Math. Surveys, 44(6)
(1989), 125-186.
[14] Ozcag, S., Yildiz, F., Brown, L. M., Convergence of regular difilters and the completeness of di-uniformities,
Hacettepe Journal of Mathematics and Statistics, 34(S) (2005), 53-68.
[15] Yildiz, G., Ditopological spaces on texture spaces, MSc Thesis, Hacettepe University, Ankara, Turkey,
2005.

Current address: Ramazan Ekmekgi: Department of Mathematics, Kirklareli University, 39100, Kirklareli,
TURKEY

E-mail address: rekmekci@klu.edu.tr

ORCID Address: http://orcid.org/0000-0001-6496-7358



	1. Introduction
	2. Product graded ditopology
	3. Compactness in graded ditopological texture spaces
	4. Graded Difilters and dicompactness spectrum
	Acknowledgements
	References

