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ABSTRACT

In this study, firstly we define #nxn matrices P and Q associated with harmonic numbers such that

n

P= (p,j) = [Hi ]1./:1 and Q = (qu) = |:H,.+j :|ij=1 , where H, is denote kth harmonic number. After we

study the spectral norms, Euclidean norms and determinants of these matrices.
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1. INTRODUCTION

The harmonic numbers are defined by

21
Hy=0and H, =zf for n=1,2,...,.
k=1
A generating function for the harmonic numbers is
ﬁ. The first few harmonic numbers are
—x
311025 137 49
2767127 127207
many interesting properties [3,6]. For n>1, some of
them are the following

Harmonic numbers have

EH,( =nH, 6 -n,

k=1

n—1 k n l

DU H, = H ——,
oi\m m+1 m+1
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n n Hl
H =2"|H, - |,
S (L)

2
HjH—Hj:[Lj + 2 H, .
n+l1 n+1

The harmonic numbers have been generalized by many
authors in recent works [1,2,3,5] such that

r r 1
Hé):O and HE):ZT for n,r=12,...,
k=1
1 n
H” =— and H*” =ZH;”'> for n,r=1,2,...,
» ,

k=1
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n

H,,=1 and H,,. =

for nr=12.., (1.1)

1<m <--<n. <n nlnz LR

n

H(n,r)= Z

1<ng +nm ++n,<n nonl e nr

for n>1, r>0.

For r=0 or r=1, these generalizations are reduced to
the ordinary harmonic numbers. There are many
connections between these generalizations, Stirling
numbers and ordinary harmonic numbers [4,5].

For the generalized harmonic numbers H  given by

(1.1), Cheon and El-Mikkawy [4] defined an nxn matrix
H as follows:

0 H if i>j
H:(h[/)ij:]E " e
’ 0 if i<j
Moreover they characterized the inverse of the matrix H .

In this paper, firstly we define the nxn matrices P and Q
which entries are consist of harmonic numbers, such that
these matrices are of the forms:

11 1
33 3
2 2 2
P=(p,) =) =n 1 up (12
’ 6 6 6
an Hn an
. E Hn+l
2 6
. . 1 25
Q:(qf/),-,le :[Hiw‘]i.,:l =l 1 7 e (1.3)
H. H H

n+l

After we study these matrices.

Now, we start with some preliminaries. Let 4 = (a[./.) be

any mX7n matrix. The £, norms of the matrix 4 are

a;

defined by HAHP :[ii p] ! , (1<p<w). For
i=1 j=I

p=2,the ¢, norm is called Euclidean norm. Also the

spectral norm of  the matrix A is

|4, = /max ﬂi(A”A) , where 4" is the conjugate

transpose of the matrix 4. A function y is called a psi

(‘or digamma) function if y(x)= %{ln[l"(x)]} , where

r (x) = Ie"tx’ldt .

0

Throughout this paper, P and Q denote the matrices in
(1.2) and in (1.3) respectively.

2. MAIN RESULTS

Theorem 2.1. The eigenvalues of the nxn matrix P are
A= (n+1\H, 0 1),
An=0,
where m=2,3,...,n.

Proof. The eigenvalues of the matrix P are roots of the
equation |AI-P|=0, such that

A-1 -1 -1 -1 -1
30,3 3 _3 _3
2 2 2 2
/’H Pl= _E _E /')V_E _E _E
| A1-F|= 6 6 6 6 6
_Hn—l _Hn—l _Hn—l A _Hn—l _Hn—l
_HVI _Hﬂ _HVI _Hﬂ j] - HVV

From the properties of the determinant, we have

A-1 -4 -4 - =4 -4
_3 A 0 - 0 0
2
11
MI_P‘: e o 42 - 0 0.
-H, 0
-H, 0 0 - 0 A

If we solve the equation

3

\11—1{:4"*‘{,1—1—7—5 ————— i“l}:o,

2 6 ok

the eigenvalues of the matrix P are

3 11 1
=l+=—4+—+-+ ) —
4 2 6 ;k

=Y H, =(n+1)(H,,-1),

where m=2,3,...,n.
Corollary 2.1. The determinant of the matrix P is zero.
Lemma 2.1. Let H, be kth harmonic number, then the

following equality holds
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n+l n+l

ZH (n+1)H., —(2n+3)H,, +2n+2.

Proof. We have H, =wy(k+1)+y, where y is

digamma function and y is Euler’s constant. Then,

ZHZ 2. (v (k+1)+7)’

k=]

=(n+1)(l//(n+2)+;/)2 —(211+3)(l//(n+2)+;/)+2(n+l)
=(n+1)H,,, —(2n+3)H, +2n+2.

n+l

Theorem 2.2. The Euclidean norm of the matrix P is

HPsz\/ [(n+1)H} ~(2n+3)H, ., +2n+2] .

n+l

Proof. From the definition of the Euclidean norm, we
have

[Pl =n> H . @1
k=1

From (2.1) and Lemma 2.1., we have

171, —\/ [(n+1)H}, —(2n+3)H,,, +2n+2] .

n+l

Thus, the proof is completed.

Theorem 2.3. The singular values of the nxn matrix P
satisfy the following equalities

n+l

01=\/ [(n+l) Za—(2n+3)H +2n+2],
O-m:()a
where m=2,3,...,n

Proof. The singular values of the matrix P are the
square roots of the eigenvalues of the matrix P"P,
where P” is the conjugate transpose of the matrix P.
The matrix P”P is of the form:

a a - a «a
a a - a «a

Pip=|: o,
a a a «a
a a a «a

where =) H;. Since a=) H; and from
Lemma 2.1., we have

a=(n+1)H, —(2n+3)H,, +2n+2. (22

n+l

The eigenvalues of the matrix P”P are

A =na,

A, =0,
where m =2,3,...,n. From (2.2) and (2.3), the singular
values of the matrix P are

2.3)

o, = \/[(nn)HjH (2n+3)H,., +2n+2],

o, =0
where m=2,3,...,n

Corollary 2.2. The spectral norm of the nxn matrix P
is

17|, —\/ |:n+1 VH.,, —(2n+3)H +2n+2] .

n+l

Corollary 2.3. The spectral norm of the nxn matrix P
is equal to the its Euclidean norm.

Lemma 2.2. Let H, be kth harmonic number, then the
following equality holds

n+n-2

0 n’ =3n-7 n* —9n—10
zkaﬂ = 2 H:H + .
k=1

2 n+l 4

Proof.
Sk, = Yk[w(k+2)+7]
k=1 k=1

7nz+n—2 2 ' =3n-7

[w(n+2)+y] - > [w(n+2)+7]
n*—9n-10
+
4
n +n-2 n=3n-17 n*—9n—-10
> il T 2 w1 T 4 :

Lemma 2.3. Let H, be kth harmonic number, then the
equality

n— 1

H,=(20 430 41) 12, BEL Ly PR A
= 1 2 2

T +15n+7 13n* =3n—10
+ n+l +
2 4

is valid.
Proof.

n-1

n-1
S (n-k) 2, = 2(n=k) [w(n+k+2) +y]
k=1

k=1

=(2n* +3n+1) [w(2n+1)+y]: —((m2 +7n+%][l//(2n+l)+;/]

3% +Tn+2 2 T’ +15n+7
—f[y/(wd +7] +f['//("+2)+7] + a

3n +7n+2

:(an +3n+1) (6)1 +7n+ ZjH "

Tn* +15n+7 13n* =3n-10
+ H, + .
2 4

Thus the proof is completed.
Theorem 2.4. For the Euclidean norm of the nxn matrix
0

IOl = (2n® +3n+1) B3, —(n* +3n+2)H2, —(6n2 +7n +%JH2”

140> =121 -20

+(3n7 +9n+7)H, , + n

is valid.

}I?roof. From the definition of the Euclidean norm, we
ave

13n° —3n-10
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n n—-1
"Q"z" = Z kH/§+1 + Z (n - k)H3+k+1 . (2'4)
k=1 k=1

From (2.4), Lemma 2.2. and Lemma 2.3.,

ol = (2n* +3n+1) H3, - (n* +3n+2) H2, —[an +7n +%JH:,,

14n* —12n-20

+(3n2 +9n+7)H,, + a

is valid.

Theorem 2.5. The determinant of the matrix Q is

Q(l)H[M} (2L

22 n(n+1)! " n(n+1)

Proof. If we apply Gauss Elimination Method to the
determinant of the matrix O, we have

ap,

aZﬁZ *

0 (-0)"ap,

where o, =1, f=H,+H,, pg_Hutl.,
* H+H,_,

a :(k’l)[(kﬂ)!]z[(k*z)!]z and (k=23,..n) .
C 2k(k+n)[(2k-1)]

Hence we write

n n

o= TTap =" [Tl 15

i=1 i=1

Since

©

w2l (25 +2)151]
u = (n+s+1)!
P 2"’2n(n+1)!

and

ﬁﬂ,.:(HM+HH):(zH,, ! j

T+ )

we obtain

Hﬁ“))}(w |

0]=(-1) 2 Zn(nt1)! "t )
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