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ABSTRACT

In this article, we introduce a new way of generating copulas with the directional dependence property based on
the logistic regression. The studied class of copulas leads to nonsymmetrical copula structures, therefore
allowing for the development of various directional dependence models. The setup introduced in the research
can be easily adapted to wide range of dependence modeling applications.
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1. INTRODUCTION AND MOTIVATION . . . L
PROGRESSION OF RESEARCH pair with Yl ,Y2 , and the independent uniform pair with
U,U. ie. Y=o,U+a,U d
The main goal of this research is to create a class of ( P 2)’ € 1 =1 Y2 A
copulas that exhibit the directional dependence property. Y,=a,U +a,U,, where a >y,
Our investigation started with looking at the copulas of Ay £—a,,, &, > 0,0(21 >0, a,, < 0. Since

linear combinations of independently distributed uniform
random variables. Let us denote such transformed random

_ _ n—oU, n—anU, _
F}',Yz(ypyz)_P{Ylg)’szSyz}_jP U, < U, < |\U, = u, du,
0 1 21
L VLT Oy Yy T Oyl
= IP U, <min , du,,

0 ay, ;)

the copula of the transformed pair will have the form
NFE'0v)-a.u F'(v,)—a,,u

CYI,Y2 (vaz): jp U < min3 -2 ( 1) 12 ’ Y, ( 2) 2 du. O

0 all a21
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where F; " is the quantile function of Yi,i =12. By

defining appropriate two place functions

k(vy,u)= [Fy‘ll(vl)— oclzu]/oc11 ,

and [(v,,u)= [Fy’zl(vz)— ozzzu]/oc21 :

we end up with a class of copula which had the general
form

C(v,v,)= I D{k(vy,u) 1(v,,u)}du. )

0

k(vl,u):P{Vl <y |U: u}:T:

Z(Vz’“):P{Vz <y, U= u}:

Note that as long as the functions k& and / are non-
decreasing in their first arguments, the resulting function
will be 2-increasing. Also, the structure of the class allows
us to produce non-symmetric  copulas, i.e.,

C(vl,vz)i C(vz,vl) for some  v,v, €[0,1],
therefore leading to different copula regression functions.
Within this progression of our research we looked for

some “natural” selections of functions k£ and /, and ended
up with the following conditional copulas:

aC, (u,Vl) C(v | u),
%ﬂ’z) =C,(v, |u)

For these choices two-place function D is the conditional copula of Vl and V2 given U and the copula will have the form

C(v,vy)=P(V,<v,V, <v,y)= jP(Vl <v,V,<v, [U=uylu= jD{Cl(vl |u), Cy (v, | ) jedu.(3)

0

It is trivial to show that the resulting two place function is
grounded, 2-increasing and

C(1,v,)=v, and C(v,1)=v,. Note that
; (u,vi)/dl exists for almost all V,, it lies between 0

and 1, and
viHéCi(u,vi)/O'h are defined and nondecreasing

furthermore the functions

almost everywhere on [0,1](Nelsen [1],p. 11).

In fact, generating copulas of the form given in (2) are
studied extensively with the objective of generating three

0

dimensional copulas with compatible marginals, see
Dall’Aglio [2] and Quesada-Molina and Rodriguez-
Lallena [3]. We are going to use the results obtained in
this area heavily in the rest of the paper.

For the random triple (V;,Vz,U ) considered in equation

(3), we can assume that U has a Bernoulli distribution
instead of Uniform distribution on the unit interval. That
will lead us to

Cv.v,)= iD(P(VI < |U=u)P(V, <v,|U=u)PU=u) “

u=0

The conditional distribution of U given Vl =7V, can be

modeled by using various link functions such as logit,
probit, and complementary log-log. In this research we

will consider the logistic regression set up and use the
model

exp{ﬁi,0+ i,lvi} _ 1

”(Viaﬂi,mﬂi,l): P{U =11V, = Vi} =

1+ exp{ﬂi,o + i,lvi} 1+ exp{_ﬂi,o _ﬂi,lvi}.

Now if we let fl and g be the conditional probability density function of V, given U, and probability density function of Vl

respectively

fi(vf |U:1):

PU=11V,=v)e(v) _ 7(B05:)
P(U=1)

PU=)
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and
T IZ'(W,ﬂ'Osﬂ'l)dw I(v
i, 1 5ﬂi, ’ﬂf,
vt T Ctt)
~ L 1+ exp{ﬂz,o + ’l'v"}
H(viﬁﬂi,O’ﬂiJ)_ ﬂi‘l 10% 1+ eXp{ﬁi»O} J
Since

PU=1}= | PU=11T, = v Jdv, =T1B,08,) 12 . TILBB,) =TI oy )
0
we need restrictions on the model parameters. To get around of this restriction, we will fix the success probability for the

1

1_ e/}up
H(laﬂi.oaﬂi,l): p= ﬂi.O =log W :

Bernoulli random variable at p, and determine the ,B i o in terms of ﬂi 1

eﬂ,,l

Therefore,

=11,(v,,B,0.8, )

[AV eﬂm + eﬂu Vi _ eﬂi,l!’eﬂu Vi J

1 eﬂ 1P
l_[(vbﬂi,O’ﬁi,l): Fulo 1= P
The resulting copula class will have the form

{Hr(vlaﬁ,lap) K Hr(vkﬂﬁk,lap)Jp+D[vl _Hr(vl’ﬁ,l’p) K Vi _Hr(vk’ﬂk,hp)](l _p) 5)
AN 1—[? SN -

P P l-p

k
In the case of conditional independence, i.e., D(vl,. RN u) = HP{VI <v, | u}
i=1

]ﬁnr(vi’ﬂi,l’p) ﬁ [Vi —1I, (vi’ﬂi,l’p)]
4=l

C(VpK 5vk): = pk—l (1 _p)k—l

_eﬁ/,l +eﬁ/,lvi _eﬂupeﬁm"i

Lemma 1: Let

1 eﬁ/‘lp
1L, ip)= 5 log o
il

p_ Ll Vi pPpVi

(a) Hr(vi,l,p):log[e ¢ Ir_eel ee J
V) Hr(vi’ﬂi,Dl): Vi Hr(vioﬂi,loo): 0. Hr(l’ﬂi,l’p): p- Hr(o’ﬂi,pp): 0.
(ii) C(v],K ,vk)zD(vl,K ,vk) for p=0,1.
mr Vi’ﬁi, D eﬂz,lvi _eﬁi,ll’eﬁz,l"z
(111) ﬂ"(vi’ﬂiv]’p): (d/ : ): eﬂi,lp _eﬂz,l +eﬂ1,lvl _eﬂ,,lpeﬂ,,l"i '
(iv) Conditional distribution function and density function of VZ|U = U are

1—u)y, —(-1)" B
M)= ( M)VI ( 1) Hrgvlﬂﬂz,l’p) and

(1-uw)-C1)'p
u): (1 B ”)_ (_1)'4 ﬂr(vi’ﬂi,l’p)
(-w)-CD)'p

FV, \U:u(vi

fV, \U:u(vi
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respectively.

) ij‘U:I(VJl) is nondecreasing iff bi,l >0 and
nonincreasing iff b[,l <0.

(vi) f v, |U:1(vi|1) is nondecreasing (nonincreasing) iff
f V,|U:0(Vi|0) is  nonincreasing  (nondecreasing).
Therefore, for b[’l > 0, Vl will tend to higher values

when U=1 and lower values when U=0. The effect of this
can be easily seen from the copula density plots.

The class of copula which is constructed through the
logistic regression model is very rich. It allows one to
work with both symmetric and asymmetric dependence
structures and the conditional copula D could be a
member of any class of copulas. The symmetry behavior
of the class has been determined by the model parameters.

The symmetry has been achieved when ﬁll = ﬁzr

Therefore, these parameters can provide ‘hidden”
information on the directional dependence. The variable U
will be called the direction variable and it can be defined
in many different ways in application. As an example, one
may want to study the relationship between wife and
husband’s ages at death and consider a Bernoulli direction
variable which identifies who die first. In medical
research, the dependence between two vital variables
during a surgery can be modeled by considering outcome
of the surgery as direction variable.

In the following sections we will look at the properties
and characteristics of these two classes of copulas and
discuss their possible applications on directional
dependence modeling.

2. DIRECTIONAL
CONDITIONING

COPULAS THROUGH

Both of the classes of copulas that we have introduced are
based on conditioning the random pair Vl, V2 on U.In

one case U is continuous in the other case it is discrete
random variable. The second class takes the construction

Lemma 1: Let

process one step further and uses a model for U given Vl

We assumed that U is either uniformly distributed over the
unit interval or a Bernoulli random variable.

Following Sungur [4], we will say that the uniformly
distributed pair (VI,VZ) is directionally dependent in their
joint behavior if the form of the regression functions for
V| V= and niv,=v, differ, e,
E[V2 |V, = v,]: A (w);t ", (w) The  well-

known class of copula that has this property is the
Rodriguez-Lallena and Ubeda-Flores [5] class, i.e.,

C(vl,vz):vlvz +f(v1)g(v2), and copulas with
cubic sections (see Nelsen [6], and p.80 of [1]), i.e.,

Cv,vy)=vy, +v(1- vl)[a(vz)(l —v)+ ﬂ(vz)vl]

. Another way of generating asymmetric copulas has been
discussed in Genest et al. [7], and Edward Frees and
Emiliano Valdez [8]. In their construction, they form a
non-exchangeable class of bivariate copulas of the form

C, (uv)= ul”‘vl’lC(u",v’l), 0<x,A<].

2.1. BERNOULLI DIRECTION VARIABLE

The parameters of the copula that we have introduced in
(5) can be grouped into three: (i) directional dependence

parameters, ﬂ” and ,32], that are originated from the

logistic regression, (ii) dependence parameter, 0, that is
the parameter for the conditional copula D, and (iii) the
“mixture” parameter, p, the parameter of the Bernoulli
direction variable. The value of the p can be i. selected
based on prior knowledge, ii. pre-determined through the
design of experiment, or iii. estimated together with the
other parameters of the introduced copula model. To study
the properties of this class of copulas we need the
following Lemma:

Hr(vi’ﬂi,hp): ﬂllo%

il
and

mr(visﬂi,hp):

eﬁi,lp _eﬂi,l + eﬂi,lvi _eﬂi,lpeﬂz,lvx
1— eﬂu

eﬂi,]"] (1 _ eﬂi,lp)

”r(vi’ﬁi,l’p): ey

1

eﬂ[,l"] Q_eﬁi’,lp}eﬂ;,lp _eﬂ[,l ’

0) I, (v, B,.1)=v,» I1,(v,,8,,0)=0. T1,(1, By, p)= p, 11,0, 5,4, p)=0.

i) lim, ,T1,(v.8,,p)= pv;.

(iii) Conditional distribution function and density function of VI|U = U are
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1—
Fy, \U=u(vi|u): (

u)y, = 'L (0 Bup)
(-u)-C1)'p

1—
sy
respectively.

Note that f v.U=1 (vl.|l) is nondecreasing iff ,Bi,l >0 and
nonincreasing  iff ﬂi,l <0. Also, fV, ‘U:I(vih) is
nondecreasing (nonincreasing) iff fV,- |U=0(Vi|0) is
nonincreasing (nondecreasing). Therefore, for ﬂi,l >0,
Vi will tend to have higher values when U=1 and lower

values when U=0.

Theorem 1. For the class of copulas introduced in
equation (5), the conditional copula structure will be

preserved, i.e., C(vaz): D(vaz) if ﬂm = ﬂz,z =0
or p= O, 1.

The Pearson’s correlation for the members of the class,
Pc > can be decomposed into two parts

u)— (_1)" ﬂ,(vi,ﬁi,vp)’
(-u)-C1)p

O = 12j‘ j [Cp2vy)— Dy, )]dudv + p, = 6., + py
00

where O, is the Pearson’s correlation for the copula D.

Provided that D is symmetric, all of the directional

dependence information will be hidden in §C p Which can

be viewed as a measure of distance between the two

corresponding copulas.

Let us assume that the conditional copula D is a member
of the Farlie-Gumbel-Morgenstern class,

ie. D(v,v, )= vy, [l+ 01 - Y1-v,)]  The

copula density functions generated for this class are given
in Figure 1.

@ £, =10, p,, =30, p=0.5, 6=0.
(b) ﬂl,l =10, ﬂ2,1 =30, pP= 0.5, 6=0.9.

(©) IBI,] = 105 182,1 = 30, p = 05, 9:—09

(b)

Figure 1. Copula density functions for the three members of the class given in (5) under Farlie-Gumbel-Morgenstern

conditional dependence structure.
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If we look at the copula regression functions we can easily
see the directional dependence structure. Figure 2,

provides the copula regression functions for the

For the conditional independence case

1
j 11, (Vmgi,np)dvz -5
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conditional independence case for various values of p. The
copula regression functions are calculated by using

J

,r Hr(vi’ﬂi,lap)dvz -2
0

o ()1 ] ),

ﬁr(vjaﬂj,lap)

p
0
7, v.)=1+ —
Vilv; ( 1)
/ r(1-p) p(1-p)
. eﬂi,lvi (1 _ eﬂi,lp)
wnere g (v.. [. = .
"( l’ﬂ”l’p) eﬂi,l"i (1_ eﬂz,]!’ )+ eﬂf,]!’ _ eﬂz,l
Fyry ) {Froy, (w)] Py ) {Proy ()]
L0- 10~
o0&l
0.6
04
02|
o0 . . : . W o0 . ! : . ' w
00 02 04 0.6 0.8 10 00 02 04 06 0.8 1o
(@) , (b)
Ty () Pregpvry (W) Fiepiva W] — Fyayy (W)
10
Ve
0.8F ansh / “\
[ \\
I \‘
il h‘\ "‘v.._
i k) o ! W
I oz 04 “tm'“""-t?m-;\-:u
0.4 H
[
1
0.2 -005r
!
r
09 - - - - - /
00 02 04 06 08 10 —0.10 bt
© (d)

Figure 2. The plots of the copula regression functions [(a) ,BU =
10 521 =30, p=0.9, 8=0] and the plot of difference between copula

S =30, p=0.1, =0, S, =

10, ﬂ2,1:30, p=0.5, 0=0, v ﬂu:lO,

regression functions for ﬂl’l =10, ,32,1 =30, p= 0.5, 8=0 (solid line) and p= 0.9 (dashed line).

Following Sungur [4], we will assess the strength of the directional dependence by using

e{e@:1M)-ECT}

n-n =

EQ-E@] )

These two directional dependence measures can be

interpreted as the proportion of the variance (total
variation) of Vl that can be explained by the regression of

i

V. on V.. The behaviors of these two directional

CELEGI)-EW)T }
-}

dependence measures are given for the conditional
independence case in Figure 3. The directional
dependence gets stronger as one moves toward p=0.5 for

fixed A, and 3,

e, =
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vy vy (PHEYy - (p)) gy B Hpvya (B )
051 s 05 s
. ",_—-u.,h.\ ~— '-"
”J e “'“\ s
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ri AY
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L o 03
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I Y
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Fi LY
o1l \ af
Fi A
K 0
’ \
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02 04 06 0.8 1.0 =30 -20 =10 (1] 10 20 30 ik

Figure 3. The plots of the directional dependence measure as a function of p and ﬂm (remaining parameters are fixed at

/Bl,l =10, ﬂz,l =30 andp =0.5).

2.2. UNIFORM DIRECTION VARIABLE

In this section, we will study the class of functions with a
form given in Equation 3. Suppose that VI,VZ,U) is a

random triple, where conditional on U, the dependence of
Viand V, is explained by the two-dimensional
conditional distribution D which leads to the
unconditional copula given in (3). The asymmetric
behavior on this unconditional copula could originate

either from the one-dimensional conditional copulas or
two-dimensional conditional copula or both. The selection

of functions triple (D,C],Cz) is restricted with the
compatibility

J‘ D{C1 (Vl | u *), C2 (V2 | u *)}du * should be a
tl?ree—dimensional copula.

conditions, ie.,

Table 1 summarizes the key results that are related with the directional dependence modeling for the copulas given in (5). We
have borrowed them from Dall’ Aglio [2] and Quesada-Molina and Rodriguez-Lallena [3].

Table 1. Basic forms of copula generated by various conditional copula combinations.

C,(uv,) - C,(u,v,) max{u+v,—10} | uv, min{u,v, }
C (uv) 4

Ci(uv)) v —=C(v,1-v,) C,(v,v,)
max{u+v,—10} | v,=C,(1-v,v,) | min{v,,v,}

uv, D(Vlavz)

min{u,v, } C,(v,v,) min{v,,v, }

Within our setup, directional dependence property of the
copula could be generated from the various sources; (i)

directional dependence on the conditional copulas C1 and

Cz’ (ii) structure of the bivariate distribution connecting
conditional copulas, (iii) or both. In this section we will
concentrate on (i). Similar to the concept of conditional
independence, we will assume that conditioned on U,
directional dependence disappears. In the application this
can be faced when the two variables are perfectly

dependent given the random “common explanatory”
variable, such as random time, population etc. This setup
opens new possibilities in time series modeling.

When the two conditional copulas are the same we end up
with the copula of prefect dependence for (VI,VZ).
Another case is when V1 and U are independent and
V2 and U are perfectly positively dependent. Then,

C(v,v,)= I min{v,,1}du=vv,.

0
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If one of them is stochastically dominant, i.e.,
D Ci(u,w)_ & (u,w
(i 1U=u)-(V,|U=u)= gu ). féu ),vW e [0.1],

then new class returns the non-dominant variable.

One of the options for D that will work for any selection of Cl and C2 is the membership to the Fréchet class of copulas,
ie.,
De(,.= {DF(u,v): amin{u,v}+(1-a)max{u+v-10}0<a< 1}.
Quesada-Molina and Rodriguez-Lallena [3] shows that any two-place function defined by
C(v,v,)= j D A{C, (v, |u),Cy (v, | u)}du

0
is a copula. The basic form of copula that is generated under this restriction will have the following form

Cv,v,)=a J- Cy(v, | u)du+ _[ C, (v, |u)du

B (ulvy,v,) (B* (ulv ,vz))C 6)
+(1-a) _[ {Cv, [u)+ Cy (v, | u)—1}du
A (ulvy,v,)

where

B (u|v,v,)={u:C/(v, |u)< C,(v, |u)u € [0,1]}

A (u|v,v,)={u: G, lu)+Cy(v, lu)-120,u € [0,1]}.
De ¢,
C,(uv,) - C,(u,v,) max{u+v,—10} | uv, min{u,v, }
C (uv) 4
C1 (u’vl) See equation 6 v, — C1 (Vlal _ Vz) C1 (Vsz)
max{u+v,—10} | v,-C,(1-v,v,) | min{v,,v,}
uv, DF(VI’VZ)
min{u,v, } C,(v,v,) min{v,,v, }

Table 2. Basic forms of copula generated by various conditional copula combinations for the DD € é/ Fe

Example. 4 simple directional dependence model. Let us structure, ie.,

view the mixing ‘random variable U‘ as a directional Cl (“,Vl): uvlacz(“a"z): uv, +0”V2(1_“X1_V2)
dependence covariate. Such a covariate may behave

independent of one of the key variables, say J{, and
dependent on the second variable through the FGM copula

C(v1 ,vz): } P(U < min{v, ,v2(1 +6- 49\12)—24%1\/2 (1 - vz)}yu

1 v, =V, 1 v, =V,
S LSl D Yy SN vy e | SR
{2 2(9\/2(1—\/2)}(‘)1 V) Vz{z " 20v2(1—v2)}+v2
for—6v,(1=v,) < v, =v, <, (1-v,)v,v, € [0,1]
=V, 2V, + O, (1=v, ) v,v, € [0.1]
=v,v, v, =, (1-v,)v,v, € [0,1]. )

, In this case



GU J Sci, 24(3):415-424 (2011)/ Engin A. SUNGUR, Salih CELEBIOGLU 423

It is trivial, to show that the two-place function given in (7) is in fact a copula. The Pearson’s correlation is O, = 1- Hz / 15.

The copula regression function for V1 | V2 =V, is:
A (,v,)

y (02)=1- }— :—v2(3+492(1 3v2+2v2))

v,

For the V2 | Vl =V,, the form of copula regression function gets rather complicated. To present the result in a

manageable complexity we will let 6>0,

. 10—+ 6) —406v, , 1+ 0+ 6) +406v,
= Y and vV, = 20 .

v,

(Vl)zl_ j OAC(;; 2)d

14
o

- 1 U1 J
S e - B P VZL v—zL +vi|
2 20 v, —1 v,

- @—@ @ O
z 11
Lk !
. / 08l : /

06t
04t

02t

0z 04 06 08 1 0z 04 06 08 1
Figure 4. The copula regression functions for V2 | V1 =V, (on the left), and V1 | V2 =V, (on the right) evaluated at
6=0.0 1,0.75,0.99 and represented dotted to solid curves respectively.

3. SOME USES OF THE CLASS IN STATISTICAL member of this class. This setup will allow us to estimate
ANALYSIS ,B] 1> 132,19 P and remaining dependence parameters that

will come from the D. Assuming that we have two groups
that will match with the levels of the Bernoulli variable U,

two classification regions Rl and R2 will be

For the class of copula that we have introduced in Section
2.1 we can set up a classification process. Suppose that we

have observed only (V],V) with the copula that is a
R :PU=1V,=v,V,=v,}2PU=0V,=v,V,=v,}

Ry :P{U=1V=v,V,=v,} <PU=0,=v.V,=v,}

By using
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PU=uV,=v,V,=v,}=

fVl,VZ\U (vl,v2|u)P{U = u} _ du(vUvZ’ﬂl,l’ﬂZ,l’p)P{U =u}

c(v,v,)

where,

c(vv,)

Voa H,(Vpﬂuap) Hr(VZ’ﬂZ,l’p)

N7
d“(vl’vzﬁﬂl,laﬂz,pp): =2 p

2 Vi _Hr(vl’ﬂl,lﬂp) V) _Hr(vzaﬂz,pp)

p
u=0

d}10/-1)2

one ends up with the following regions

l-p

l-p

R :d, (Vl V2B Py 7P)p 2 do(vl ’VZ’ﬂl,I’IBZ,l’pXI _P)
Ry :di(v,v2. 8,1, P ,p)p < do(vl V2B BoysP L= P)

Under the special case of conditional independence, classification function turns out to be linear with the following form

p[eﬂ“p _ eﬁ"‘ ][eﬂz,lp _eﬁz,l ]

(1 —p)(l _ eﬂupxl _ eﬂz,up)

4. CONCLUDING REMARKS

181,1"1 + ﬂ2,1v2 —log

The classes of copulas introduced in this paper possess
directional dependence property and use directional
variable in discrete and continuous forms giving
researchers a chance to move away from the symmetric
case and create more general dependence models. The
dependence structure could change based on a third
variable which might be discrete or continuous. Selection
of a discrete or continuous direction variable will heavily
depend on the researcher’s interest. In discrete setup the
Bernoulli direction variable has an advantage of using
developed inferential tools for the logistic regression.
Increasing the dimension of dependence covariates, U,
and the responses, Vl, and VZ, will be our top priority.
The copula class given in (3) bases on the linear
combinations of independent uniform variables has
promising features to achieve this objective. Since the
setup mimics the ideas in principal component analysis
and logistic regression, we are hoping to introduce a fresh
look to these techniques through copulas in our next
paper.
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