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ABSTRACT
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respect to a self maps on partially ordered cone metric spaces, where the cone is not necessarily normal. Our
results generalized several well-known comparable results in the literature.
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1. INTRODUCTION

The concept of cone metric space was initiated by
Huang and Zhang [6]. They proved some fixed point
theorems of contractive type mappings over cone etric
spaces. Later, many authors generalized their fixed
point theorems in different types.

In the present paper, E stands for a real Banach space.
Let P be a subset of E with int(P) # ¢. ThenP is
called a cone if the following conditions are satisfied:

1.Pisclosedand P # {6} .

2.a,beR", X,y € P implies ax + by € P.
3. Xe PN —P implies X = 0.
For a cone P, define a partial ordering < with respect

toP by X <Y ifand only if

Yy — X € P. We shall write X < Y to indicate that
X<V but X# Y, while X <<'Y will stand

for Y—Xe€ il’lt(P) . It can be easily shown that
Aint(P) < int(P) for all positive scalar A .
Definition 1.1 [6] Let X be a nonempty set. Suppose
themapping d : X x X = E

satisfies

1. 0<d(x,y) for all X,ye X and
d(x,y) =0 ifandonlyifx=y.

2. d(x,y)=d(y,X) forall X,y e X .

3. d(xy)<d(x,z)+d(z,y) for all
X, y,2e X.

Then d is called a cone metric on X, and (X, d) is
called a cone metric space.

Definition 1.2 [6] Let (X, d) be a cone metric space.
Let (X,,) be asequence in X and

X e X .Ifforevery C € E with@ << C , there is
an K € N such that d(X,,X) << C for all

N>k, then (X,) is said to be convergent and

(X,) converges to x and x is the limit of

(X,). We denote this by lim X, =X or

nN—+oo

X, —> X as N —> 400 If for every C € E with

@<<C there is an ke N such that
d(X,,X,) << C forall n,m =K, then (X,) is
called

a Cauchy sequence in X. The space (X, d) is called a
complete cone metric space if every

Cauchy sequence is convergent.

Let (X, d) be a cone metric space, f:X —> X and

X, € X . Then f is said to be continuous

at X, if for any sequence X, —> X,, we have
fx, = X, [14,24].

The cone P in a real Banach space E is called normal
if there is a number k > 1 such

that forall X,y € E ,
O<x<y implies | x[<Kk]y]l.

The following theorem has been proved by Huang and
Zhang.

Theorem 1.1 [6] Let (X, d) be a complete cone metric
space, P be a normal cone with

normal constant k. Suppose the mapping
f : X — X satisfies the contractive condition:

d(fx, fy) <kd(x,y)

forall X,y € X .1f K €[0,1), then f has a unique
fixed point in X.

Also, Huang and Zhang [6] gave an example showing
that their result is a generalization of the Banach fixed

point principle. Later normality was removed by
Rezapour and Hamlbarani [19].

Turkoglu et al. [25, 26] studied some results on cone
metric spaces. While Karapinar [10, 11, 12] and
Shatanawi [20, 21, 24] studied a coupled coincidence
point in cone metric spaces.

The existence of fixed points in partially ordered set
has been considered by Ran and Reuring in [17], they
proved the following theorem:

Theorem 1.2 [17] Let (X, <) be a partially ordered
set and suppose that there exists a

metric d in X such that the metric space (X, d) is
complete. Let f : X — X be a continuous
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mapping with respect to < . Suppose that the
following two assertions hold:

1. there existt Ke(0,]) such that
d(fx, fy) <kd(x,y) for each X,y € X with
X<y,

2. there exists X, € X suchthat X, < fX,.

Then f has a fixed point X' € X .

After then many authors generalized Ran-Reuring
result in different ways [2, 5, 13, 16, 18, 23, 27].

Altun and Durmaz [3] extended the contraction
Banach principle to a partially ordered cone metric
space, where P is assumed to be normal. Also, they
gave an example [3] to show that their result is more
general than Theorem 2.1 and Theorem 2.2.

Altun et al. [4] introduced the concept of weakly
increasing maps as follows:

Definition 1.3 [4] Let (X ,<) be a partially ordered
set. Two mappings f,g: X — X are

said to be weakly increasing if X < g(fX) and
gx < f(gx) forall X e X.

Altun et al. [4] proved the following theorem:

Theorem 1.3 [4] Let (X,<) be a partially ordered
set and suppose that there exists a cone

metric d in X such that the metric space (X, d) is
complete. Let T,g: X — X betwo

weakly increasing maps with respect to <. Suppose
that the following two assertions hold:

a,B,y>0  with
a+26+2y <1 suchthat

1. there exist

d(fx,gy) <ad(X,y)+

A(x. &) +d(y.qy))

+7(d(x, gy) +d(y, )

foreach X,y € X with X<Y;
2. forgis continuous.

Then f and g have a common fixed point x"eX.

Theorem 1.3 is a generalization of several well known
results in literature [1, 3].

Jungck [8] introduced the concept of the notion
compatible maps in metric space. While Jungck and

Rhoades [9] introduced the notion of weakly
compatible maps in metric space.

S. Jankovi¢ et al. [7] extended the notion of
compatible and weakly compatible maps to cone
metric space.

Definition 1.4 [8] Let f and g be self maps of a set X.
If w = fx = gx for some x in X,

then x is called a coincidence point of f and g, and w is
called a point of coincidence of

f and g. The two maps f and g are said to be weakly
compatible if they commute at their

coincidence points, that is, if x is a coincidence point
of fand g, then fgx = gfx.

Definition 1.5 [7] Let (X, d) be a cone metric space
and f,g: X — X be two self maps.
The pair {f, g} is said to be compatible if and only if

lim d( fgx,,ofx,) =46

whenever (Xn ) is a sequence in X such that

lim fx, = lim gx, =t

nN—+oo N—+w

forsome t € X .

Lemma 1.1 [7] If the pair {f, g} of self-maps on the
cone metric space (X, d) is compatible,

then it is weakly compatible. The converse is not true.

The aim of this paper is to study some common
coincidence and common fixed point theorems for
three self maps in cone metric space, where the cone is
not necessarily normal.

Our results generalized Theorem 1.3 and other several
well-known results in the literature.

2. MAIN RESULTS

Recently, Nashine and Samet introduced the concept
of weakly increasing mappings with respect to a self
map as a generalization of weakly increasing
mappings as follows:

Definition 2.1 [15] Let (X,<) be a partially
orderedsetand f,Q,T : X — X be three

maps. Then we say that f and g are weakly increasing
with respectto T if forall X € X,

we have
fx<gy VyeT '(fx),

and
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gx<fy VyeT '(gx).

Remark 1 Note that if T = I, then f and g are
weakly increasing.

Example 21 Let X = [0, 1]. Define
f,9,T: X —> X byfx=x,gx=+/X,and

Tx = X2, then it is clear that f and g are weakly
increasing with respect to T.

Theorem 2.1 Let (X,<)be a partially ordered set
and (X, d) be a complete cone metric

space. Let f,Q,T : X — X be three maps such
that

d(fx,gy) <ad(Tx,Ty)

+b(d(Tx, fx)+d(Ty, gy))

+e(d(Tx,gy) +d(Ty, ) (1)

for all X,y € X with TX <Ty . Assume that f, g
and T satisfy the following conditions:

1. fand g are weakly increasing with respect to T.

2. The pairs {f, T} and {g, T} are compatible.

3.fand T are continuous or g and T are continuous

4 fX = TX and gX = TX.

If a, b and c are nonnegative real numbers with
a+2b+2c e [0, 1), then f, g and T have a

common coincidence point.
Proof. Let X, € X . since fX cTX, we
choose X; € X such that fX0 = TX1 . Also, since

gX < TX., we choose X, € X such that
gx, = TX2. Continuing this process, we can
construct a sequences (Xn)in X such that

TX,0 = X, and TX,,,, = 0X,,,, . Since

X, €T '(fX,),and X, € T'(gX,),, then by
using the assumption that f and g are weakly

increasing with respect to T we have
X, = X, < gx, =Tx, < fX,.

Thus by induction, we can show that

X0, £TX,,,, VN e N U{0}.

2n+1

By inequality (1), we have

d(MXzn11, TXop.0) = A (X5, 0%any)
<ad(TXy,, TX,,,,) +

b(d(TX,,, %,,) +d(TX,.1> GXypy))
+c(d(TX,,, 0%, ) + ATy, s X))
<ad(TXy,, TX,,,,) +

b(d (T, o) + A (TXo, Tsp0)

+ C(d (TX505 TXp00) + A (X015 T ))

Using the fact that

d(TXy5 TX50,5) < A(MX,,, TXy00)

+d (X515 TX5000) »

then the above inequalities become

d(TXyn05 TXon ) S @ (TX,,, X, ) +

b(d (X, X511 ) + A (TXgpys T )

+c(d(TXy TXyp ) + A (TXy 0 TX0)-

Hence

a+b+c
d (TX2n+1 :szn+2 ) S— d (szn ’TX2n+1 )
1-b-c
Put
_a+b+c
l-b-c

Then we have

d (TX2n+1 ’TX2n+2 ) < kd (TXZn ’TX2n+1 ) (2)

Similarly, we may show that

d(TXy,, X5, ) S KA (TX,, , TX,,)- 3)

Thus from inequalities (2) and (3), we have

d(Tx,,Tx,,,)<kd(Tx,_,,Tx,)¥neN (4)

ForN € N , we have

d(™x,,TX,,,) < kd(Tx, ,,TX,)
<k*d(Tx._,,TX,,)

2n+1

<k™d(Tx,,Tx,).
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Let N,M € N with m>n. Then

m-1
d(TX,, TX, ) < D d (T, TX;,,)

i=n

m-1
<D k'd(Tx,,TX)).

Since K € [0,1), we have

n

d(Tx ,Tx )<
(T Tp) € 7

d(TX,,T%). (5)

To show that (TXn ) is a Cauchy sequence in (X, d).
Let C >> @ be arbitrary. Since

C € int(P)), there exists a neighborhood of €
N; (@) =1y cE:[lyl<d}, 6>0

such that C+ N 5 () < int(P) . Choose a natural

number N1 such that

— k™
1-k

Then

d(TX,,TX,)| < O.

n

1-k

Hence

d(TX,,Tx,) e N,(6), Vn=>N,.

n

k .
c _Hd(TXoaTXJ ec+ N, (0) cint(P).
Thus, we have
k n
Ed(TXO’TXI) <<c,vVn2 Nl' (6)
By inequality (5) and inequality (6), we have
d(Tx,,TX,)<<c,Vn=>N,.
Thus (T Xn) is a Cauchy sequence of X. By the

completeness of X, there is U € X such

TX, > U as N — +o0.

Now, suppose that f and T are continuous, we have
T(TX,,,,) > Tuasas N — +00, and

f(Tx,,) > fuas as nN-—+oo. By the

triangular inequality, we have

d(TU, fU)S d(Tu:T(TXZnJrl))-i'
d(T (X, ), F(TX5,)) +d(F(TX,), TU). (7)

Noting that szn =Tx —>U as N — +oo

2n+1

and TX,, — U as N —> +00. Since {T, f} is

compatible, we conclude that
lim d(T(fx,,), F(T,,)) = 0.

Let d<<c be given. Choose
k1 , k2 , k3 € N such that

d(Tu,T(Tx,,.,)) << % vnxk,

AT (fey,). F(Txy,) << 5. VN 2Ky,
and
d(f(Tx,,), fu) <<§,Vn2 K,.

Let ko = max {kl , k2 , k3} . By inequality (7), we
have d(Tu, fu) << C. Since ¢ is arbitrary,

we get

C
d(Tu, fu) << —Vme N.
m
c
By noting that — —> @ as M —> 0, we conclude
m

%—d(‘l’u, fu) — —d(Tu, fu)

as M—>0. Because P is closed, we get
—d(Tu, fu)eP. Thus

d(Tu, fu) e P —P . Hence

d(Tu, fu)=6. Therefore Tu = fu. Since
Tu<Tu, by inequality (1), we  get
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d(fu,gu)<ad(Tu,Tu)+
b(d(Tu, fu) +d(Tu,gu))+
c(d(Tu, gu)+d(Tu, fu)).

Hence

d(Tu,gu) =d(fu,gu)
<(b+c)d(Tu,gu).

Since b + ¢ < 1, we conclude thatd (Tu, gu) = 6.
Thus we get that gu = Tu = fu. Hence

U is a common coincidence point of g, f and T.
Similarly we show that if g and T are

continuous, then g, f and T have a common
coincidence point.

Theorem 2.2 In additional to the hypotheses of
Theorem 2.1 suppose that if X, Y € X,

then Tx and Ty are comparable. Then f, g and T have
a unique common coincidence

point. Moreover, f, g and T have a unique common
fixed point.

Proof. As in Theorem 2.1, the maps f, g and T have a
common coincidence point U € X ;

that is, fu = gu=Tu=U, . Let v be any other common
coincidence point of f, g and T;

that is, fv = gv = Tv =V, . Since Tu and Tv are

comparable, we have
d(u,,v,)=d(fu,gv)

<ad(Tu,Tv)+
b(d(Tu, fu)+d(Tv,gv))+
c(d(Tu, gv) +d(Tv, fu))
=(a+2c)d(u,,v,).
Since a + 2c€ [0, 1) and P is cone, then we can see

that d(U,,V,) € PN —P . Thus

d(ul,vl) =0 . Hence U, =V,. So U, is the
unique common point of coincidence of f, g and

T. By Lemma 1.1, we have {f, T} and {g, T} are
weakly compatible. Thus

TU, =T(fu) = f(Tu) =f(U,)
and

TU, =T(gu) = g(Tu) = g(U,).

Hence U, = fU; = gU,= TU;; thatis, U, is a
common point of coincidence of f, g and

T. By the uniqueness of the point of coincidence, we
have U, = U, . Thus U, is the unique

common fixed point of f, g and T.

The following results follow from Theorem 2.1. and
Theorem 2.2.

Corollary 2.1 Let (X, <)be a partially ordered set
and (X, d) be a complete cone metric

space. Let f,g,T : X — X be three maps such
that

d(fx,gy) <ad(Tx,Ty)

+b(d(Tx, fx) + d(Ty, gy))

for all X,y € X with TX <Ty . Assume that f, g
and T satisfy the following conditions:

1. fand g are weakly increasing with respect to T.
2. The pairs {f, T} and {g, T} are compatible.

3. fand T are continuous or g and T are continuous.
4. X < TX and gX < TX.

If a and b are nonnegative real numbers with
a+2be€ [0, 1), thenf, g and T have a

common coincidence point.
Corollary 2.2 In additional to the hypotheses of
Corollary 2.1 suppose that if X,y € X,

then Tx and Ty are comparable. Then f, g and T have
a unique common point of

coincidence. Moreover, f, g and T have a unique
common fixed point.

Corollary 2.3 Let (X, <)be a partially ordered set
and (X, d) be a complete cone metric

space. Let T,Q,T : X — X be three maps such
that

d(fx,gy) <ad(Tx,Ty) +

c(d(Tx, gy) +d(Ty, £x))

for all X,y € X with TX <Ty . Assume that f, g
and T satisfy the following conditions:

1. fand g are weakly increasing with respect to T.

2. The pairs {f, T} and {g, T} are compatible.

3. fand T are continuous or g and T are continuous.
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4. fX = TX and gX = TX.

If a and c are nonnegative real numbers with
at+2ce€ [0, 1), then f, g and T have a common
coincidence point.

Corollary 2.4 In additional to the hypotheses of
Corollary 2.3 suppose that if X,y € X,

then Tx and Ty are comparable. Then f, g and T have
a unique common point of

coincidence. Moreover, f, g and T have a unique
common fixed point.

Corollary 2.5 Let (X, <)be a partially ordered set
and (X, d) be a complete cone metric

space. Let T, : X — X be two maps such that

d(fx,gy)<ad(x,y)
+b(d(x, ) +d(y,gy))
+c(d(x, gy) +d(y, fx))

forall X,y € X with X < Y. Assume that f and g
satisfy the following conditions:

1. f and g are weakly increasing with respect to < .

2. for g is continuous.

If a, b and ¢ are nonnegative real numbers with
a+2b+2ce [0, 1), then f and g have a common fixed
point.

Corollary 2.6 In additional to the hypotheses of
Corollary 2.5 suppose that if X,y € X,

then x and y are comparable. Then f and g have a
unique common fixed point.

Remark 2 1.

1. Theorem 12 of [4] is a special case of Theorem 2.1.
2. Theorem 18 of [4] is a special case of Theorem 2.1.
3. Theorem 2.1 of [1] is a special case of Theorem 2.1.
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