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ABSTRACT

In this study, we studied the complete lift of almost product, almost complex, almost contact and almost
paracontact structures on a given manifold M to vector subbundle E of vector bundle {E.m, M). Moreover, we
studied a correspondence between the integrability conditions of these structures on M and E.
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1. INTRODUCTION

The lift of geometrical objects, functions, vector fields,
1 —forms etc., defined on any manifold has an important
role in differential geometry. Thus, we can generalize to
differentiable structures on any manifold to its extensions.
Recently, vertical and complete lifts of functions, vector
fields, 1 —forms, connection and other tensor fields defined
on any manifold M to vector subbundle E of vector bundle

E,m, M) has been obtained by Ozkan [2], Ozkan and Esin
[3], Yildirim and Esin [11]. Lifts of almost product, almost
complex, almost contact and almost paracontact structures
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on any manifold A to its tangent bundle TA are studied by

Omran, Sharffuddin and Husain [1], Sasaki [5], Yano and
Ishihara [8, 9], Yano and Kobayashi [10].

The complete lift of F —structure on any manifold M to
vector subbundle £ is studied by Ozkan and Kegilioglu [4].
In the present paper, we have studied the complete lifts of
almost product, almost complex, almost contact and almost
paracontact structure to vector subbundle E of vector
bundle (E,, M. Also, we obtained integrability conditions
in the vector subbundle E.
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2. PRELIMINARIES

Let M be an m —dimensional differentiable manifold of
class C*, (TM,my, M) its tangent bundle and (E,m, M)
vector bundle with the base space M. Let (U,x%) be a local
coordinate system on M and (mr~1(U),x%,v*) be induced
local coordinate system on E defined by x!(u) = x!(m(w))
and u = v*(w)p, for all u € x~1(U), where 1 <i <m,
1<a<nand pq,...,p, areadapted sections. In particular
for E = TM, we consider induced local coordinate system
(Tt (U), x5, yY) on TM as x' = xi(my(w)) and y'(uw) =
dx'(u) forall u € n~1(U).

Let dimE =m+n and n = m. We denote a surjective
vector bundle morphism °I: E —» TM where my o °I = 7.
Then there are the components BL(p) such that °I(u) =

B,i(p)ua% (if ueE,=n"%(p), peM) for any
P

u€E. Thus °I(x%,v?) = (x%,Biv®) and its clear that

rank[BL(p)] = m [11].

Let E be a vector subbundle of vector bundle E such that
TE =Sp{6,P:1<i<m1<s<m}cTE and
T*E =Sp{dx\,P:1<i<m1<s<m}cT'E where

) - F) . - -
8; =ﬁ—qjs-1"{1’s s Bk=Bi——, K= qjBadv® , T| =
aB), _ .

—v®, [qi] = (BB")™" and [G{] = BBT [4].

Let X, w and F be a vector field, a 1-form and a tensor
field of type (1,1) in M, respectively. We denote
respectively by XV, w¥ and FV their vertical lifts to vector
bundle £ and by X¢, w° and F€ their complete lifts to
vector bundle E. Then we know from [2, 3, 4, 11] that:

W' (X") = 0,0"(X°) = (X)),

W XY = (wX)?, wX°¢ = (wX)°,

FYXV = 0, F?X¢ = (FX)",

(1)
F¢XV = (FX)?,F°X¢ = (FX),
(X7, Y] =0,[X",Y] = [X,Y]",
[X¢,Y?] = [X, Y], [X6,Y°] = [X,Y]¢
and
(F+G)Y=F"+G?,
(FQG)Y =F"Q®G",
2

(F+G)° =F°+G°,

FRG)F=F'QG"+F"QG".
where X € I5(M), w € I9(M), F,G € 31 (M).

Theorem 2.1. ([4]) If P(t) is a polynomial in one variable
t, then

c
P(F¢) = (P(F)) 3)
forany F € S1(M).

Let F,G € 31 (M). Then the torsion tensor Np; of F and
G is, by definition, a tensor field of type (1,2) given by
2Np (X, Y) = [FX, GY] + [GX, FY]

+(FG + GF)[X,Y]

—F[GX,Y] — F[X,GY]

—G[FX,Y] - G[X,FY]
where X and Y are arbitrary vector fields in M [9]. For this
tensor we have

Theorem 2.2. ([4]) Let F,G € I+(M). Then
c
(NF,G) = NFC,GC'

Let F € 33(M). Then the Nijenhuis tensor N of F is a
tensor field of type (1,2) defined by
Np = N p
that is,
Nz (X,Y) = [FX,FY] — F[FX,Y]
—F[X,FY] + F2[X,Y]
for any X,Y € 35(M). As a corollary to Theorem 2.2, we
have

Theorem 2.3. For any F € 31(M)
(Ng)¢ = Nge . @)

3. COMPLETE LIFT OF ALMOST PRODUCT
STRUCTURE

Let M be an m-dimensional differentiable manifold of class
C”. F € 31(M) satisfies the condition F?2 — [ = 0 where I
denotes the unit tensor, we say that F defines an almost
product structure on M. We know that the integrability of F
is equivalent to the vanishing of the Nijenhuis tensor Ny [7].

From (3), we have

(F2=D¢=(F)*-1.

Thus F? — I = 0 ifand only if (F¢)? —I = 0. It shows that
if F is an almost product structure in M then F¢ is an
almost product structure in E. Moreover, by (4), we get that
F€ is integrable in £ if and only if F is integrable in M.
Thus we have

Theorem 3.1. For F € 31(M), F¢ defines an almost
product structure on E, if and only if so does F on M.
Moreover, F€ is integrable in E, if and only if so is F in

M.

4. COMPLETE LIFT OF ALMOST COMPLEX
STRUCTURE

Let F be a tensor field of type (1,1) on an m-dimensional
differentiable manifold M such that

F2+1=0 Q)
where I denotes the unit tensor. Such a structure on M is
called an almost complex structure on M which defined by
F. We say that F is integrable if the Nijenhuis tensor of F
is identically equal to zero [9].

Taking the complete lifts of both sides of (5), by (3), we get
(F&)?+1=0.

If F is an almost complex structure in M, then F€ isalso an
almost complex structure in E. Also, by (4), we get that F¢
is integrable in E if and only if F is integrable in M. Thus
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we have the following:

Theorem 4.1. For F € 31(M), F€¢ defines an almost
complex structure on E, if and only if so does F on M. F¢
is integrable in E, ifand only if sois F in M.

Let there be given a distribution T of dimension r in M.
Suppose that T is determined by a projection tensor ¢, i.e.,
t is an element of I1(M) such that t?2 =¢, t(TM) =T
and t is of rank r [9].

Taking account of t2 =t and (3), we obtain (t€)? = ¢t¢,
i.e., the complete lift t¢ of the projection tensor t is a
projection tensor in E. By [4], the t€ is of rank 2r, since t
is of rank 7. The 2r-dimensional distribution T¢ in £
determined by the projection tensor t¢ is called the

complete lift of the distribution T.

The distribution T is integrable if and only if we get
s[tX,tY] =0 (6)
for any X,Y € 35(M), where s =1 —t is the projection
tensor complementary to t [9]. Hence from (1) and (6) we
obtain

se[teXe,t°Y] =0 @)
for any X,Y € I5(M), where s¢ = (I —t)¢ =1 —t€ is the
projection tensor complementary to t¢. Thus the conditions
(6) and (7) are equivalent to each other. Consequently we get

Theorem 4.2. The complete lift T¢ of a distribution T in E
is integrable if and only if sois T in M.

5. COMPLETE LIFT OF ALMOST CONTACT
STRUCTURE

Let M be an m-dimensional differentiable manifold of class
C” equipped with a tensor field F of type (1,1), a vector
field ¢ and a 1-form 7 satisfying

F2=—-1+nQ®¢& , FE=0, ®
neF =0 , n@) =1

where I denotes the unit tensor. Then (F, ,n) is called an
almost contact structure on M and m is necessarily odd [5,
6,9].

Taking the complete and vertical lifts of (8), from (1) and (2)
we get

(FC)Z — _I+nv®€c+nc®€v

FC€&V = 0,Fv§¢ =0,F¢¢c =0,

NYoF¢=0,n°eF" =0, ©)
nceFe=0,n"(§) =1,

n°€") =Ln°€) = 0.

We now define a (1,1) tensor field F on £ by
F=F+n"®¢ -1 ®¢° (10)

From (9) and (10), we have
F2xv=-Xx" , F?X¢=-X°.

Thus F is an almost complex structure in E.

Theorem 5.1. If an almost contact structure (F,&,1) is
given in M defined by (8) , then there exist in E an almost
complex structure F defined by (10).

We obtained from (10)

FX¥ = (FX)" — X)¥$°

FX¢ = (FX)° + (1X)"€” — (nX)°§<,
for any X € 35(M).

6. COMPLETE LIFT OF ALMOST PARACONTACT
STRUCTURE

Let M be an m-dimensional differentiable manifold of class
C” equipped with a tensor field F of type (1,1), a vector
field ¢ and a 1-form 7 satisfying

2 — -
Fe=1-1®¢ , FE=0, (n
nekF =0 » @) =1
where I denotes the unit tensor. Then (F,&,n) is called an
almost paracontact structure on M [1].

Taking the complete and vertical lifts of both sides of (11),
by (1) and (2) we obtain

FY=1-1""®{-n"Q®

F€&v = 0,F¥¢¢ =0,F¢¢ =0,

nY o FC = 0,70 F¥ =0, (12)
neeFC=0,1"(§) =1,

n°€") =1Ln°(€) = 0.

We now define a (1,1) tensor field £ on £ by
F=F i’ @& +1° @F. (13)

From (12) and (13), we have
F2xv =xv F2xe =xe.
Thus F is an almost product structure in E.

Theorem 6.1. If an almost paracontact structure (F,&,1) is
given in M defined by (11), then there exist in E an almost
product structure F defined by (13).

We obtained from (13)

FX? = (FX)" + (1X)"§¢
FX¢=(FX) + MmX)¥¢¥ + (nX)¢°.
for any X € 3% (M).
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