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Abstract
By defining a non-trivial automorphism over R=2Z, +uZ, +VvZ, +uvZ,where u°=u,v’=v,uv=wvu, and
Z, ={0,1, 2,3}, the skew cyclic codes over the finite ring R are introduced. By using the skew cyclic codes over R, it

is solved the reversibility problem for DNA 4-bases. Thanks to this, the reversible DNA codes are obtained.
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Ters Siralama Problemi Hakkinda
Oz
Bu calismada, u® =u,v’ =v,uv =vuve Z, ={0,1, 2,3} olmak iizere R=Z, +uZ, +VZ, +uvZ, sonlu halkasi

tizerinde agikar olmayan bir otomorfizma tanimlanarak R halkasi1 tizerinde ¢arpik devirli kodlar verilmistir. R
halkasi tizerinde ¢arpik devirli kodlar kullanilarak DNA 4-bazlar igin ters siralama problemi ¢oziilmiistiir. Bu

sayede ters sirali DNA kodlar elde edilmistir.

Anahtar Kelimeler: Carpik devirli kodlar, Ters siralama problemi.

1. Introduction

The transmission and storage of information
take place in digital platform and the coding
theory is necessary in order to correct and
detect errors in the platform. There is another
platform. In the platform, the correcting and
detecting errors are necessary but it does not
take place in digital. It is DNA.

The idea of computing with DNA was given
by T. Head (Head, 1987). L.Adleman
performed the computation using DNA
strands (Adleman, 1994). In fact, DNA
sequence has four bases which are (A)
Adenine, (G) Guanine, (T) Thymine and
(C) Cytosine. DNA has also two strands.
They are related by the Watson Crick

Complement rule A" =T,T°=AC°=G,G° =C.
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On the Reversibility Problem

To perform computation using DNA strands,
a spesific set of DNA sequences are required
with particular properties. The aim of this
paper is to obtain the set of DNA strands
satisfying various constraints, by using the
special error correcting codes over the some
finite rings which enjoy DNA properties.
One of the constraints is reverse constaint.
This leads to reversible codes.

To explain the reversibility problem, let's
take a codeword as (¢6,,0,). It s

corresponding GTTAGGCA. The reverse of
(6,,0,) is (5,,0,). The vector (95,,0,)Is
corresponding to GGCAGTTA. It is not the
reverse of GTTAGGCA. The reverse of
GTTAGGCAIis ACGGATTG.

There are many methods in order to solve
this problem (Bayram et al., 2015; Dertli and
Cengellenmis, 2017; Kumar and Singh,
2018).

One of the methods is to use skew cyclic
codes. By using the skew cyclic codes over

the  finite  rings  F, +uF, +VF, +uvF,,

2 2
F, +UF, +VF, +uvFk,, u” =u,v" =v,uv=wu

167

and £ ru,..01/(u -y, ..u -u), Where k,s>1,

uf:ui,uiuj:ujui, it is solved the

reversibility problem for DNA 4-bases, DNA
8-bases and DNA 2°"'k -bases, respectively
(Cengellenmis and Dertli, 2019; Gursoy et
al., 2017; Gursoy et al., 2017).

In this paper, motivated by the previous work
(Cengellenmis and Dertli, 2019; Gursoy et
al., 2017; Gursoy et al., 2017), we study the
reversibility problem for DNA 4-bases , by
using the skew cyclic codes over the finite

ring R=Z,+uZ,+VZ,+uZ,, where

u?=u,v’=v,uv=vu.In section 2, some

knowledges are given and a new Gray map is

introduced. In section 3, by defining a non
trivial authomorphism on R, the skew cyclic
codes over R are introduced. Thanks to
them, the reversible DNA codes are obtained.

2. Material and Methods
The finite ring

R=Z,+UZ,+VZ,+uvzZ, =

{a,+ua +va, +uva, : a, €7,,i=0,1,2,3}
with u®=u,v>=v,uv=vuis commutative
with characteristic 4 and elements 256.

R=2Z,+uZ,+v(Z,+uz,), Vv’ =v,u’=u

=R +VR, vi=v
R, +VR,

(Kumar and Singh, 2018), the finite ring
R, =Z,+uZ,, where u*=u is studied. The
reversible DNA codes are obtained with
different method. By using the matching the
elements of Z, and S, ={AT,C,G} which
is given as A—»0,T -1,C—>3,G—>2 and
by using the Gray map from
R =Z,+UZ,,u’=u to Z;, a+ubgoes to
(a,a+b). They define a ¢ correspondence
between the elements of the finite ring
Z,+uZ, and a set of DNA double pairs

S, ={AATT,CC,GG,..., AG} as follows
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elements « DNA double pairs £(«)

0 AA
1 TT
2 GG
3 CcC
u AT
1+u TG
2+U GC
3+u CA
2u AG
1+2u TC
2+2u GA
3+2u CT
3u CA
1+3u TA
2+3u GT
3+3u CG

We define the Gray map as follows,

9:R—> Rf
a+ub+v(c+ud)— (a+ub,(a+c)+u(b+d))

By using two matchings and the new Gray
map above, we get a matching between the
elements of R and a set of DNA 4-bases

Sp,, ={AAAATTTT,...}as follows. We are

called the matching as V¥ .

Y:R->S,
a+ub+v(c+ud) — (&(a+ub),&(a+c+u(b+d)))

where ¥ =y o and

V- F‘)12 - SD256
(s,t) = (5(s), (1))

where s,teR.

3. Research Findings

3.1. Skew cyclic codes over R

Definition 3.1.1: Let B be a finite ring and
@ be a non trivial automorphism on B. A

subset C of B"is called a skew cyclic code of
length n if Cosatisfies the following
conditions,

1) Cisasubmodule of B"

2) Ifc=(c,,c,...,Cc,,)eC, then

o,(c)=(4(c,,),0(c,),....0(c,,)) €C,
where o, is the skew cyclic shift

operator.

By defining a non trivial automorphism @ on
R as follows, we can define skew cyclic
codes over R

0:R—>R
a+vb— 8(a+vb) =0 (a+b)—-vé (b)

where a,beR =Z,+uZ,,u*=u and @ isa
non trivial authomorphism on R =Z,+uZz,
as follows

0:R —>R

p+uz>(p+2z)—uz

where p,zeZ,. The orders of @ and & are
2.

The set of polynomials

R[x,0]={a, +ax+..+a_x"" : a eR,ne N}
is the skew polynomial ring over R with the

usual addition of polynomials and the non-
commutative multiplication given by

(ax')(bx') =ad' (b)x'*.

In polynomial representation, a skew cyclic

1385



On the Reversibility Problem

code of length n over R is defined as a left
ideal of the quotient ring

ngn:R[x,G]/<x”—1>, if the order of &

divides n, that is n is even. If the order of
@ does not divide n, a skew cyclic code of
length n over R is defined as a left R[x,8]-

submodule of R, , since the set

Ry =RIX. 01/ (x"-1) =
{f(0)+(x"-1) : f(x)eR[x 01}

is a left R[x,6]-module
multiplication from left defined by

with  the

r()(f () +(x"=1)) =r(x) f (x) +(x" 1)
where for any r(x) € R[x,d].

In both case, the following is hold.

Theorem 3.1.2: Let C be a skew cyclic
code over R and let f(x)be a polynomial in

Cof minimal degree. If the Ileading
coefficient of f(x)is a unit in R, then

C =(f(x)), where f(x) is a right divisor of
x"—1.

3.2. Reversible DNA codes from skew
cyclic codes over R

Definition 3.2.1: For x=(x,,

the vector (x

X,.nX ) eR",

X, %) is called the

n-1? n 271"
reverse of xand is denoted by x'. A linear
code Cof length n over Ris called

reversible if X' eC for every xeC.

Each element « of R and & («) are mapped

to DNA pairs, which are reverse of each
other. For example, &(u)=AT, while

£(0)=

Similarly, by usingamap ¥ =yo¢, we can
explain a relationship between skew cyclic
codes and DNA codes. ¥(5)and ¥ (6(5))

are DNA reverse of each other, for every

peR.

For p=a+vbeR, where a,beR , we have

Y(B)=r(p(a+vb))=y(a,a+b)
=(¢(@))&(a+h))

On the other hand,
¥(0(8)) =¥ (6 (a+b)-vo (b))
~(e(0 @b (o @)

Example3.2.2:
then we have

If f=1+u+v(2+3u)eR,

Y(B)=y(e(B))=r(1+u,l+u+2+3u)
=(£(1+u),&(8))=(TG,CC)

On the other hand,

¥ (0()) =
- (9'(3),9’ (1—3u))

( £(0 @) 9(1—3u)))
(cC,GT)

\P(O (3)-vo (2+3u))

This map can be extended as follows. For
any s=(Sy,...S,,) €R",

W(s) =((s), ¥ (5)r ¥ (501)) =
(Y(0(s,2)) ¥ (0(2)), ¥ (0(s,)))
Definition 3.2.3: Let C be a code of length

If ¥(c)' e¥(C), for all ceC,
or equivalently W(C)is called a

n over R.
then C
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reversible DNA code.

Definition 3.2.4: Letf(x)=a,+ax+..+aXx
be a polynomial of degree s over R. f(X)is
called a palindromic polynomial if a =a
1€{0,1,...,s}. f(x)is called a @-
palindromic polynomial if a, =é(a ;) for all
ie{0,1...s}.

for all

The skew cyclic code of odd length over R
with respect to @ is a cyclic code, as the
order of @is 2. So we will take the length n
to be even.

Theorem 3.2.5: Let C =< f(x) > be a skew
cyclic code of length n overR, where f(X)
is a right divisor of x"—1 and deg(f(x)) is
odd. If f(x)is a @-palindromic polynomial,
then W(C) is a reversible DNA code.

Proof: Let f(x) be a @-palindromic

polynomial and f(x) =a, +ax+..+a,_x*". S0

1

a =0, ,;), for all i=01..s-1. Let

h(x)=hy +hx+..h, ,x**. Let b be the
coefficient of x' in h(x)f(x), where
1=01.,n-1. For any t<n/2, the

coefficient of X' in h(x) f (x) is

bt :zhjej(at—j)
=0

n-t

and the coefficient of X is
bn—t = ztjzohzk—l—j6’2k_1_j (a25—1—(t—1'))'

The polynomial h(x) f(x) =23 h,x" f ()
corresponds a vector b=(b,,b,,....b, ;) C.

The vector W¥(b)' =((¥(b,).... ¥, )" Iis
equal to the vector W(z), where the vector z

corresponds the polynomial

Tao0(h, )X (%),
So, W(C) is a reversible DNA code.

Theorem 3.2.6: Let C =< f(X) > be a skew
cyclic code of length n over R, where f(x)
is a right divisor of x"—1 and deg(f(x))is
even. If f(x) is a palindromic polynomial
then W(C) is a reversible DNA code.

Proof: Let f(x) be a palindromic
polynomial with even degree.
f(x)=a,+ax+..+a,x* anda =a,, ,, for
all i=0,1,...,s. Let h(x)=h +hx+..+h, x*.
Let b, be the coefficient of x' in h(x)f(x),
where 1=0,1,..,n-1. For any t<n/2, the
coefficient of x' in h(x) f (x) is

bt :Zhjgj(at—j)
=0

n-t

and the  coefficient of X is
bn—t = th:Oth—jQZKﬂ' (a2s—(t—j)) .

h(x) f (x) = 2§ x” £ (x)
corresponds a vector b= (b,,b,,...,b, ,)eC.

The polynomial

The vector W(b)" =((¥(b,),..., ¥(b,,))" is
equal to the vector Y¥(z), where the vector z
corresponds the polynomial

dsf(hy)x* £ (x).
So, W(C) is a reversible DNA code.

4. Conclusion

By using the skew cyclic codes over R, the
reversibility problem for DNA 4-bases is
solved. By this means, the reversible DNA
codes are obtained.
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