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ABSTRACT 

 

In this paper a general fixed point theorem in complete G  - metric space for weakly compatible pairs of 
mappings is proved, which generalize the results by Theorems 3.2 and 3.3 [18] and obtained another particular 

results. 
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1. INTRODUCTION 

Let ),( dX  be a metric space and ,S  

),(),(: dXdXT →  be two mappings. In 1994, Pant 

[13] introduced the notion of pointwise R  - weakly 

commuting mappings. It is proved in [14] that the 

notion of pointwise R  - weakly commutativity is 

equivalent to commutativity in coincidence points. 

Jungck [4] defined S  and T  to be weakly compatible 

if TxSx =  implies TSxSTx = . Thus, S  and T  are 

weakly compatible if and only if S  and T  are 

pointwise R - weakly commuting. 

In [2], [3] Dhage introduced a new class of generalized 

metric spaces, named D  - metric space. Mustafa and 

Sims [6], [7] proved that most of the claims concerning 

the fundamental topological structures on D  - metric 

spaces are incorrect and introduced appropriate notion 

of generalized metric space, named G  - metric space. 

In fact, Mustafa, Sims and other authors studied many 

fixed point results for self mappings in G  - metric 

spaces under certain conditions [5] – [12], [17]. 

Quite recently, Srivastava et al. [18] proved two fixed 

point theorems for weakly compatible mappings in 

complete G  - metric spaces. 

In [15] and [16], Popa initiated the study of fixed points 

for mappings satisfying implicit relations. 

The purpose of this paper is to prove a general fixed 

point theorem in G  - metric spaces for weakly 

compatible pairs of mappings satisfying an implicit 

relation which generalize the results from Theorems 3.2 

and 3.2 [18]. 

2.  PRELIMINARIES 

Definition 2.1 [7] Let X  be a nonempty set and 

+→ R3: XG  be a function satisfying the following 

properties: 

0=),,(:)( 1 zyxGG  if zyx == , 

),,(<0:)( 2 yxxGG  for all Xyx ∈,  with yx ≠ , 

),,(),,(:)( 3 zyxGyxxGG ≤  for all Xzyx ∈,,  with 

yz ≠ , 

...=),,(=),,(=),,(:)( 4 yxzGxzyGzyxGG  

(symmetry in all three variables), 

),,(),,(),,(:)( 5 zyaGaaxGzyxGG +≤  for all 

Xazyx ∈,,,  (rectangle inequality). 

Then the function G  is called a G  - metric on X  and 

the pair ),( GX  is called a G  - metric space.   

Note that 0=),,( zyxG , then zyx == . 

Definition 2.2 [7] Let ),( GX  be a G  - metric space. A 

sequence )( nx  in X  is said to be 

a) G  - convergent if for 0>ε , there exists an Xx∈  

and N∈k  such that for all knm ≥, , 

ε<),,( mn xxxG , 

b) G  - Cauchy if for each 0>ε , there exists N∈k  

such that for all kpmn ≥,, , ε<),,( pmn xxxG , that is 

0),,( →pmn xxxG  as ∞→pmn ,, . 

c) A G  - metric space is said to be G  - complete if 

every G  - Cauchy sequence is G  - convergent.   

Lemma 2.1 [7] Let ),( GX  be a G  - metric space. 

Then, the following properties are equivalent: 

1) )( nx  is G  - convergent to x ; 

2) 0),,( →xxxG nn  as ∞→n ; 

3) 0),,( →xxxG n  as ∞→n ; 

4) 0),,( →xxxG mn  as ∞→nm, .   

Lemma 2.2 [7] If ),( GX  is a G  - metric space and 

Xxn ∈)( , then the following properties are equivalent: 

1) )( nx  is G  - Cauchy; 

2) For every 0>ε , there exists N∈k  such that 

ε<),,( mmn xxxG  for all kmn ≥, .   

Lemma 2.3 [7] 1 Let ),( GX  be a G  - metric space, 

then the function ),,( zyxG  is jointly continuous in all 

three of its variables.   

Lemma 2.4 [7] Let ),( GX  be a G  - metric space. 

Then ),,(2),,( xxyGyyxG ≤  for all Xyx ∈, .   

Quite recently, the following theorems are proved in 

[18]. 

Theorem 2.1  Let ),( GX  be a complete G  - metric 

space and let XXTS →:,  be two mappings which 

satisfy the following conditions: 

(i) )()( XSXT ⊂ , 

(ii) )(XT  or )(XS  is G  - complete, and 

 

 

(iii) ),,(),,(),,(),,(),,(),,( SySyTxGSzSzTzGSySyTyGSxSxTxGSzSySxGTzTyTxG η+δ+γ+β+α≤ , 

for all Xzyx ∈,, , where 0,,,, ≥ηδγβα  and 

1<2222 η+δ+γ+β+α . 
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Then S  and T  have an unique point of coincidence in 

X . Moreover, if S  and T  are weakly compatible, 

then S  and T  have an unique common fixed point.   

Theorem 2.2  Let ),( GX  be a complete G  - metric 

space and let XXTS →:,  be two mappings which 

satisfy the following conditions: 

(i) )()( XSXT ⊂ , 

(ii) )(XT  or )(XS  is G  - complete, and 

 

(iii) )},,,(),,,(),,,(),,,(),,,({max),,( SySyTxSzSzTzGSySyTyGSxSxTxGSzSySxGTzTyTxG α≤  

for all Xzyx ∈,, , where 







∈α

2

1
0, . 

Then S  and T  have an unique point of coincidence in 

X . Moreover, if S  and T  are weakly compatible, 

then S  and T  have an unique common fixed point in 

X .   

3.  IMPLICIT RELATIONS 

Definition 3.1 [2] Let sF  be the set of all continuous 

functions RR →+
5

51 :),...,( ttF  satisfying the following 

conditions: 

)( 1F F  is nonincreasing in variables 3t  and 4t , 

)( 2F There exists 0,1)[∈h  such that for all 

0, ≥vu , 0,0),2,2,( ≤uvvuF  implies ,hvu ≤  

0>),0,0,,()( 3 tttFF , 0>t∀ .   

Example3.1 

5432151 )(=),...,( ettdcbtattttF −+−−− , where 

0,,,, ≥edcba  and 1<222 edcba ++++ . 

:)( 1F  Obviously. 

:)( 2F  Let 0, ≥vu  be and 

0)2(2=,0),2,2,( ≤+−−− udcbvavuuvvuF . Then, 

hvu ≤  where 
)2(1

2
=0

dc

ba
h

+−
+

≤ . 

:)( 3F  0>0,>))((1=),0,0,,( teattttF ∀+− .   

Example 3.2 },,,{max=),...,( 5432151 ttttktttF − , 

where 






∈

2

1
0,k . 

:)( 1F  Obviously. 

:)( 2F  Let 0, ≥vu  be and 

0},2,2{max=,0),2,2,( ≤− uvvkuuvvuF . If vu > , 

then 0)2(1 ≤− ku , a contradiction. Hence vu ≤  and 

hvu ≤ , where 1<2=0 kh≤ . 

:)( 3F  0>0,>)(1=),0,0,,( tkttttF ∀− .   

 

 

Example3.3 

2
54321

2
151 )(=),...,( dtctbtatttttF −++− , where 

0,,, ≥dcba , 1<22 cba ++  and 1<da + . 

:)( 1F  Obviously. 

:)( 2F  Let 0, ≥vu  be and 

0)22(=,0),2,2,( 2 ≤++− cubvavuuuvvuF . If 0>u , 

then 022 ≤−−− cubvavu  which implies hvu ≤ , 

where 1<
21

2
=0

c

ba
h

−
+

≤ . If 0=u  then hvu ≤ . 

:)( 3F  0>0,>))((1=),0,0,,( 2 tdattttF ∀+− .   

Example 3.4  
22

=),...,( 5432
151

tt
b

tt
atttF

+
−

+
− , 

where 0, ≥ba  and 2<23 ba + . 

:)( 1F  Obviously. 

:)( 2F  Let 0, ≥vu  be and 

0
2

3
=,0),2,2,( ≤−− bu

v
auuvvuF . Hence hvu ≤ , 

where 1<
22

3
=0

b

a
h

−
≤ . 

:)( 3F  0>0,>
2

1=),0,0,,( t
ba

ttttF ∀






 +
− .   

Example 3.5 
2
5

2
4

2
32

2
2
151

1
=),...,(

t

tt
battttF

+

+
−− , 

where 1<8ba + . 

:)( 1F  Obviously. 

:)( 2F  Let 0, ≥vu  be and 

0)4(4=,0),2,2,( 2222 ≤+−− bvuavuuvvuF  which 

implies hvu ≤ , where 
b

ba
h

41

4
=0

−
+

≤ . 

:)( 3F  0>0,>)(1=),0,0,,( 2 tattttF ∀− .   

Example3.6 

},{min=),...,( 5432151 ttcbtattttF −−− , where 

0,, ≥cba  and 1<2ba + . 
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:)( 1F  Obviously. 

:)( 2F  Let 0, ≥vu  and 

02=,0),2,2,( ≤−− bvavuuvvuF  which implies 

hvu ≤ , where 1<2=0 bah +≤ . 

:)( 3F  0>0,>)(1=),0,0,,( tattttF ∀− .   

Example 3.7 },,{max=),...,( 5432151 ttttctttF − , 

where 







∈

2

1
0,c . 

:)( 1F  Obviously. 

:)( 2F  Let 0, ≥vu  and 02=,0),2,2,( ≤− cvuuvvuF , 

which implies hvu ≤ , where 1<2=0 ch≤ . 

:)( 3F  0>0,>)(1=),0,0,,( tcttttF ∀− .   

Example3.8 







 ++

−
2

2
,

2

2
,,max=),...,( 5443

32151
tttt

ttktttF , 

where 







∈

4

1
0,k . 

:)( 1F  Obviously. 

:)( 2F  Let 0, ≥vu  and 

{ } 02,2max=,
2

42
,,2max=,0),2,2,( ≤+−







 +

− uvvkuu
uv

vvkuuvvuF

, which implies )(2 vuku +≤ . Hence hvu ≤ , where 

1<
21

2
=0

k

k
h

−
≤ . 

:)( 3F  0>0,>)(1=),0,0,,( tkttttF ∀− .   

4.  MAIN RESULTS 

Definition 4.1 Let S  and T  two self mappings of a 

nonempty set X . If SxTxw ==  for some Xx∈ , 

then x  is called a coincidence point of S  and T  and 

w  is called a point of coincidence of T  and S .   

Lemma 4.1 [1] Let  T and S  be weakly compatible 

self mappings of a nonempty set X . If T  and S  have 

an unique point of coincidence SxTxw == , then w  is 

the unique common fixed point of T  and S .   

Theorem 4.1  Let ),( GX  be a G  - metric space and 

T , S  self mappings of X  such that 

 

0)),,(),,,(),,,(),,,(),,,(( ≤SySyTxGSySyTyGSxSxTxGSySySxGTyTyTxGF (4.1)

 

for all Xyx ∈,  and F  satisfying property )( 3F . Then 

T  and S  have at most a point of coincidence.   

Proof. Suppose that SpTpu ==  and SqTqv ==  are 

two distinct points of coincidence. Then, by (4.1) we 

have successively: 

 

0,)),,(),,,(),,,(),,,(),,,(( ≤SpSpTqGSpSpTpGSqSqTqGSpSpSqGTpTpTqGF

 

0,)),,(),0,0,,,(),,,(( ≤SpSpSqGSpSpSqGSpSpSqGF  

a contradiction of )( 3F  if 0>),,( SpSpSqG . Hence 

0=),,( SpSpSqG , so SpSq =  which implies vu = .  

Theorem 4.2 Let ),( GX  be a G  - metric space and 

let ),(),(:, GXGXST →  be two mappings such that 

2. (i) )()( XSXT ⊂ , 

(ii) )(XT  or )(XS  is G  - complete, 

(iii) T  and S  satisfy the inequality (4.1) for all 

Xyx ∈,  and sF F∈ .  

Then T  and S  have an unique point of coincidence. 

Moreover, if T  and S  are weakly compatible, then T  

and S  have an unique common fixed point.   

Proof. Let Xx ∈0  be an arbitrary point. Then, there 

exists Xx ∈1  such that 10 = SxTx . In this way we 

defined a sequence }{ nSx  with nn SxTx =1−  for 

1,2,...=n . Then by (4.1) we have successively:

 

0,)),,(),,,(),,,(),,,(),,,(( 111111 ≤−−−−−− nnnnnnnnnnnnnnn SxSxTxGSxSxTxGSxSxTxGSxSxSxGTxTxTxGF  

0.),0),,(),,,(),,,(),,,(( 111111 ≤+−−−++ nnnnnnnnnnnn SxSxSxGSxSxSxGSxSxSxGSxSxSxGF  

 

By Lemma 2.4  

),,(2),,( 111 +++ ≤ nnnnnn SxSxSxGSxSxSxG  

 

 

and  
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).,,(2),,( 111 nnnnnn SxSxSxGSxSxSxG −−− ≤  By )( 1F  we obtain: 

0),0),,(),2,,(),2,,(),,,(( 111111 ≤++−−++ nnnnnnnnnnnn SxSxSxGSxSxSxGSxSxSxGSxSxSxGF

 

which implies by )( 2F  that 

).,,(),,( 111 nnnnnn SxSxSxhGSxSxSxG −++ ≤  

By repeated application of the above inequality, we 

have 

 

 

).,,(),,( 11011 SxSxSxGhSxSxSxG n
nnn ≤++  

Then for N∈mn, , mn < , we have by rectangle 

inequality that 

).,,(
1

),,()...(

),,(...

),,(),,(),,(

110

110
11

1

22111

SxSxSxG
h

h

SxSxSxGhhh

SxSxSxG

SxSxSxGSxSxSxGSxSxSxG

n

mnn

mmm

nnnnnnmmn

−
≤

+++≤

++

++≤

−+
−

+++++

 

Taking limit as ∞→mn, , we get 

0=),,(lim
,

mmn
mn

SxSxSxG
∞→

. Hence }{ nSx  is a G  - 

Cauchy sequence. Now, since )(XS  is G  - complete, 

there exists a point )(XSq∈  such that qSxn →  as 

∞→n . Consequently, we can find a point Xp∈  such 

that qSp = . 

If )(XT  is G  - complete, there exists )(XTq∈  such 

that qSxn →  as )()( XSXT ⊂ , we have Sxq∈ . 

Then, there exists Xp∈  such that qSp = . 

We prove that p  is a coincidence point for T  and S . 

By (4.1) we have successively: 

 

0,)),,(),,,(),,,(),,,(),,,(( 111111 ≤−−−−−− SpSpTxGSpSpTpGSxSxTxGSpSpSxGTpTpTxGF nnnnnn  

0.)),,(),,,(),,,(),,,(),,,(( 111 ≤−−− SpSpSxGSpSpTpGSxSxSxGSpSpSxGTpTpSxGF nnnnnn  

 

Letting n  tend to infinity, we obtain 

0.),0),,(),0,0,,,(( ≤SpSpTpGTpTpSpGF  

By Lemma 2.4, ),,(2),,( TpTpSpGSpSpTpG ≤ . 

By )( 1F  we obtain

0.),0),,(),0,0,2,,(( ≤TpTpSpGTpTpSpGF  

By )( 2F , 0=),,( TpTpSpG  which implies 

SpTpw ==  and p  is a coincidence point of T  and 

S . By Theorem 4.1, w  is the unique point of 

coincidence of T  and S . Moreover, if T  and S  are  

 

 

weakly compatible, by Lemma 4.1 w  is the unique 

common fixed point of T  and S . 

If )(XS  is complete, the proof it follows by 

)()( XSXT ⊂ .  

Corollary 4.1 Let T and S  be self mappings of a G  - 

metric space satisfying the following conditions: 

(i)  )()( XSXT ⊂ , 

(ii) )(XS  or )(XT  is G  - complete, 

(iii) One of the following inequalities hold for all 

Xyx ∈,      (1) 

 

 

),,,(),,()(),,(),,(),,( SySyTxeGSySyTyGdcSxSxTxbGSySySxaGTyTyTxG ++++≤ (3)

 where 0,,,, ≥edcba  and 1<222 edcba ++++ .  (2)

 

)},,,(),,,(),,,(),,,({max),,( SySyTxGSySyTyGSxSxTxGSySySxGkTyTyTxG ≤  
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 where 







∈

2

1
0,k .(3) 

),,,()],,(),,(),,()[,,(),,( 22 SySyTxdGSySyTycGSxSxTxbGSySySxaGTyTyTxGTyTyTxG +++≤

where 0,,, ≥dcba , 1<22 cba ++  and 1<da + .  (4)

 

,
2

),,(),,(

2

),,(),,(
),,(

SySyTxGSySyTyG
b

SxSxTxGSySySxG
aTyTyTxG

+
+

+
≤

where 0, ≥ba  and 2<23 ba + .      (5) 

,
),,(1

),,(),,(
),,(),,(

2

22
22

SySyTxG

SySyTyGSxSxTxG
bSySySxaGTyTyTxG

+

+
+≤

 

where 0, ≥ba  and 1<8ba + .(6)   

 

 

 

 

)},,,(),,,({min),,(),,(),,( SySyTxGSySyTyGcSxSxTxbGSySySxaGTyTyTxG ++≤  

 where 0,, ≥cba  and 1<2ba + .(7)  

},)],,(),,([),,,(),,,({max),,( 1/2SySyTxGSySyTyGSxSxTxGSySySxGcTyTyTxG ⋅≤

 

where 







∈

2

1
0,c .(8) 

 

)]},,,(2),,([
2

1

)],,,(2),,([
2

1
),,,(),,,({max),,(

SySyTxGSySyTyG

SySyTyGSxSxTxGSxSxTxGSySySxGkTyTyTxG

+

+≤

 

where 







∈

4

1
0,k .  

If S  and T  are weakly compatible, then S  and T  

have an unique common fixed point.   

 

 

Proof. The proof follows by Theorem 4.2 and Examples 

3.1 – 3.8.  

Remark 4.1 Because in Theorem 2.1 and 

1<2222 edcba ++++ , for zy =  we obtain 

 

),,(),,()(),,(),,(),,( SySyTxeGSySyTyGdcSxSxTxbGSySySxaGTyTyTxG ++++≤

 

and 1<222 edcba ++++ , Theorem 2.1 follows from 

Corollary 4.1 (iii) (1).   

 

Remark 4.2 Because in Theorem 2.2 for zy =  we 

obtain 

 

)},,,(),,,(),,,(),,,({max),,( SySyTxGSySyTyGSxSxTxGSySySxGkTyTyTxG ≤

 

and Theorem 2.2 follows from Corollary 4.1 (iii) (2).   
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