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ABSTRACT

In this paper, we apply the concept of cyclic(#)-contraction for presenting a fixed point theorem on Hausdorff
uniform space. Some more general results are also obtained in Hausdorff uniform space.
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1. INTRODUCTION

Let X be a nonempty set and let 9 be a nonempty

family of subsets of X X X . The pair (X, ) is called a
uniform space if it satisfies the following properties:

(1 if G is in 9 , then G contains the diagonal
{(x,x)[xe X}:

(i) if G is in 9 and H is a subset of X X X which
contains G, then H is in g ;

(ii1) if G and H are in G ,then GNH isin 9;

(iv) if G is in g , then there exists H in g , such that,
whenever (x, y) and (y, z) are in H, then (X, z) is in G;
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() if G is in F, then {(y,x)|(x,y) e G} is also in
9.

9 is called the uniform structure of X and its elements
are called entourages or neighbourhoods or surroundings.

In Bourbaki [5] and Zeidler [17], (X,9) is called a
quasiuniform space if property (v) is omitted. Some
authors such as Berinde [3], Jachymski [6], Kada et al
[7], Rhoades [12], Rus [13], Wang [16] and Zeidler [17]
studied the theory of fixed point or common fixed point
for contractive selfmappings in complete metric spaces or
Banach spaces in general.

Later, Aamri and El Moutawakil [2] proved some
common fixed point theorems for some new contractive
or expansive maps in uniform spaces by introducing the
notions of an A-distance and an E-distance. Diagonal
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uniformity introduced by Weil, this approach was largely
developed and pursued by Bourbaki [5].

For any set X, the diagonal {(x,x) | X e X} will be

denoted by A where confusion might occur. If

V.WeXxX, then

(pl) p isan A -distance,

(pz)
p(x, )< p(x,2)+ p(z,y). Vx,y,ze X.

Let us give some examples of A and E -distance.

VoW ={(x,y)| there exists ze X:(x,z)eW and (z,y)eV}

and V' = {(x,3) [ (y,x) €V}
ifVed ad (x,y)eV,(y,x) eV ,xandy are

said to be V -close, and a sequence {xn} in X is a
Cauchy sequence for 9, if for any V € 9, there exists
N 2>1 such that X, and X, are V -close for
n,m=>N . An uniformity 9 defines a unique
topology T (19) on X for which the neighborhoods of
xeX arethesets V(x)={yeX|(x,y)elV}

when V runs over 9 .

A sequence {xn} in X is convergent to x for 3, if for
any Ve 9, there exists n, € N  such that
X, €V (x) for every m=n, and denote by

limy—e X, = X . A uniform space (X,9) is said to
be Hausdorft if and only if the intersection of all the
Ved reduces to the diagonal A of X, ie., if
(x,y)eV for all V€9 implies x=y. This
guarantees the uniqueness of limits of sequences.
V €9 is said to be symmetrical if V' = V" Since
each V €9 contains a symmetrical W € 9 and if
(x, y) €W then x and y are both W and V -close, then

for our purpose, we assume that each Ved is
symmetrical. When topological concepts are mentioned

in the context of a uniform space (X , 19) , they always
refer to the topological space (X, 7(:9)).

Now, we introduce the concept of A -distance, FE -
distance and prove fixed point theorems in Uniform

spaces which are nice generalization of the known results
in metric spaces.

Definition 1. Let (X,l_g) be a uniform space. A

Sunction pl)(x)(—)R+ is said to be an A -

distance if for any V € G there exists O > 0 such that
if p(z,x)<0 and p(z,y) <0 forsome z€ X,
then (x,y) eV .

Definition 2. Let (X,l_g) be a uniform space. A
Sunction pl)(x)(—)R+ is said to be an E -

distance if

Example 1. Let (X, 19) be a uniform space and let d
be a distance on X : Clearly (X,zgd) is a uniform
space where ‘9d is the set of all subsets of X X X

containing a "band"
Bgz{(xay)EX2|d(x,y)<g} for  some
&>0. Moreover, if 8c@,, then d is an E -
distance on (X ,9).

The following Lemma contain some useful properties of

A -distances. It is stated in [7] for metric spaces and in
[1, 2] for uniform spaces. The proof is straightforward.

Lemma 1. Let (X, 19) be a Hausdorff uniform space
and p be an A -distance on X. Let {xn} and {yn} be

sequences in X and {Otn} , {ﬂn} be sequences in R”

converging to 0. Then, for X,V,Z € X, the following
holds:

@@ If p(x,,y)<a, and p(x,,z)< B, for all

neN, then y = z . In particular, if p(x,y)=0
and p(x,z) =0, then y=z,

) if p(x,,y,)<a, and p(x,,z)< B, for all
n €N, then {yn} converges to Z ,

() if p(x,,x,)<a, for al n,meN with

m > n,then {xn} is a Cauchy sequence in (X, ).

Let (X,9) be a uniform space with an A -distance
P . A sequence in X is p -Cauchy if it satisfies the
usual metric condition. That is, for every & > O there

exists nOEN such that p(x,,x,) <& for all

n,mz2 N, . There are several concepts of completeness

in this setting

Definition 3. Let (X, 19) be a uniform space and p be
an A -distance on X .

« X is S -complete if every p -Cauchy sequence
{x ; },  there exists X in X with

lim, . P(x,,x) =0.
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« X is p -Cauchy complete if every p -Cauchy

sequence {xn}, there exists X in X  with

lim,, s X,, = X respect to 7(9) .

Remark 1. Let (X, 19) be a Hausdorff uniform space
and let {xn} be a p -Cauchy sequence. Suppose that
X is § -complete, then there exists X € X such that
1im,,_mp(xn,x) =0. Lemma 1(b) then gives
limy—w« X, = X with respect to the topology 7(9).

Therefore S -completeness  implies

completeness.

P -Cauchy

Definition 4. Let (X, 19) be a Hausdorff uniform space
and p bean A -distance on X . Two selfmappings f
and g of X are said to be weak compatible if they

commute at their coincidence points, that is, fx =gx
implies that fgx = gfx .

One of the most important results used in nonlinear
analysis is the well-known Banach’s contraction
principle. Generalization of the above principle has been
a heavily investigated branch research. Particularly, in
[10] the authors introduced the following definition.

Definition 5. Let X be a nonempty set, M a positive
integer and T:-X—>X a mapping. X = Ui’n:IAi
is said to be a cyclic representation of X with respect to

T i

« A,,i=1,2,---,m are nonempty sets.
«T(4)c A,,+,T(4, )= A,,T(A4,)c 4.

Remark 2. For convenience, we denote by F the class
of functions @ :[0,00) — [0,00) nondecreasing and
continuous satisfying @(t)>0 for t €(0,0) and

#(0)=0.

Recently, fixed point theorems for operators 7' defined
on a complete metric space X with a cyclic

representation of X with respect to 7' have appeared
in the literature (see e.g. [8, 9, 11, 14, 15]). Now, we
present a modification the main result of [11]. Previously,
we need the following definition.

Definition 6. Let (X,d) be a metric space, M a

positive integer, AI,AZ,'“,A nonempty subsets of

m

X and X = U:n:IAi. An operator T X — X is

a cyclic (@) -contraction if

« X = U:Zl Al. is a cyclic representation of X with

respect to T,

o d(Ix,Ty)<¢(d(x,y)), for any x€A4,,
yEAHl’
peF.

Previously, we need the following definitions.

i=1,2,--,m, where A,,,= A and

Definition 7. [13]. A function ¢ ‘R >R is called

a comparison function if it satisfies:
« ¢ is increasing, ie, f <?, implies
P(t,) < P(1,) . for 1,1, R

« {¢"(t)}, converges to 0 as 71 —>00, for all
teR".

Definition 8. /4]. 4 function ¢ :R" >R iscalled a

(c)-comparison function if:
* @ is increasing,
* there exist ko eN ,ae (0,1) and a convergent

9]
series of nonnegative terms Z k*lvk such that

¢l <agt () +v,, (12)

for k >k, andany t € R™.

In [4] the following are also proved:

Lemma 2. /4]. If ¢ZR+ —->R" isa (c)-comparison
function, then the following hold:

* ¢ is comparison function,
« p(t)<t, forany t eR",

. ¢ is continuous at 0,

» the series Zf:o¢k (t) converges for any ¢ € R*.

Our main result is the following.

The main aim of this paper is to present a generalization
of Theorem 2.1[11].

2. MAIN RESULT

First, we present the following definition.

Definition 9. Let X be a nonempty set, M a positive
integer and T; X —>X be M mappings.

X = U:Zl Al. is said to be a cyclic representation of

X with respect to Tl if
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« A,i=1,2,---,m are nonempty sets.

*T4)c 4T, (4, ) < 4,,T,(4,)c 4,
Definition 10. Let (X,l_g) be a uniform space, M a
positive integer, Al, Az,‘ . ',Am nonempty subsets of

X and XZUZZIAZ.. m operators Tl XX

are cyclic ¢ -contraction if

« X = Ul.mzl Al. is a cyclic representation of X with

respect to T; 5

max{p(Tx,T,,), p(T,,,y, T;x)} < min{g( p(x, y)), p(p(y, X))} >
for any xEAl., yeA.

i+

An ZAF, Tn =Tr for re{1,2,---,m} such that

n="radgeF.

i=1,2,---,m, where

Our main result is the following.

Theorem 1. Let (X,9) be a S-complete Hausdorff
uniform space such that p be a E -distanceon X and

m a positive integer, AI,AZ,-' * Am nonempty
subsets of X and X = U;’il Al.. Let ¢ZRJr —R"
is a (c)-comparison function and Tl X—>X bem
cyclic ¢—c0ntracti0n such that Ai closed subsets of X
respect to T(). Then there exists z € ﬂ[m:IA[ such

that T;Z = Z and z is unique.

Proof. Let X be an arbitrary point in Al. By cyclic
representation of X with respect to Tl , we choose a
point X, in A2 such that Tl(xl) = X, . For this point
X, there exists a point X; in A3 such that
Tz(xz) = X5, and so on there exist a point X, € Am
such that T, (x,)=x,, €A and
Tl (me) =X, € A2 . Continuing in this manner we

can define a sequence {x n} as follows

];(xkarr) = xmk+r+l or T; (xn) =X

n+1°

where n =" r for r € {1,2,---,m} .We prove that
{xn} is a Cauchy sequence. Then, since
X = U:il Al., for any n>0 there exists
i e{l,2,--,m} such that Xx, , € Ain and
X, € Al. . Since Tl is a cyclic (@) -contraction, we

n+l
have

p('xn > xn+1 ) = p(]—'rx;rl > 71r+1xn)

S maX{p(]—;xnfl > ]—;+1xn )9 p(]—;‘+1xn > 71r'xn—l )}

<min{g(p(x,,x,)), P(P(x,, X, 1))}
S ¢(p(xn71 > xn ))’

where n=""r for 76{1,2,~~-,m}.Fr0m(1) and

taking into account that ¢ is (c)-comparison, we get by
induction that

P(x,.%,,) <" (p(x,,x,)) for any n =12,

Then by above inequality we obtain that
p(x,,x,,,)—>0 as n— oo

Therefore,since p is a E-distance we obtain that

p(xn’xm) S p(xn’xn+1)+”'+p(xm—l’xm)7 (22)

hence

P(x,,x,) ¢ (p(x,3,)) + o+ 4" (p(x,, ).

In the sequel, we will prove that {xn} is a p-Cauchy

sequence.

Since "(t) is convergent for each >0, then
D4

n=1
{xn} is a p-Cauchy sequence in the uniform space
(X,9). Since (X,9) is S-complete then from
Remark 1, the sequence {xn} is p-complete, therefore

there exists X € X such that

p(x,,x)—0. )

. . _— —_ m
In fact, since lim,_X, = X and, as X = UHAi
is a cyclic representation of X with respect to Tl , the
sequence {xn} has infinite terms in each Ai for

ie {1,2,"',111}. Since Ai is closed for every i, it
m

follows that X € ﬂ 1Al., thus we take a subsequence
i=

X . of {xn} with xnk € Am (the existence of this

n

subsequence is guaranteed by the above mentioned
comment). Using the contractive condition, we can obtain
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p(YTrx, x) S p(]—;x’ xnk+1) + p('xnk-H s x)
< p(];x’ ];+lxnk ) + I’(‘xnnk_‘_1 ’x)
<min{g(p(x,x, )),¢(p(x, ,¥)}+p(x, ,x)

S p(xnk 9x)+p(xnk 3'x)9

where 7, =" r+1 for I’E{l,2,---,m}. Since
x”k —> X and ¢ is (c)-comparison, letting 7, —> 00
in the last inequality, we have p(Trx, x)=0.
Similarly we can show that p(T,x,T,x) =0
therefore, X is a fixed point of T; .

Finally, in order to prove the uniqueness of the fixed
point, we have y,z € X with Y and z fixed points

of T; The cyclic character of Tr and the fact that
v,z e X are fixed points of Tr, imply that

V,zZ € ﬁ:’il Ai. Using the contractive condition we

obtain

p(y,2)=p(T.y,T,,2) <max{p(T.y,T.,2), p(T,,,z,T,y)}

<min{g(p(y,2)),d(p(z, )} < p(y,2)

and from the last inequality
p(y,2)=0
Similarly we can show that p(y,y)=0 and,

consequently, = Z . This finishes the proof.

Corollary 1. Let (X, 19) be a S-complete Hausdorff
uniform space such that p be a E -distance on X and
m a positive integer, AI,AZ,-",A

m honempty

subsets of X and X = U;’i] Al.. Let ¢ZRJr —R"
is a (c)-comparison function and T : X —> X is a
cyclic ¢—c0ntracti0n such that Ai closed subsets of X
respect to T(9).Then there exists z € ﬁlnil A; such

that Tz = z and z is unique.

Proof. Take T; =T in Theorem I.

Corollary 2. Let (X, d) be a complete metric space
and M a positive integer, AlaAza”',A

o honempty

closed subsets of X and X = U;’i] Al.. Let
¢ ‘R"—>R" is a (¢)-comparison function and
7; : X > X be m cyclic @-contraction. Then there
exists Z € ﬂ;’i] Al. such that TI.Z = Z and z is unique.

Proof. Take 9= 19d in Theorem 1.

Corollary 3. Let (X, d) be a complete metric space
and M a positive integer, AI,AZ,-“,A

o honempty

closed subsets of X and X = Ulnil Ai. Let
¢ ‘R"—>R" is a (¢)-comparison function and
T:X —> X is a cyclic @-contraction. Then there

exists Z € ﬁlnil Ai such that Tz = z and z is unique.

Proof. Take Tl =T in Corollary 2.

Corollary 3 is a generalization of the main results of
[11](see [[11], Theorem 2.1).

Example 2. Let (X,lg) be a S-complete Hausdorff
p(x,y)=y.

X:{l}U{O} and 19:Z'd such that d=|,|‘ Set
n

uniform space where

Al = {L}U{O,l} and
2n

A4, :{;}U{O,l} If define ¢ZR+ —R"
2n+1

by §(t)=kt for 0<k<land T,: X > X by
|
6n+1

TI(O):Tl(l)ZO and

Tl(%) -

TZ(O)ZTZ(I)ZO , Tz(;):L Then for
2n+1"  6n

every X,y # 0,1 we have

1 1 1
— = p(T(—), T, (——
= P( 1(2n) 2(2n+1))

6n+1" 6n
1
<hp(—.
PG o)
11 11
= kmin{p(—, , ,—)}.
PG o P S 2

Also, for X,y = 0,1 the above inequality obviously is

hold for lgk<1. This shows that the contractive
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condition of Corollary 1 is satisfied for ¢(z) = kt and 0

is a fixed point for T1 , T2 .
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