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ABSTRACT

In this paper, we prove a common tripled fixed point theorem for Jungck type mappings in G-metric spaces. We
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1. INTRODUCTION

Dhage [1-4] introduced the notion of D-metric space as a
generalization of usual metric space. Recently, Mustafa and
Sims [29,30] and Naidu, Rao and Rao [23-25] have shown
that most of the results concerning Dhage’s D-metric
spaces are invalid. In [30], they introduced an improved
version of the generalized metric space structure which
they called G-metric spaces. For more results on G-metric
spaces, one can refer to the papers [6-
9,12,18,19,21,22,28,31- 36].

Very recently, Berinde and Borcut [26] proved some tripled
fixed and coincidence point theorems for contractive type
mappings in partially ordered metric spaces. Later several
authors obtained coincidence and common tripled fixed
point theorems in various spaces, for example, refer [5,8-
11,13-17,20,26,27].

In this paper, we establish a unique common tripled fixed

*Correspondingauthor, e-mail: kprrao2004@yahoo.com

point theorem for Jungck type mappings in G-metric spaces.
Also we give an example to illustrate our result.

Now, we give some basic definitions and results which are used
throughout the paper.

Definition 1.1 ([30]). Let X be a nonempty set and let
G:XxXxX— R be afunction satisfying the following
properties :

(G):
(Gy):
(G3):
(Ga):

(Gs):

G(x,y,z)=0ifx=y=z,

0<G(x,x,y)forall x,y € Xwith x #y,

G(x,x,y) < G(x,y,z) forall x, y,z € X with y # z,
G(x,y,2)=G(x,z,) =G, z,x) = ...,
symmetry in all three variables,

G(x,y,2) < G(x, a, a) + G(a, y, z) for all x,

v,z,a €X.

Then the function G is called a generalized metric or a G-metric
on X and the pair (X, G) is called a G-metric space.

Proposition 1.2 ([30]). Let (X, G) be a G-metric space. Then for

any x,

v, z,a € X, it follows that
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(1) ifG(x,y,z)=0thenx=y =z,

(i) G, y,z) < G(x,x,p) + G(x, x, ),

(i)  G(x,»,) <2G(x, x, y),

@iv) G(x,y,z) <G(x, a,z)+ G(a, y, z),

V) G(x,y,2) < 2[Gx, a.a) + Gl a, ) + Gz, a, 0)]

Definition 1.3 ([30]). Let (X, G) be a G-metric space and {x,}
be a sequence in X. A point x € X is said to be limit of {x,} if

lim  G(x, x,;, x,;;,) = 0. In this case, the sequence {x,}
n, M—0

is said to be G-convergent to x.

Definition 1.4 ([30]). Let (X, G) be a G-metric space and {x,}

be a sequence in X. {x,} is called G-Cauchy iff
Iim G(x;, x,, x =0 or equivalentl

1,1, m—o0 7 X X ) q Y
lim G(x,, x,, x = 0.

n, M—00 (> X Xm)

(X, G) is called G-complete if every G-Cauchy sequence in (X,
G) is G-convergent in (X, G).

Proposition 1.5 ([30]). Let (X, G) be a G-metric space. Then the
function G(x, y, z) is jointly continuous in all three of its
variables.

Proposition 1.6 ([30]). Let (X, G) be a G-metric space. Then for
a sequence {x,} € X and a point x € X, the following are
equivalent

(1) {x,} is G-convergent to x,

(i) G(x,,x,,x) > 0asn— o,

>ii)  G(x,, x,x) > 0asn— oo,

@iv)  G(x,, x4, x) = 0as m, n — 0.

Definition 1.7 ([30]). A G-metric space (X, G) is said to be
symmetric if G(x, y, y) = G(x, x, y) for all x, y € X.

Definition 1.8 ([30]). Let (X, G) and (X ', G') be two G-metric
spaces and let f : (X, G) — (X', G') be a function then [ is
said to be G-continuous at a point @ € X if and only if, given

¢ > 0, there exists 6 > 0 such that x, y € X and G(a, x, y) <
implies G’ (f (a), f (x), f (»)) <. A function f is G-continuous at
Xif and only if it is G-continuous at all a € X.

Now we give the following definitions.
Definition 1.9. An element (x, y, z) € X x X x X is called

@) a tripled coincident point of

S, T: XxXxX— X if Sy 2 =1x Yy, 2),
S, z, x) = T(y, z, x) and S(z, x, y) = T(z, x, y) and (S(x, y,

2), SO, z, x), S(z, x, ¥)) is called a tripled point of

coincidence of SandT.

(ii) a common tripled fixed point of

S, T: XxXxX— Xif x=8(x,y,z)=Tx,y,2),
y=80,z,x)=T(v, z, x) and z = S(z, x, y) = T(z, x, ).

Definition 1.10. The mappings S, 7: X x X x X — X are
called W'-compatible if S(T(x, v, z), T(y, z, x), T(z, x, y)) =
T(S(x, y, 2), SO, z, x), S(z, x, y)) whenever

SCx, v, z)=T(x, y, z), S, z, x) = T(y, z, x) and

Sz, x,) =Tz, x,) .

Let R and R denote the set of all real numbers and set
of all non-negative real numbers respectively.

Example 1.11. Let X=Rand S, T: XX X x X — X be
defined by S(x, y,z) =3x +2y +4z— 10 and T(x, y, z) =

4x +3y+5z— 14 forall x, y, z € X. Then (1,2, 1) is a
tripled coincidence point of S and 7. Clearly (1, 2, 3) is a
tripled point of coincidence of S and 7. In this example S

and T are not W' -compatible.

Example 1.12. LetX=Rand S, T: X x X x X — X be
defined byS(x, y, z) =3x + 2y + 2z — 12 and T(x, y, z) = 4x
+3y+3z— 18 forall x, y, z € X. Clearly, S and T are w'-
compatible and (1, 2, 3) is a common tripled fixed point of

SandT.

2. MAIN RESULT

Let @ be the set of all continuous and non-decreasing

functions ¢ : R" — R" such that lim ¢" (1) = 0 forall
n—»

t>0. Then ¢ (f) <t forall >0 and ¢ (0) =0.

Theorem 2.1. Let (X, G) be a G-metric space and
S, T: X x XxX— X be mappings satisfying
(2.1.1) G(S(x, y,2), 8(x, y,2),S(u,v,w))

G(T(x,y,2), T(x,y,2), T(u, v,w)),
<@ | max{ G(T(y,z,x), T,z x), T, wu)),
G(T(z,x,), T(z,x,¥), T(w, u, v))

forall x,y,z, u,v,w € X, where g € O,
2.12) SXxXxX)c TX x X x X),

2.1.3) {(T(x,y,2), Ty, z,x), T(z, x, y))x, y,zE€X } 18
a complete subspace of X x X x Xand
(2.1.4) the pair (S, T) is W -compatible.

Then S and 7 have a unique common tripled fixed point in
X x X x X of the form (¢, ¢, £).

Proof. Let x,, y,, z, be arbitrary points in X. From

(2.1.2), there exist sequences {x,}, Vn}, {Za}s {Ua}s {Vu}
and {w,} in X such that

un = S(xnaynazn) = T(xn+1$yn+lazn+l)a

Vn = S(ynﬁznaxn = T(yn+laz”+17xn+1)a (1)

wn = S(Zn’xnvyn) = T(Zn+1’x”+17yn+1)7 n:O,
1,2,---.

Case(I): Assume that u, # Uy g OV, # v, or

Wy # W, for all n.
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Now

G(unaunaun+1):G(S(xnaynazn)vS(xn’ynvzn)’ S(Xn+17yn+17zn+1)
< | mx G(u}’l—l’ U, 1> un)7 G(VH_P V> Vn)
G(Wn_ ’Wn—l’wn)

Similarly, we have

G(vy» Vs Vyup)
Glyy_y» tyys ) GOy Vs V)
< @| max

GW,_1>W,_1>Wp) >
Gy Wiy W, 1)

G(unfl’ Uy_1> Un ), G(vnfl’ Vn-1° Vn)
< @| max

GOWy_1Wy1:Wn)

Thus

Gty tys 1) Gy Vs Vi1
max

Gwy, Wy, W, iq)

Guy_y5 uy_15 up), GO, V1> vy)
< | max

G(Wy_g>Wp1>Wn)

< G(HO, upys ”1), G(VO, Yo Vl)
<@ | max
G(WO W )
Since lim (pn (¢) = Ofor all > 0, we have for given
n—>00

& >0 there exists a positive integer 1, such that

n
@ (max{G(ug, uy, 1)), G(vy, vy> V), GOng, Wy, W} < & —(&),
Vnz g
Hence
max{ Gy, Uy, 1), G0 Vs Vg ) GOV Wy, W)

< 8—(/)(.9),Vn2n0. ()]
Now for m, n € N, we prove by induction on m that
max{G(u,, u,, Uy, ), Gy, vy, V) GOy Wy, wy )}
<eVn2 . 3)

Since & — ¢(¢) < ¢, then by (2) we conclude that

(3) holds when m =n + 1.

Now suppose that (3) holds for m = k.

Clatys s 1) < Gty 1y Uyg) + Gy Uy Upeyy)
< e=¢8) + Q80941 Vit i) SOt Virts Zt) S¥pe Verts Zet)
< e~ gfe) + o] Gl 4y 1), Gy vy v GOt 9D
< e-@e) +ele) =&

Similarly, we can show that
G(v

Hence we have

o Vi vk+1)< & and G(wn,wn,wk+1)< &.

max{G(uy, uy, up 1 )GOp, vy, Vi 1), Gwy Wy, wp )} < &

Thus (3) holds forall m > n > .

Hence {u,} , {v,} and {w,} are G-Cauchy sequences in X.
From (2.1.3), there exists

w,q,7) € {(T(x,y, 2), Ty, z, x), T(z, x, y))/x, v,z EX }
such thatu, — p=1(x, y,2) ,v, > q¢=T(y, z, x) and
w, —r=1(z,x,y) forsomex, y, z € X.

Now

G(uy,, uy, S(x, v, 2)) =G(S(xy, Yyps 257 Sy Vyy5 250)s S, ¥, 2))

G(un_1> Uy 15 T(x, y, 2)), G(Vn_17 V1> T(y, z, x)),
< | max

G(W}’l—l > Wn_l H T(Za X, J’))

Letting n — oo, we get

G(p,p,S(x,,2))

. ( {G(p,p,T(x,y,z)),G(q,q,T(y,z,x)),}]
< ¢| max
G r T(z,x.3)

=p(0)=0.

This implies that S(x, y, z) = p. Similarly, we have S(y, z, x)

=gq and S(z, x, y) = r. Thus S(x, y, z) =p = T(x, y, 2),

S, z,x)=q =1, z, x) and S(z, x, y) =r = T(z, x, y). “4)
Thus (x, y, z) is a tripled coincidence point of S and 7.

Claim (a): If (x", y", z") is another tripled coincidence point
of S and T then S(x, y, z) = S(x", ¥", 2 ), S, z, x) =

*

SO, 25, x) and S(z, x, y) = 8", x*, ¥).
Consider
*

* *
G(S(x, , 2), S(x, 3, 2), S(x ¥ 5 2)
* * *
G(T(x, y, 2), T(x, 3, 2), T(x , ¥, 2 )
< p| max{ G(T(y, z, x), T(y, 2, ¥), Ty, 2, %)
* * *
G(T(z,x,9), T(z, %, ), T(z ,x ,y )

* * *

G(S(x, y,2), S(x, y,2), S(x , ¥y ,z))

=p| max< G(S(y, z, x), S(v, 2, x), SO, 2, X))
* * *

G(S(z, x, ). S(z. x, ). S . 5.y
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Similarly we have

*

G(S(y, 2, %), S 2, %), S, 2, %)

* * %
G(S(x, y, 2), S(x, 3, 2), S(x L ¥, 2)
< | max{ G(S(y, 2, X), SO, 2, X), SO 2L X NF s
* * *
G(S(z, x, ¥), Sz, %, ), Sz, x5 ¥ )

R
G(S(z, x, ), S(z, x,»), 8(z ,x ,y))

* ok %
G(S(x, ¥, 2), S(x, y,2), S(x ,y ,z))
< o| max< G(S(y, z, x), S, 2, x), SOV 2, X))

* * *
G(S(z, x, ), S(z, x, ), S(z ,x ,y )

Thus

* * *

G(S(x, v, 2), S(x, y, 2), S, v, 27))

max 4 G(S(y, z, x), SOy 2, %), SO > 2 5 x )
* * *

G(S(z, x, ), Sz, x, ), S, 5", »™)

* * *

G(S(x, y, 2), S, y, 2), S(x 5 ¥, 2))

< p| max3 G(S(y, 2, ), S, 2, %), S, 2, %))
* * *®

G(S(z, x, ¥), S(z, x, ), S, x* . y™))

which implies that S(x, y, z) = Sx", y', 2), S, z, x) =
SG°, 2, x) and 8(z, x, ) =S, x", ).

Hence the claim (a). So (S(x, y, z), SO, z, x), S(z, x, ¥))
is a unique tripled point of coincidence of S and T.

Claim(b): S(x,y,z) =S, z, x) = S(z, x, y)
Consider
G(S(x, y, z), S(x, y, 2), S(y, z, X))

G(T(x’ y’ Z)’ T(x’ y’ Z)’ T(y’ Z’ x))
< @| maxyG(T(y, z, x), T(y, z, x), T(z, x, ¥))
G(T(z, x,y), T(z, x, y), T(x, y, 2))

G(S(x, y, z), S(x, y, z), S(y, z, X))
=| maxG(S(y, z, x), S(y, z, x), S(z, x, ¥))
G(S(z, x, ¥), $(z, x, y), S(x, y, 2))
Similarly we have
G(S(y, z, x), S(y, z, x), S(z, x, y))
G(S(x, y, 2), S(x, y, 2), S(y, z, X))
< @| maxG(S(y, z, x), S(y, z, x), S(z, x, ¥)) ¢ |
G(S(z, x, ¥), S(z, x, ), S(x, y, 2))

G(S(z, x, y), S(z, x, ¥), S(x, ¥, 2))
G(S(x, y, z), S(x, y, 2), S(¥, z, X))
< ¢| max<{ G(S(y, z, x), S(y, z, x), S(z, x, ¥))
G(S(z, x, y), S(z, x, ¥), S(x, y, 2))
Thus

G(S(x, y, 2), S(x, y, 2), S(y, z, X))
max \ G(S(y, z, x), S(y, z, x), S(z, x, y))
G(S(z, x, »), S(z, x, ¥), S(x, y, 2))

G(S(x, y, z), S(x, y, 2), S(y, z, x))
< | max§G(S(y, z, x), S(y, z, x), S(z, x, y))
G(S(z, x, y), S(z, x, ¥), S(x, y, 2))

Hence S(x,y,z) =S80, z,x) =S8(z, x, ).

Hence the claim (b).

Now from claim (a), the point (S(x, y, z), S(v, z, x), S(z, X, y))
is a unique tripled point of coincidence of Sand 7.  (5)
Let t=S(x, y, z).

Then from (4) and the claim (b), we have

S, y,2) =8, z,x) =Sz, x,y) =T(x, y,z) =

Ty, z,x)=T1(z,x,y) = t.

Since S and T are w*-compatible, we have

St t,0)=1T1(,t,1).

Thus (¢, ¢, ?) is a tripled coincidence point of S and 7 and
hence (S(z, ¢, 1), S(¢, ¢, 1), S(¢, t, t)) s a tripled point of
coincidence of S and T.

From (5), we have S(z, ¢, £) = S(x, y, z) =t .

Thus (¢, ¢, t) is a common tripled fixed point of S and 7.
Suppose (¢, ¢, ") is another common tripled fixed point of
Sand 7.

Then

Glt, 1, () =G 1, 1), S@t, 1, 1), SE £, 1)
< (p(max{G(t, 1,560 1 )60 1, t*)})

- (p(G(t, ‘) z*)).

Thus=1¢".
Hence (¢, ¢, £) is the unique common tripled fixed point of S
and T.

Case (ID): If u, =t y41 5, Vi = Ve1 and w, = w4 for some 7,
then (x ,+1, ¥ n+1, Z n+1) 18 @ tripled coincidence point of
SandT.

The rest of the proof follows as in Case (I) from claim (a)
onwards withx =x ., y =y and z =z 4.

The following example illustrates our main theorem.

Example 2.2. Let X=[0,1) and G(x, y,z) =[x —y| + |y — Z]
+|z—x|forallx,y,z€X.
Let S, T: X x X x X — X be defined by

S(x, y, z) = sin(x+g+z) and T'(x, y, z) = x+)2/+z .

Let ¢ : R = R" be defined by @(¢) = % Then
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G(S(x, y, 2), S(x, y, 2), S(u, v,w))
=2|8(x, y, z) - S(u, v,w) |

L XEY+z - utv+w
sm( 3 )—sm(i8 )‘

X+y+ztutviw\ . [ x+y+z—u—-v-w
cos sin

=2

=4

16 16

§%|x+y+z—u—v—w\:%\T(x’ v, 2) =T, v,w)|
~LG(Tx, v, 2), T, v, 2, TG, v, w)

G(T(x, y, z), T(x, y, ), T(u, v,w)),
< @| maxyG(T(y, z, x), T(y, z, x), T(v,w, u)),

G(T(z, x, ), T(z, x, ¥), T(w, u, v))
Thus all the conditions of Theorem 2.1 are satisfied and (0,0,0)
is the unique common tripled fixed point of S and 7.

Now, we give the following two corollaries which follow
immediately from Theorem 2.1.

Corollary 2.3. Let (X, G) be a G-metric space and

S:XxXxX— Xand f: X —Xbe mappings satisfying

(23.1) G(S(x, v, 2), S(x, y, z), S(u, v,w))
G(fx, fx, fu),

< | max G(fy, [y, fv),
G(fz, [z, Jw)
vV x,y,z, u, vywe X where ¢ € O,

(23.2) S(XxXxX)c f(X)and f(X)is complete,

(2.3.3) the pair (S, T) is W'-compatible.

Then S and f have a unique common tripled fixed point in

XxXxX.

Corollary 2.4. Let (X, G) be a complete G-metric space and
S: X x X xX— X beamapping satisfying
(24.1) G(S(x, y, 2), S(x, y, z), S(u, v,w))
G(x, x, u),
< @| max{ G(y, y, v),
G(z, z, w)

Y x,y,z, u, v, w e X where ¢ € ©.

Then S has a unique common tripled fixed point in

XxXxX.

>
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12.
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