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ABSTRACT

In this paper a general fixed point theorem for two pairs of weakly compatible mappings satistying ¢ -

implicit relations in G - metric spaces, which generalize and improve Theorem 2.1 [9], is proved.
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1. INTRODUCTION

Let (X,d) be a  metric space and
S,T: (X,d) —> (X,d) be two mappings. In 1994,
Pant [17] introduced the notion of pointwise R - weakly
commuting mappings. It is proved in [18] that pointwise

R - weakly commutativity is equivalent to
commutativity in coincidence points. Jungck [8] defined

S and T to be weakly compatible if Sx = Tx implies
STx =TSx . Thus, S and T are weakly compatible

if and only if S and 7 are pointwise R - weakly
commuting.

In [5], [6], Dhage introduced a new class of generalized

metric space, named ID - metric spaces. Mustafa and
Sims [11], [12] proved that most of the claims concerning

the fundamental topological structures on D) - metric
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spaces are incorrect and introduced an appropriate notion

of generalized metric space, named G - metric space. In
fact, Mustafa, Sims and other authors studied many fixed

point results for self mappings in G - metric spaces
under certain conditions [13], [14], [15], [16], [28] and
other papers.

Several classical fixed point theorems and common fixed
point theorems have been recently unified by considering
a general condition by an implicit relation in [19], [20]
and other papers. Actually, the method is used in the
study of fixed points in metric spaces, symmetric spaces,
quasi - metric spaces, ultra - metric spaces, convex metric
spaces, reflexive spaces, compact metric spaces,
paracompact metric spaces, in two or three metric spaces,
for single valued mappings, hybrid pairs of mappings and
set valued mappings. Quite recently, this method is used
in the study of fixed points for mappings satisfying an
contractive condition of integral type, in fuzzy metric
spaces, probabilistic metric spaces and intuitionistic
metric spaces.
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The notion of ¢5 - implicit relation is introduced in [4].
The study of fixed points for mappings satisfying implicit
relations in G - metric spaces is initiated in [21], [22],
[24], [26] and in other papers.

The study of fixed points for mappings satisfying a ¢5 -

contractive implicit relation in G - metric spaces is
initiated in [23], [25]. In [23], the authors proved a fixed
point theorem for a mapping satisfying a ¢ - implicit
relation. Quite recently, in [27] the authors extended this

results for a pair of mappings. In [9], a common fixed
point theorem for two pairs of weakly compatible

mappings in G - metric spaces is proved.

In this paper a general fixed point theorem for two pairs
of weakly compatible mappings in G - metric spaces,
satisfying ¢ - implicit relations which generalizes and
improves the results from Theorem 2.1 [9].

2. PRELIMINARIES

Definition 2.1 [12] Let X be a nonempty set and
G: X 3 —>P + be a function satisfying the following
properties:

(G):G(x,y,2)=0ifx=y=z,
(G,):0<G(x,x,y) forall x,yeXx with x#y,
(G3):G(x,x,y)<G(x,y,z) forall x,y,ze X
with Z # ),

(Gy):G(x,y,2) =G(y,z,x) =... (symmetry in all

three variables),

(G5):G(x,y,2) <G(x,a,a)+G(a, y,z) forall
X,),Z,a € X (rectangle inequality).

The function G is called a G - metric on X and the
pair (X,G) iscalleda G - metric space.

Note that if G(X,,z) =0 then x=y =z.

Definition 2.2 [12] Let (X, G) bea G - metric space.
A sequence (xn) in (X,G) is said to be:

a) G - convergent if for £ > 0, there is an x € X
and kK €N such that for all nmeN,n,m=>k,
G(x,x,,x,)<&.

b) G - Cauchy if for &€ > 0, thereis kK € N such that
for all n,mpeN, with nmp>k,
G(x,,%,,x,) <&, that is G(x,,x,,x,) >0
as n,m, p —> 0.

A G - metric space (X, G) is said to be G -
complete if every G - Cauchy sequence is G -

convergent.

Lemma 2.1 [12] Let (X, G) bea G - metric space.
Then, the following properties are equivalent:

1) (xn) is G - convergentto X ;

2) G(x,,x,,x) >0 as n > 0;

3) G(x,,x,x) >0 as n —> 00;

4 G(x,,x,,x) >0 as n,m—>o0.

Lemma 2.2 [12] If (X, G) isa G - metric space, the
following properties are equivalent:

1) (xn) is G - Cauchy;

2) For £>0, there exists k€N such that
G(x,,x,,x,) <& foral m,neN, m,n>k.

Lemma 2.3 [12] Let (X, G) bea G - metric space.

Then, the function G(x, v,z ) is jointly continuous in
all three of its variables.

Note that each G' - metric generates a topology T G on
X [12], whose base is a family of open G - balls
{Bs(x,8):xe X,e >0}, where
By(x,6)={yeX:G(x,y,y)<g&} for all
x,yeX and £€>0.

Anonemptyset A C X is G -closedif A= A.

Lemma 2.4 [10] Let (X,G) be a G - metric space
and A asubsetof X . A is G - closed if for any G
- convergent sequence in A with limy—wX, =X,

then x € 4.

In [2], [22], [23] and other papers some fixed point

theorems for weakly compatible mappings in G - metric
spaces are proved. Quite recently, in [9] the following
theorem is proved.

Theorem 2.1 (Theorem 2.1 [9]) Let (X , G) be a
complete G - metric space. Suppose that ( f S ) and

( g, T ) are two pairs weakly compatible self - mappings
on X satisfying
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G( fv, fr, g) < hmax{G(Sx, Sx, Ty), G(fx. fr.5x), G(gv. . T¥).
%[G(fx, £ Ty)+G(gy 20, SO}

and

@.1)

G(fx,gy,gy) < hmax{G(Sx,Ty,Ty), G(fx,Sx,8x),G(gy, Iy, Ty),
1
E[G(fx»TJ’»TJ’) + G(gy» an Sx)]}

1
for all X,y € X, where h e [0,5 . Suppose that

F(X)ST(X) and g(X)< S(X). If one of
T(X) or S(X) isa G - closed subspace of X,

then f . g ,8 and T have an unique common fixed
point.

The purpose of this paper is to prove a general fixed point
theorem for two pairs of weakly compatible self -

mappings of (X ,G) satisfying ¢ - implicit relations

in G - metric spaces which generalize and improve
Theorem 2.1.

3. IMPLICIT RELATIONS

Definition 3.1 [23] A function f :[0,00) — 0,00) is

a ¢ - function, f €q,if f is nondecreasing function
o0

such that > f"(t)<+o, for all >0 and
n=l1

£(0)=0.

Definition 3.2 [23] Let F¢ be the set of all continuous

functions F(Z‘l,...,l‘6) :P i —> P such that
(Fl) . F' is nonincreasing in variable ls,

(Fz) . there exists a function ¢1 € ¢ such that for all
u,v>0 with F(u,v,v,u,u+v,0)<0 implies

usg(v),

(F3) . there exists a function ¢2 € ¢ such that for all
t,t >0, F(t,6,0,0,¢,t )< 0 implies £ < (£ ).

The following examples are presented in [23].

Example 3.1.

t; +1t
F(tl,..,t6):t1_kmax{t2;t3)t4ﬁ 2 2 6}’

where k €0,1).

2.2)

Example 3.2.
where a > 0,b,c,d,e>0and a+b+c+2d+e<l.

Example 3.3.
F(tl,...,t6) = tl _kmax{t25t3,t4,t5,t6},Where

ke{O,lj.
2

Example 3.4.
F(ty,..ts) = t; —t,(at, + bty +cty) —dtst, .
where @ > 0,b,¢,d >0 and a+b+c+d <1.

Example 3.5.
t,+t, t;+t
F(tl"’t6):t1 _kmaX tz,u,u N
2 2
where k € 0,1).
Example 3.6.
2.2 2.2
Lty +1s5t
F(tl,...,t6)=t13 —CM, where
I+2, +t;+1,
celo,1).
Example 3.7.
tst
F(tyynts) =t —aty —c—%—  where
I+t +1¢,

a>0and a+c<l.

Example 3.8.
,where a >0,b,c>0 and a+b+2c<1.

Example 3.9.
,where a > 0,b,¢c>0 and a+b+3c<1.

Example 3.10.
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F(t]:»"'btﬁ) = tl —CmaX{l‘z,l‘3,ﬂt4t ,1lt5t6},

where ¢ € (0,1).

4. MAIN RESULTS

Theorem 4.1 [1] Let f ,& be weakly compatible self
mappings on a nonempty set X . If f and g have an
unique point of coincidence W = fx = gx,then W is

the unique common fixed point of f and g .

Theorem 4.2 Let f » g, S and T be self mappings of a

G - metric space such that

H\(G(Sx,Ty,Ty), G( fx, g, &v), G( fx, Sx, Sx),

G(gy. Iy, Ty), G(fx, Ty, Ty), G(gy, Sx,8x)) < 0,
4.1

H2(G(Tx: Sy: Sy)a G(gx: fj}: fj}): G(gxa Tx: TX),
G(fy,8y,59),G(gx, Sy, 8y), G(f, Ix,Tx)) <0,

4.2)
forall X,y € X , where H, 1, H, satisty property ().

If there exist #,V € X such that fu =Su and
gv =TV, then there exists € X such that f is the
unique point of coincidence of f and S, as well ¢ is

the unique point of coincidence of g and T.

Proof. First we prove that fu = gV. Suppose that

fu # gV . Then, by (4.1) we have successively
Hl(G(Su,Tv,Tv),G(fu,gv,gv),G(fu,Su,Su),
G(gv,Tv,Tv),G(fu,Tv,Tv),G(gv, Su,Su)) <0,

H\(G(fu,gv,8v), G(fuu,gv,gv).0,0, G(fu, gv, gv), G(gv, fu, fi)) <0,
By (F3) we obtain
G(fu,gv,gv) < $r(G(gv, fu, fu)) < G(gv, fu, fu).

Similarly, by (4.2) we have successively

H,(G(Tv,Su,Su),G(gv, fu, fu),G(gv,Tv,Tv),
G(fV, SM,SM),G(gV,SM,Su),G(fM,TV, TV)) < 07

H,(G(gv, fu, fu),G(gv, fu, fu),0,0,G(gv, fu, fu),G(fu,gv,gv)) <0,

By (F3) we obtain

G(gv, fu, fu) < ¢ (G( fu, gv, gv)) < G(fu,gv, gv).

Hence,
G(fu,gv,gv)<G(gv, fu, fu) < G(fu,gv,gv),

a contradiction. Hence, fu = gv which implies
t=fu=gv=Su=Tv for some teX.
Therefore f is a common point of coincidence of
(f,S) and (g,T). We prove that ¢ is the unique

point of coincidence of ( f ,S ) Suppose that there is
other point of coincidence z = fw = Sw, z #¢.

By (4.1) we have successively

Hl (G(SW7 TV, TV), G(ﬁ’V, gV, gV), G(fW7 SW, SW),
G(gv,Tv,Tv),G(fw,Tv,Tv),G(gv,Sw,Sw)) <0,

H\(G(fw, gv,gv), G(fw, gv, gv),0,0, G(fw, gv, gv), G(gv, fw, fw)) < 0.

By (F3) we have

G(fv,gv,gv) < h(G(gv, fw, fw)) < G(gv, fw, fw).

Similarly, by (4.2) and (F3) we obtain

G(gv, fw, fw) < G(fw, gv, gv).

Hence,

G(fw,gv,gv) <G(gv, fw, fw) <G(fw,gv,gv),

a  contradiction.  Hence, fw =gv= fu =t.

Therefore,

fw=Sw=t=z.

Similarly, we prove that ! is the unique point of

coincidence of g and T.

Theorem 4.3. Let (X,G) bea G - metric space and
{f,S} and {g,T} be two pairs of self mappings of
X satisfying the inequalities (4.1), (4.2) for all
x,yeX, H,,H, eF, and

S(X)c g(X)andT(X) < f(X).

(4.3)
If one of f(X) or g(X) isa G - closed subset of

X , then
a) ( f ,8) have a coincidence point,



GU J Sci, 27(4):1031-1038 (2014)/ Valeriu POPA, Alina Mihaela PATRICIU 1035

b) ( g,T ) have a coincidence point. Proof. Let X, € X be an arbitrary point of X . Since
S(X) C g(X) and T(X) C f(X), there exist

Moreover, if (f,S) and (g,T) are weakly
: : X;,X, € X such that Sx, = gx; and Tx; = fx,.

compatible, then f , g ,8 and T have an unique
common fixed point.

By continuing this process, for 7 = 0,1,2,... we choose X, V, € X such that

Van = 8%, = &Xspits Vaun = [X5, = fXps

By (4.1) we have successively

H(G(8xy,, Txp,15 T50,11), G(fX0> 8%210415 8X2n11)» G(fXo,5 8%, 8%,
G(8%3,0415 T5%2,1415 10,11, G (0,05 TX 115 T5,041), G(€X0,0415.8%5,,5,5%,)) < 0,

H\(G(Y2ns Yani1> Y2041 G015 Vo> Y2u )s G(Vau-1> Yan> Yan)»
G(yZn > y2n+l o y2n+l )9 G(yanl s y2n+l o y2n+l )90) < 0

By (Fl) and (GS) we obtain

H{((G(Y2p> Y2ns15Y2n41)s CVancts Yaus Y2u)s G(Van-1s Yans Yau)s
G(Yans Yani1s Yans1) GVan1s YVans Vo) + G(Vaps Yayits Yans1):0) < 0.

By (Fz) we obtain

G(Vans Vansts Yans1) S GG (Vo 15 Vans Yau))-

Again, by (4.2) we have successively

Hy(G(Tx,,4158%0,4255%2,12 ), G(€X%0,0415 Xanias 242> G(€%0,0415 TX 415 TX 0 41)s
G (2115 8X04258%2,042)> G(€X2,11158X2,0425%2,042 ) G (fX105 155,041, 1%5,,1)) < 0,

Hy(G(Vani1s YVans2s Yani2)s GO%005 Yarits Yoni1)s G(Vans Yanit> Yans1)s
G(Vopi15 Vani2s Yons2)s G(Vans Vanias Vani2):0) < 0.

By (Fl) and (GS) we have that

Hy(G(Vani1sYani2> Yone2)s GV2ns Yanits Yani1)s G(Vans Yansts Vans1)»
G(Vani1s Yans2sY2nr2)s G(Vans Yanits Yans1) t G(Vays Yansas Vani2)0) <0.
By (Fz) we have

G(Vani1s Yans2s Yani2) SO(G(Vays YVapsts Yanii))s

which implies

C;(yl’l’yl’l-kl’yn-kl)S ¢1(G(yn—19yn9yn))9n = 1525"'

Then
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G(Vs Vs> Yur1) S (G (o, Y15 1))
We prove that (yn) isa G - Cauchy sequence in X .

For n,m € N with m > n , we have repeating (GS) that

G(ynﬁymvym) < G(yn:yn+lvyn+l)+G(yn+19yn+25yn+2)+“'+G(ym—laymvym)

m—1
< Z¢HGOw ).

o0
Since kz:(ﬁlk(G(yO,yl,yl))<+OO, then for any & >0, there exists k€N such that for m,n>k,
=1

m—1
> ¢1k (G(yo, YisN )) < & .Hence, by Lemma 2.2, , isa G - Cauchy sequence. Since (X, G) is G - complete,

k=n
there exists Z € X such that y, —> Z as 1 —> 00. This implies that [im,_sw V2, = liMu—sw0 Vaps) = Z -

Suppose that g(X ) is closed. It follows that Z = gu , for some U € X . Using (4.1) we have successively

HI(G(szn ,TM, TM), G(ﬁZn »8U, gu)a G(ﬁZn ’ szna szn)a
G(gu,Tu,Tu),G( fx,,,Tu,Tu),G(gu, Sx,,,Sx,,)) <0,

H(G(yy,Tu, Tu), G(y3,,15 81> 1), G(YVo_15 Yaus Vau)s
G(gu,Tu,Tu),G(y,,-1, Tu,Tu),G(gu, ¥5,, ¥2,)) < 0.
Letting 72 tend to infinity we obtain
H,(G(z,Tu,Tu),0,0,G(z,Tu,Tu),G(z,Tu,Tu),0) < 0,

which implies by (Fz) that G(Z, Tu, Tu) < ¢5(0) =0.Hence, z=Tu = gu and U is a coincidence point of &
and T .

Since T(X) f(X) , there exists V€ X such that z=Tu = fV = gu . Then by (4.2) we have successively

H2 (G(Tl/l, SV,SV), G(gua fV, fV), G(gu,TuaTu)a
G(fv,5v,8),G(gu,Sv,5v),G( fv,Tu,Tu)) <0,

H,(G(gu,Sv,5v),0,0,G(gu, Sv,Sv), G(gu,Sv,Sv),0) <0

which implies by (F,) that
G(gu,Sv,Sv)<¢(0)=0,

ie. Z=gu = Sy = fv . Hence, V is a coincidence point of S and f

Therefore, z is the common point of coincidence of ( f ,S ) and ( g, T ) By Theorem 4.1, z is the unique point of
coincidence of (f, S) and (g, T) . By Theorem 4.1, Z is the unique common fixed point of f, g, S and T.
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Corollary 4.1 Let (X , G) be a complete G - metric space. Suppose that ( f S ) and ( g, T ) are weakly compatible
pairs of self mappings of X satisfying

G(Sx,Ty,Ty) < hmax{G( fx, gy, gv), G( fx, Sx, Sx),

1
G(g)/,Ty, Ty)JE[G(fxa Ty,Ty) + G(gyv SX,SX)]},
4.4)
G(Tx,Sy,Sy) < hmax{G(gx, fy, /), G(gx, Tx,Tx),

1
G(fy,Sy, Sy),E[G(gx, Sy, Sy)+G(fy, Tx,Tx)]} <0,
4.5)

forall X,y € X and h €0,1). Suppose that S(X) g(X) and T(X) < f(X).If one of g(X) or f(X)
isa G - closed subspace of X , then f , 8, S and T have an unique common fixed point.

Proof. The proof it follows from Theorem 4.3 and Example 3.1 with ¢1 (t)= ¢2 (t)=kt.

Remark 4.1
1. In the proof of Theorem 2.1 [3], page 4, lines 10 and 11 from the bottom, there exists some written mistakes and hence the

proof of the fact that the sequence (yn) isa G - Cauchy sequence is not correct. Similarly, in the proof of Theorem 2.1

[9]. For a correct form of Theorem 2.1, we suggest the inequality
G(fx,gy,gy) < hmax{G(Sx,Ty,Ty), G(Sx, fx, fx),G(Ty, gy, &y),
1
E[G(Sx, gy, gy)+G(Iy, fx, fo)l}
instead inequality (2.2).
. - . 1
2. Corollary 4.1 is a generalization and the correct form of Theorem 2.1 because he 0,1) instead /1 € 0,5 and the

fact that (yn) isa G - Cauchy sequence is correct.

3. By Examples 3.2 — 3.10 we obtain new particular results.

REFERENCES

[1] Abbas, M. and Rhoades, B. E., “Common fixed
point theorems under strict contractive condition”, Math.
Anal. Appl., 270: 181-188 (2002).

[2] Abbas, M. and Rhoades, B. E., “Common fixed
point results for noncommuting mappings without
continuity in generalized metric spaces”, Appl. Math.
Comput., 215: 262-269 (2009).

[3] Abbas, M., Khan, S. H. and Nazir, T.,

“Common fixed points for R - weakly commuting maps
in generalized metric spaces”, Fixed Point Theory Appl.,
2011, 2011:41.

[4] Altun, I. and Turkoglu, D., “Some fixed point
theorems for weakly compatible mappings satisfying an
implicit relation”, Taiwanese J. Math., 13, 4: 1291-1304
(2009).

[5] Dhage, B. C., “Generalized metric spaces and
mappings with fixed point”, Bull. Calcutta Math. Soc.,
84:329-336 (1992).

[6] Dhage, B. C., “Generalized metric spaces and
topological structures 17, An. Stiin{. Univ. Al 1. Cuza
Tasi, Mat., 46 (1): 3-24 (2000).

[7] Imdad, M., Kumar, S. and Khan, M. S.,
“Remarks on some fixed point theorems satisfying
implicit relations”, Rad. Mat., 11: 135-143 (2002).

[8] Jungck, G., “Common fixed points for
noncontinuous nonself maps on nonnumeric spaces”, Far
East J. Math. Sci., 4, 2: 195-215 (1996).

[9] Kaewcharoen, A., “Common fixed points for

four mappings in G - metric spaces”, Int. J. Math.
Anal., 6 (47): 2345-2356 (2012).

[10] Karpinar, E., Yildiz — Ulus, A. and Erhan, L.
M., “Cyclic contractions on (G - metric spaces”, Abstr.

Appl. Anal., Volume 2013, Article ID 182747.
[11] Mustafa, Z. and Sims, B., “Some remarks

concerning [D - metric spaces”, Proc. Conf. Fixed Point
Theory and Applications, Valencia (Spain), 189-198
(2003).

[12] Mustafa, Z. and Sims, B., “A new approach to
generalized metric spaces”, J. Nonlinear Convex Anal., 7:
287-297 (2006).



1038 GU J Sci, 27(4):1031-1038 (2014)/ Valeriu POPA, Alina Mihaela PATRICIU

[13] Mustafa, Z., Obiedat, H. and Awawdeh, F.,

“Some fixed point theorems for mappings on G -
complete metric spaces”, Fixed Point Theory Appl.,
Volume 2008, Art. ID 189879, 12 pages.

[14] Mustafa, Z. and Sims, B., “Fixed point

theorems for contractive mappings in complete G -
metric spaces”, Fixed Point Theory Appl., Volume 2009,
Art. ID 917175, 10 pages.

[15] Mustafa, Z. and Obiedat, H., “A fixed point

theorem of Reich in G - metric spaces”, Cubo, 12: 73-
93 (2010).
[16] Mustafa, Z., Kandagji, M. and Shatanawi, W.,

“Fixed point results on complete G - metric spaces”,
Stud. Sci. Math. Hung., 48 (3): 304-315 (2011).

[17] Pant, R. P., “Common fixed points for
noncommuting mappings”, J. Math. Anal. Appl., 188:
436-440 (1994).

[18] Pant, R. P., “Common fixed points for four
mappings”, Bull. Calcutta Math. Soc., 9: 281-286 (1998).
[19] Popa, V., “Some fixed point theorems for
implicit contractive mappings”, Stud. Cercet. Stiing., Ser.
Mat., Univ. Bacau, 7: 129-133 (1997).

[20] Popa, V., “Some fixed point theorems for
compatible mappings satisfying an implicit relation”,
Demonstr. Math., 32: 157-163 (1999).

[21] Popa, V., “A general fixed point theorem for
several mappings in G - metric spaces”, Sci. Stud. Res.,
Ser. Math. Inform., 21 (1): 205-214 (2011).

[22] Popa, V. and Patriciu, A.-M., “A general fixed
point theorem for pairs of weakly compatible mappings

in G - metric spaces”, J. Nonlinear Sci. Appl., 5 (2):
151-160 (2012).

[23] Popa, V. and Patriciu, A.-M., “A general fixed
point theorem for mappings satisfying an ¢ - implicit

relation in complete G - metric spaces”, GU J. Sci., 25
(2): 403-408 (2012).

[24] Popa, V. and Patriciu, A.-M., “Two general
fixed point theorems of pairs of weakly compatible
mappings in G - metric spaces”, Novi Sad J. Math., 42
(2): 49-60 (2012).

[25] Popa, V. and Patriciu, A.-M., “Two coomon
fixed point theorems for three mappings satisfying a ¢ -

implicit relation in complete G - metric spaces”,
Vietnam J. Math., 41 (2): 233-249 (2013).

[26] Popa, V. and Patriciu, A.-M., “Fixed point
results on complete G - metric spaces satisfying an
implicit relation of new type”, Ukr. Math. J., 65 (6): 816-
821 (2013).

[27] Raswan, R. A. and Saleh, S. M., “Common

fixed point theorems for mappings satisfying ¢ -

implicit relation in complete G - metric spaces”, Proc.
Pakistan Acad. Sci., 5 (3): 227-234 (2012).

[28] Shatanawi, W., “Fixed point theory for
contractive mappings satisfying ¢5 -mapsin G - metric
spaces”, Fixed Point Theory Appl., 2010, Article ID
189650, 9 pages.



