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ABSTRACT 

In this paper a general fixed point theorem for two pairs of weakly compatible mappings satisfying  φ  - 

implicit relations in   G - metric spaces, which generalize and improve Theorem 2.1 [9], is proved. 
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1. INTRODUCTION 

 

Let ),( dX  be a metric space and 

),(),(:, dXdXTS →  be two mappings. In 1994, 

Pant [17] introduced the notion of pointwise R  - weakly 

commuting mappings. It is proved in [18] that pointwise 

R  - weakly commutativity is equivalent to 

commutativity in coincidence points. Jungck [8] defined 

S  and T  to be weakly compatible if TxSx =  implies 

TSxSTx = . Thus, S  and T  are weakly compatible 

if and only if S  and T  are pointwise R  - weakly 

commuting. 

 

In [5], [6], Dhage introduced a new class of generalized 

metric space, named D  - metric spaces. Mustafa and 

Sims [11], [12] proved that most of the claims concerning 

the fundamental topological structures on D  - metric 

spaces are incorrect and introduced an appropriate notion 

of generalized metric space, named G  - metric space. In 

fact, Mustafa, Sims and other authors studied many fixed 

point results for self mappings in G  - metric spaces 

under certain conditions [13], [14], [15], [16], [28] and 

other papers. 

 

Several classical fixed point theorems and common fixed 

point theorems have been recently unified by considering 

a general condition by an implicit relation in [19], [20] 

and other papers. Actually, the method is used in the 

study of fixed points in metric spaces, symmetric spaces, 

quasi - metric spaces, ultra - metric spaces, convex metric 

spaces, reflexive spaces, compact metric spaces, 

paracompact metric spaces, in two or three metric spaces, 

for single valued mappings, hybrid pairs of mappings and 

set valued mappings. Quite recently, this method is used 

in the study of fixed points for mappings satisfying an 

contractive condition of integral type, in fuzzy metric 

spaces, probabilistic metric spaces and intuitionistic 

metric spaces. 
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The notion of φ  - implicit relation is introduced in [4]. 

The study of fixed points for mappings satisfying implicit 

relations in G  - metric spaces is initiated in [21], [22], 

[24], [26] and in other papers. 

 

The study of fixed points for mappings satisfying a φ  - 

contractive implicit relation in G  - metric spaces is 

initiated in [23], [25]. In [23], the authors proved a fixed 

point theorem for a mapping satisfying a φ  - implicit 

relation. Quite recently, in [27] the authors extended this 

results for a pair of mappings. In [9], a common fixed 

point theorem for two pairs of weakly compatible 

mappings in G  - metric spaces is proved. 

 

In this paper a general fixed point theorem for two pairs 

of weakly compatible mappings in G  - metric spaces, 

satisfying φ  - implicit relations which generalizes and 

improves the results from Theorem 2.1 [9]. 

 

2. PRELIMINARIES 

Definition 2.1 [12] Let X  be a nonempty set and 

+→ Ρ3: XG  be a function satisfying the following 

properties: 

0=),,(:)( 1 zyxGG  if zyx == , 

),,(<0:)( 2 yxxGG  for all Xyx ∈,  with yx ≠ , 

),,(),,(:)( 3 zyxGyxxGG ≤  for all Xzyx ∈,,  

with yz ≠ , 

...=),,(=),,(:)( 4 xzyGzyxGG  (symmetry in all 

three variables), 

),,(),,(),,(:)( 5 zyaGaaxGzyxGG +≤  for all 

Xazyx ∈,,,  (rectangle inequality). 

 

The function G  is called a G  - metric on X  and the 

pair ),( GX  is called a G  - metric space.   

 

Note that if 0=),,( zyxG  then zyx == . 

 

Definition 2.2 [12] Let ),( GX  be a G  - metric space. 

A sequence )( nx  in ),( GX  is said to be: 

a) G  - convergent if for 0>ε , there is an Xx∈  

and Ν∈k  such that for all kmnmn ≥∈ ,,, Ν , 

ε<),,( mn xxxG . 

b) G  - Cauchy if for 0>ε , there is Ν∈k  such that 

for all Ν∈pmn ,, , with kpmn ≥,, , 

ε<),,( pmn xxxG , that is 0),,( →pmn xxxG  

as ∞→pmn ,, . 

A G  - metric space ),( GX  is said to be G  - 

complete if every G  - Cauchy sequence is G  - 

convergent.   

 

Lemma 2.1 [12] Let ),( GX  be a G  - metric space. 

Then, the following properties are equivalent: 

1) )( nx  is G  - convergent to x ; 

2) 0),,( →xxxG nn  as ∞→n ; 

3) 0),,( →xxxG n  as ∞→n ; 

4) 0),,( →xxxG mn  as ∞→mn, .   

 

Lemma 2.2 [12] If ),( GX  is a G  - metric space, the 

following properties are equivalent: 

1) )( nx  is G  - Cauchy; 

2) For 0>ε , there exists Ν∈k  such that 

ε<),,( mmn xxxG  for all Ν∈nm, , knm ≥, .   

 

Lemma 2.3 [12] Let ),( GX  be a G  - metric space. 

Then, the function ),,( zyxG  is jointly continuous in 

all three of its variables.   

 

Note that each G  - metric generates a topology Gτ  on 

X  [12], whose base is a family of open G  - balls 

0}>,:),({ εε XxxBG ∈ , where 

}<),,(:{=),( εε yyxGXyxBG ∈  for all 

Xyx ∈,  and 0>ε . 

 

A nonempty set XA ⊂  is G  - closed if AA = . 

 

Lemma 2.4 [10] Let ),( GX  be a G  - metric space 

and A  a subset of X . A  is G  - closed if for any G  

- convergent sequence in A  with xxnn =lim ∞→ , 

then Ax∈ .   

 

In [2], [22], [23] and other papers some fixed point 

theorems for weakly compatible mappings in G  - metric 

spaces are proved. Quite recently, in [9] the following 

theorem is proved. 

 

Theorem 2.1 (Theorem 2.1 [9]) Let ),( GX  be a 

complete G  - metric space. Suppose that ),( Sf  and 

),( Tg  are two pairs weakly compatible self - mappings 

on X  satisfying 
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)]},,(),,([
2

1

),,,(),,,(),,,({max),,(

SxgygyGTyfxfxG

TygygyGSxfxfxGTySxSxGhgyfxfxG

+

≤
 

      (2.1) 

 

and  

 

)]},,(),,([
2

1
),,,(),,,(),,,({max),,(

SxSxgyGTyTyfxG

TyTygyGSxSxfxGTyTySxGhgygyfxG

+

≤
                                                                                   

                           (2.2)

  

                 

for all Xyx ∈, , where 





∈
2

1
0,h . Suppose that 

)()( XTXf ⊂  and )()( XSXg ⊂ . If one of 

)(XT  or )(XS  is a G  - closed subspace of X , 

then Sgf ,,  and T  have an unique common fixed 

point.   

 

The purpose of this paper is to prove a general fixed point 

theorem for two pairs of weakly compatible self - 

mappings of ),( GX  satisfying φ  - implicit relations 

in G  - metric spaces which generalize and improve 

Theorem 2.1. 

 
3. IMPLICIT RELATIONS 

Definition 3.1 [23] A function )0,)[0,: ∞→∞f  is 

a φ  - function, φ∈f , if f  is nondecreasing function 

such that +∞∑
∞

<)(
1=

tf n

n

, for all 0>t  and 

0=(0)f .   

 

Definition 3.2 [23] Let φF  be the set of all continuous 

functions ΡΡ →+
6

61 :),...,( ttF  such that 

:)( 1F  F  is nonincreasing in variable 5t , 

:)( 2F  there exists a function φφ ∈1  such that for all 

0, ≥vu  with 0,0),,,,( ≤+ vuuvvuF  implies 

)(1 vu φ≤ , 

:)( 3F  there exists a function φφ ∈2  such that for all 

0>, 'tt , 0),,0,0,,( ≤'ttttF  implies )(2
'tt φ≤ .   

 

The following examples are presented in [23]. 

 

Example 3.1. 







 +

−
2

,,,max=),...,( 65
432161

tt
tttktttF , 

where 0,1)∈k .   

 

Example 3.2.  

65432161 =),...,( etdtctbtattttF −−−−− , 

where 0,,,0,> ≥edcba and 1<2 edcba ++++ .   

 

Example 3.3. 

{ }65432161 ,,,,max=),...,( tttttktttF − , where 







∈
2

1
0,k .   

 

Example 3.4.  

654321
2
161 )(=),...,( tdtctbtatttttF −++− , 

where 0,,0,> ≥dcba  and 1<dcba +++ .   

 

Example 3.5. 

 







 ++

−
2

,
2

,max=),...,( 6543
2161

tttt
tktttF , 

where 0,1)∈k .   

 

Example 3.6.  

432

2
6

2
5

2
4

2
33

161
1

=),...,(
ttt

tttt
ctttF

+++
+

− , where 

[ )0,1∈c .   

 

Example 3.7.  

43

652
2

2
161

1
=),...,(

tt

tt
cattttF

++
−− , where 

0≥a  and 1<ca + .   

 

Example 3.8.  

},{2max=),...,( 65432161 tttcbtattttF +−−−
, where 0,0,> ≥cba  and 1<2cba ++ .   

 

Example 3.9.  

},2{max=),...,( 65432161 tttcbtattttF +−−−
, where 0,0,> ≥cba  and 1<3cba ++ .   

 

Example 3.10.  
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},,,{max=),...,( 656432161 ttttttctttF − , 

where (0,1)∈c .   

 
4. MAIN RESULTS 

Theorem 4.1 [1] Let gf ,  be weakly compatible self 

mappings on a nonempty set X . If f  and g  have an 

unique point of coincidence gxfxw == , then w  is 

the unique common fixed point of f  and g .   

 

Theorem 4.2  Let Sgf ,,  and T  be self mappings of a 

G  - metric space such that 

 

0,)),,(),,,(),,,(

),,,(),,,(),,,((1

≤SxSxgyGTyTyfxGTyTygyG

SxSxfxGgygyfxGTyTySxGH

 

                                                                                     (4.1) 

 

0,)),,(),,,(),,,(

),,,(),,,(),,,((2

≤TxTxfyGSySygxGSySyfyG

TxTxgxGfyfygxGSySyTxGH
  

                                                                                      

                                                                                     (4.2) 

for all Xyx ∈, , where 
21, HH  satisfy property )( 3F . 

 

If there exist Xvu ∈,  such that Sufu =  and 

Tvgv = , then there exists Xt ∈  such that t  is the 

unique point of coincidence of f  and S , as well t  is 

the unique point of coincidence of g  and T .   

 

Proof. First we prove that gvfu = . Suppose that 

gvfu ≠ . Then, by (4.1) we have successively 

0,)),,(),,,(),,,(

),,,(),,,(),,,((1

≤SuSugvGTvTvfuGTvTvgvG

SuSufuGgvgvfuGTvTvSuGH
 

 
0,)),,(),,,(),0,0,,,(),,,((1 ≤fufugvGgvgvfuGgvgvfuGgvgvfuGH

 

By )( 3F  we obtain  

 

2( , , ) ( ( , , )) < ( , , ).G fu gv gv G gv fu fu G gv fu fu≤ φ
 

Similarly, by (4.2) we have successively 

 

0,)),,(),,,(),,,(

),,,(),,,(),,,((2

≤TvTvfuGSuSugvGSuSufvG

TvTvgvGfufugvGSuSuTvGH

 

0,)),,(),,,(),0,0,,,(),,,((2 ≤gvgvfuGfufugvGfufugvGfufugvGH

 

By )( 3F  we obtain  

 

2( , , ) ( ( , , )) < ( , , ).G gv fu fu G fu gv gv G fu gv gvφ≤
 

Hence,  

 

( , , ) ( , , ) < ( , , ),G fu gv gv G gv fu fu G fu gv gv≤
 

a contradiction. Hence, gvfu =  which implies 

TvSugvfut ====  for some Xt ∈ . 

Therefore t  is a common point of coincidence of 

),( Sf  and ),( Tg . We prove that t  is the unique 

point of coincidence of ),( Sf . Suppose that there is 

other point of coincidence Swfwz == , tz ≠ . 

 

By (4.1) we have successively 

 

0,)),,(),,,(),,,(

),,,(),,,(),,,((1

≤SwSwgvGTvTvfwGTvTvgvG

SwSwfwGgvgvfwGTvTvSwGH

 

0.)),,(),,,(),0,0,,,(),,,((1 ≤fwfwgvGgvgvfwGgvgvfwGgvgvfwGH

 

By )( 3F  we have 

 

2( , , ) ( ( , , )) < ( , , ).G fv gv gv G gv fw fw G gv fw fwφ≤
 

Similarly, by (4.2) and )( 3F  we obtain 

 

 ).,,(<),,( gvgvfwGfwfwgvG  

 

Hence, 

 

),,,(<),,(<),,( gvgvfwGfwfwgvGgvgvfwG  

 

a contradiction. Hence, tfugvfw === . 

Therefore, 

.=== ztSwfw  

 

Similarly, we prove that t  is the unique point of 

coincidence of g  and T .  

 

Theorem 4.3. Let ),( GX  be a G  - metric space and 

},{ Sf  and },{ Tg  be two pairs of self mappings of 

X  satisfying the inequalities (4.1), (4.2) for all 

Xyx ∈, , φF∈21, HH  and 

).()(and )()( XfXTXgXS ⊂⊂  

 

                                                                                     (4.3) 

If one of )(Xf  or )(Xg  is a G  - closed subset of 

X , then 

a)  ),( Sf  have a coincidence point, 
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b) ),( Tg  have a coincidence point. 

 

Moreover, if ),( Sf  and ),( Tg  are weakly 

compatible, then Sgf ,,  and T  have an unique 

common fixed point.   

 

Proof. Let Xx ∈0  be an arbitrary point of X . Since 

)()( XgXS ⊂  and )()( XfXT ⊂ , there exist 

Xxx ∈21,  such that 10 = gxSx  and 21 = fxTx . 

By continuing this process, for 0,1,2,...=n  we choose Xyx nn ∈ ,  such that 

   

.==   ,== 2212121222 ++++ nnnnnn fxTxygxSxy
 

 

By (4.1) we have successively 

 

0,)),,(),,,(),,,(

),,,(),,,(),,,((

221212122121212

22212122121221

≤++++++

++++

nnnnnnnnn

nnnnnnnnn

SxSxgxGTxTxfxGTxTxgxG

SxSxfxGgxgxfxGTxTxSxGH
 

 

  

0.),0),,(),,,(

),,,(),,,(),,,((

12121212122

22122212121221

≤++−++

−−++

nnnnnn

nnnnnnnnn

yyyGyyyG

yyyGyyyxGyyyGH
 

 

By )( 1F  and )( 5G  we obtain 

 

0.),0),,(),,(),,,(

),,,(),,,(),,,((

12122221212122

22122212121221

≤+ ++−++

−−++

nnnnnnnnn

nnnnnnnnn

yyyGyyyGyyyG

yyyGyyyGyyyGH
 

By )( 2F  we obtain 

 

 )).,,((),,( 2212112122 nnnnnn yyyGyyyG −++ ≤φ  

 

Again, by (4.2) we have successively 

 

0,)),,(),,,(),,,(

),,,(),,,(),,,((

121222222212222212

1212122222122222122

≤+++++++++

+++++++++

nnnnnnnnn

nnnnnnnnn

TxTxfxGSxSxgxGSxSxfxG

TxTxgxGfxfxgxGSxSxTxGH
 

 

0.),0),,(),,,(

),,,(),,,(),,,((

22222222212

12122121222222122

≤+++++

+++++++

nnnnnn

nnnnnnnnn

yyyGyyyG

yyyGyyyxGyyyGH
 

 

By )( 1F  and )( 5G  we have that 

 

0.),0),,(),,(),,,(

),,,(),,,(),,,((

2222212122222212

12122121222222122

≤+ +++++++

+++++++

nnnnnnnnn

nnnnnnnnn

yyyGyyyGyyyG

yyyGyyyGyyyGH
 

By )( 2F  we have 

)),,,((),,( 121221222212 +++++ ≤ nnnnnn yyyGyyyG φ  

 

which implies 

  

1,2,...=)),,,((),,( 1111 nyyyGyyyG nnnnnn −++ ≤ φ  

 

Then 
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)).,,((),,( 110111 yyyGyyyG n
nnn φ≤++  

 

We prove that )( ny  is a G  - Cauchy sequence in X . 

 

For Ν∈mn,  with nm > , we have repeating )( 5G  that 

)).,,((

),,(...),,(),,(),,(

1101

1

=

122111

yyyG

yyyGyyyGyyyGyyyG

k
m

nk

mmmnnnnnnmmn

φ∑≤

+++≤
−

−+++++

 

Since +∞∑
∞

<)),,(( 1101
1=

yyyGk

k

φ , then for any 0>ε , there exists Ν∈k  such that for knm ≥, , 

εφ <)),,(( 1101

1

=

yyyGk
m

nk

∑
−

. Hence, by Lemma 2.2, ny  is a G  - Cauchy sequence. Since ),( GX  is G  - complete, 

there exists Xz ∈  such that zyn →  as ∞→n . This implies that zyy nnnn =lim=lim 122 +∞→∞→ . 

 

Suppose that )(Xg  is closed. It follows that guz = , for some Xu ∈ . Using (4.1) we have successively  

 

0,)),,(),,,(),,,(

),,,(),,,(),,,((

222

222221

≤nnn

nnnnn

SxSxguGTuTufxGTuTuguG

SxSxfxGgugufxGTuTuSxGH
 

 

0.)),,(),,,(),,,(

),,,(),,,(),,,((

2212

22121221

≤−

−−

nnn

nnnnn

yyguGTuTuyGTuTuguG

yyyGguguyGTuTuyGH
 

 

Letting n  tend to infinity we obtain  

 

0,),0),,(),,,(),0,0,,,((1 ≤TuTuzGTuTuzGTuTuzGH  

 

which implies by )( 2F  that 0=(0)),,( φ≤TuTuzG . Hence, guTuz ==  and u  is a coincidence point of g  

and T . 

 

Since )()( XfXT ⊂ , there exists Xv∈  such that gufvTuz === . Then by (4.2) we have successively  

 

0,)),,(),,,(),,,(

),,,(),,,(),,,((2

≤TuTufvGSvSvguGSvSvfvG

TuTuguGfvfvguGSvSvTuGH
 

 

0),0),,(),,,(),0,0,,,((2 ≤SvSvguGSvSvguGSvSvguGH  

 

which implies by )( 2F  that 

0,=(0)),,( φ≤SvSvguG  

 

i.e. fvSvguz === . Hence, v  is a coincidence point of S  and f . 

 

Therefore, z  is the common point of coincidence of ),( Sf  and ),( Tg . By Theorem 4.1, z  is the unique point of 

coincidence of ),( Sf  and ),( Tg . By Theorem 4.1, z  is the unique common fixed point of Sgf ,,  and T .  
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Corollary 4.1 Let ),( GX  be a complete G  - metric space. Suppose that ),( Sf  and ),( Tg  are weakly compatible 

pairs of self mappings of X  satisfying 

 

)]},,,(),,([
2

1
),,,(

),,,(),,,({max),,(

SxSxgyGTyTyfxGTyTygyG

SxSxfxGgygyfxGhTyTySxG

+

≤
 

                                                                                                                                                                                 (4.4) 

0,)]},,(),,([
2

1
),,,(

),,,(),,,({max),,(

≤+

≤

TxTxfyGSySygxGSySyfyG

TxTxgxGfyfygxGhSySyTxG

 

                                                                                                                                                                                 (4.5) 

 

for all Xyx ∈,  and 0,1)∈h . Suppose that )()( XgXS ⊂  and )()( XfXT ⊂ . If one of )(Xg  or )(Xf  

is a G  - closed subspace of X , then Sgf ,,  and T  have an unique common fixed point.   

 

Proof. The proof it follows from Theorem 4.3 and Example 3.1 with kttt =)(=)( 21 φφ .  

 

Remark 4.1 

1.  In the proof of Theorem 2.1 [3], page 4, lines 10 and 11 from the bottom, there exists some written mistakes and hence the 

proof of the fact that the sequence )( ny  is a G  - Cauchy sequence is not correct. Similarly, in the proof of Theorem 2.1 

[9]. For a correct form of Theorem 2.1, we suggest the inequality 

 

)]},,(),,([
2

1

),,,(),,,(),,,({max),,(

fxfxTyGgygySxG

gygyTyGfxfxSxGTyTySxGhgygyfxG

+

≤
 

 

instead inequality (2.2). 

2. Corollary 4.1 is a generalization and the correct form of Theorem 2.1 because 0,1)∈h  instead 





∈
2

1
0,h  and the 

fact that )( ny  is a G  - Cauchy sequence is correct. 

3. By Examples 3.2 – 3.10 we obtain new particular results.  
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