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ABSTRACT

An n-tuplet fixed point is a generalization of the well-known concept of “coupled fixed point and tripled fixed
point”. The intent of this paper is to introduce the concept of mixed strict monotone property and generalize Meir-
Keeler contraction for mapping F: X" — X, where n is an arbitrary positive integer. Also establish an n-tuplet fixed
point theorem for mappings F: X" — X under a generalized Meir-Keeler contraction in the setting of partially ordered
metric spaces. Related examples are also given to support our main results.Our results are the generalizations of the
results of B. Samet[8] and Hassen et al. [15]. Also as application, some results of integral type are given.
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1. INTRODUCTION

Fixed point theory has fascinated many researchers since
1922 with the celebrated Banach’s fixed point theorem.
There exists a vast literature on the topic and is a very
active field of research at present. Theorems concerning
the existence and properties of fixed points are known as
fixed point theorems. Such theorems are very important
tool for proving theexistence and eventually the
uniqueness of the solutions to various mathematical
models(integral and partial differential equations,
variational inequalities).

Basic topological properties of an ordered set like
convergence were introduced by Wolk [1]. In 1981,
Monjardet [2] considered metrics on partially ordered sets.
Ran and Reurings [3] proved and analog of Banach
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Contraction mapping principle in partially ordered metric
spaces. Bhaskar and Lakshmikantham in [4] introduced
the concept of coupled fixed point of a mapping F: X x
X — X and investigated the existence and uniqueness of a
coupled fixed point theorem in partially ordered complete
metric spaces. Lakshmikantham and Ciric in [5] defined
mixed g-monotone property and coupled coincidence
point in partially ordered metric spaces. Samet [8] defined
generalized Meir-Keeler type functions and proved some
coupled fixed point theorems under a generalized Meir-
Keeler contractive condition.

Following this trend, Berinde and Borcut [6] introduced
the concept of triple fixed point and established some
triple fixed point theorems in partially ordered metric
spaces. The notion of fixed point of order N > 3 was first
introduced by Samet and Vetro [7]. Hassen Aydi et al [15]
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defined generalized Meir-Keeler type functions and
established some tripled fixed point theorems under a
generalized Meir-Keeler contractive condition.

Karapinar [9] used the notion of quadruple fixed point and
obtained some quadruple fixed point theorems in partially
ordered metric spaces. Later, various results on quadruple
fixed point have been obtained; see, for example, [9-
14].Very recently, Muzeyyen Erturk and VatanKarakaya
[17] introduced the concept of n-tuplet fixed point and
established some n-tuplet fixed point theorems for
contractive type mappings in partially ordered metric
spaces.

The purpose of this paper is three fold which can be

We introduce the concept of mixed strict
monotone property and generalize Meir-Keeler
type contraction and establish an n-tuplet fixed
point theorem for continuous mapping F: X" —
X under a generalization of Meir-Keeler type
contraction in the setting of partially ordered
metric spaces. We introduce some examples to
illustrate the effectiveness of our results. Also
these theorems are still valid for F, not
necessarily continuous, assuming (X, d, <) is
regular.

We prove the uniqueness of an n-tuplet fixed
point for such mappings in this setup. Related
examples are also given to support our main
results.

described as follows. 3
* Also applications, some results of integral type

are given.

2. PRELIMINARIES
Here we recall some basic definitions and results.
The triple (X,d, <) is called a partially ordered metric space if (X, <)is a partially ordered set and (X,d) is a metric space.

Further if (X,d) is complete metric space, then the triple(X,d, <) is called a partially ordered complete metric space.
Throughout the manuscript, we assume that X # @ and

XP=XXXX .o XX 1)
n-times

Then the mappingp,,: X" X X™ —= [0, o) such that
pn(x, Y) = max{d(xl, YI)J d(XZr YZ)J e d(Xn, YH)} (2)
forms a metric onX", where X = (X1, Xy, .....Xp)and y = (¥4, Yz, .....¥n) € X™.
Definition 1(see [15]):Let (X, d, <) be a partially ordered metric space. A mapping F: X3 — X is said to be generalized Meir-
Keeler type contraction if for any € > 0, there exist a §(¢) > 0 such that for all x,y,z,u,v,r € Xwithx <u,y >vandz <rr,
€ < max{d(x,u),d(y,v),d(z, 1)} < e+ 8§(e)
= d(F(x,y,2),F(u,v,h)) < e 3)

Remark 2(see [15]):It is immediate to show that if F: X3 — X is a generalized Meir-Keeler type contraction, then it is
immediate to show that for all x,y,z,u,v,;r e Xwithx <uy=>v,z<rorx<u,y >2Vv,z<r,

d(F(xy,2), F(u,v, 1)) < max{d(x,w),d(y,v),d(z )} (C)]
Definition 3(see [17]):Let(X, <) be a partially ordered set and F: X" — X be a mapping. We say that F has the mixed monotone
property if F(xq,X5,X3,Xy, -.....,Xy) is monotone non-decreasing in its odd argument and it is monotone non-increasing in its

even argument. That is, for anyxy, X5, X3, X4, -+, Xp € X;

V1,21 €X, y1 =2

= F(y1,X2,X3,Xg, oo, Xn) < F(2q,X2, X3, X4, cevv0, Xp)
V2,22 €X, Y2 <2
= F(Xq,¥2,X3,X4, evee--, Xp) = F(Xq,2Z3, X3, X4, ceevvo, Xp)

V3,23 €X, Y3 <73
= F(X1,X2,¥3,X4, e -, Xn) = F(X1,X2,23, X4, venv v, Xp)



GU J Sci, 27(3):933-952 (2014)/ Manoj UGHADE, R. D. DAHERIYA 935

(5)
YnrZn € X. Yn < Zy
= F(Xy,X2,X3, X4y -, Yn) < F(Xq, X2, X3, Xy, -, Zp) (if 0 is 0dd)
Y Zn €X, Yn <7y
= F(Xq,Xp,X3, X4, eeerv, ¥n) = F(Xq,Xp, X3, X4, n..., Zg) (if 0 is even)
Definition 4(see [17]): Let X be a nonempty set and F: X® — X a given mapping. An element (X, X, X3, X4, «-e .-, Xp) € X2 is
called a n-tuplet fixed point of F if
F(Xlr X2, X3, X4y wes ..,Xn) = Xy,
F(Xg,X3,Xg) weee) X, X1) = X3,
F(X3,X4, een ) X, X1, X2) = X3,
. (6)
F(Xp, X1, X2, X3, ceeevv, Xn_1) = Xp.

3. NEW DEFINITIONS
We start this section with the following definitions.

Definition 5Let(X, <) be a partially ordered set and F: X™ — X be a mapping. We say that F has the mixed strict monotone

property if F(Xq,X3,X3,......,Xn) is strict monotone non-decreasing in its odd argument and it is strict monotone non-
increasing in its even argument. That is, for anyx4, X5, X3, ......, X, € X;

V1,21 €EX, Y1 <2z = F(y1,X2,X3,X4) e, Xn) < F(2q,Xg, X3, X4, e e ey Xp)

V2,22 €X, Y2 <Zy = F(Xq,¥2,X3,Xg, e, Xp) > F(Xq, 22, X3, X4, v oo, Xp)

V3,23 €X, ¥3 <23 = F(X{,X2,V3,X4) e, Xp) < F(Xq,X2,23,Xg) weev v, Xp)

: (@)

Vi Zn €EX, Vi <Zp = F(Xq,X,X3,Xy4, v vo-, Vi) < F(Xq,X2,X3, X4, o ..., Zy) (if n is odd)

Vi Zn € X, Vn < Zn = F(Xq, X, X3,Xg) e vo., Yn) > F(Xq,X2,X3, Xy, ... ., Zy) (if n is even)

Definition 6Let (X, d, <) be a partially ordered metric space. A mapping F: X" — X is said to be generalized Meir-Keeler type
contraction if for any € > 0, there exist a §(¢) > 0 such that for all xq,X5,X3,X4, cw+-+, Xn, Y1,Y2, Y3, V4 -+ -+, Yo € X With
X1 SV, X2 2 Yo, 00, X < Yp(if nis odd),x, =y, (if nis even),

€ < max{d(xy,y1),d(X2,¥2), - .- d&p,yn)}<e+é
= d(F(xq,X2,X3,X4) -, X0 ), F(V1, V2, Y3, Vay v o+, V) < E ®)

Remark 71t is immediate to show that if F: X" — X is a generalized Meir-Keeler type contraction, then it is immediate to show

that for all x4, X,, X3, X4 « .. y X Y1, Y2, Y3 Yar oo, Yn € X With X3 < y1,X 2 ¥p, .00, Xy S yu(if nis odd),xy, =y, (if n is
even) or Xq < y1,Xp =Y, ...., Xy < yp(ifnis odd),x, =y, (ifniseven)

d(F(xl,xz,x3, ...... ,X0), F(Y1, V2, V3 won e ,yn))
< max{d(x1,¥1), d(Xz,¥2), -+ wee vevv oo d(Xn, Y1) } ©)

We introduce some notions used in the sequel. Let F : X™ — X" such that for a;,a,,ag, ... ... ,an € X

- F(aq,a,,as, ... .. ,ap), F(ay, as, ... ... ,ap,a1),
F(ay,ay a3 ., an) =( (a1,az,a3 ) F(az, az wa) ) (10)
F(as, ... - ,p,a1,83) o ,F(ap,ag,az, o ,an_1)
Let x3,x3,%3, ... ... , X8 € X be such that,
X3 < F(x3,%x3,%3, ... .. X,
x3 = F(x3,%x3, ... , X5, x3),
: (11)

x§ < F(x§,x38,%3,, 0ot ,x871) (if n is odd)
X8 = F(x8,%8,%3,, e, XB71) (if n is even)

We’ll consider the n sequences (xi), (x2), (x2), ... ..., (x}) as follows:
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(k] [Fke1 Xio 1 Xy oo Xe-1)] [Fk(XOJXOng: ------ X0) |
IXIZ(I IF(xﬁ_l,xﬁ_l, ...... ,xﬂ_l,x}(_l)l I FX(xZ,%3, ... ... ,x8,x3 I
|Xﬁ| = |F(x]§_1, ...... B xt L xE DT | FX(x3, ... ..., x8, x5, %3) | Vk=123,. (12)
l)j_{'—J lF(xfg_l,x]l(_l,xﬁ_l, ...... ,XpZ 1)J le(XO,XO,X(Z), ...... ,X(‘}_l)J
Ax FAx-1) FX(Ag)
4. KEY PROPOSITION

Now, we state and prove the first result of this paper which will be useful in proving our main result.

Proposition 8Let (X, d, <) be a partially ordered metric space and F: X" — X be a mapping such that the following hypotheses
hold:

L F has the mixed strict monotone property,
IL F is a generalized Meir-Keeler type contraction,
111 There exist X3, X2, %3, ... ... , X5 € Xbeas in (11),

V. 3 (x1,x%,x3, ... .. XM, L y2y83, ,y™) € X" such that
x! <yl,x? >y? ..., x" <y"ifnis odd),x® = y" (ifnis even)

Then Pn (ﬁ(xl,xz,x3, ...... LX), ﬁ(yl,yz,y3, ...... ,yn)) - 0ask - +oo. (13)

Proof: Set
(x1,x%,%3, ... .. ,xXM) = (x3,%3,%3, ... . ,x3) and
OLYEYE Y™ = (V0,Y8, Y0, e 0 V0)-
We assert thatV k € N
Xt = FR(x3,x3,%3, . ., xB) < FX(Y4, 2,53, o, 7D = Vi,
xZ = FR(X3,%3, o e, X5, %8) > FX(y3,¥3, o e, ¥, ¥8) = V2,
xp = FX(x3, ... ..., x8,%3,%3) < FX(¥E, .. ., ¥, ¥4, ¥3) = vi,
: (14)
X0 = FR(xE, %3, %2, oo o0, X071 < FR(Y8,y8, V2, o oo, y8~1) = yi(if n is 0dd),
xB = FR(xD, x3, X3, v e, X871 > FR(y8,y3,¥3, o o, y&~1) = yR(if n is even), withF = F.

For this, we will use the mathematical induction. Because F has the mixed strict monotone property, together with the
assumption that

xt <yl x2 >y?, x3 <y¥ ... x" <y"(ifnisodd),x" = y" (if nis even).
We obtain;
x} = F(x!,x2%,%53, ... .. ,x") = Fi(x},x3,%3, ... ... XD < Fl(yd,x3, %3, ... ... X8
= F(x3,%3,%x3, . ... ,xX8) < Fl(yd,y3,x3, ... ... XD
= F(x3,x3,%x3, .. ... ,x0) < Fl(yd,y3,v3, ... ... ,X8)
= F1(x3,%3,%x3, .. ... ,x8) < FL(yd,y3,v3, ... V)
= F(x},x3,%3, o, x8) < F(Ly2, 93, e y™) = v (15)

Analogously, we get;

X1 =F(x3,%3, ... ... X8, x8) > F(yé,y3, .ot X8, yd) = y3,
X1 =F(x3, o o, X0, %5, %3) < F(y3, o e, x5, 8, ¥3) = y3,
: (16)

xB = F(x§, x5, %3, e oo, X8 < F(y8,y3,¥3, ... ..,y 1) = yB, (if n is odd)
xP = F(x5, %8, %3, e, X0 > F(y8, 8, Y&, o e, yo© 1) = y2, (if n is even).
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Thus, the inequalities in (14) hold for k = 1.By using the same arguments, we show that the inequalities in (14) hold also

forn = 2. In fact,

...... ,X0)
x) = F(xi, x§, %3,
,x0), F(x5, %3,
/X8, X5, %),

F(ys,¥6, v,
F(X3, e e X0, X5, X5),

1= 20yl 2 3
xz = F*(xq, %0, X0,
— Fl(x! %2 3
= FH(x{, X1, %7,
1.2 3
F(XOJXOrXOr

.......

.............

<F

<F

..............

F(y5,¥6,3,
F(y3,

<F

n 1 2
VX0, Y0, Yo )

<F F(Y5, 96,8, v oo
F(y3 n gl y2)

Yo, X0, Y0, Y6),
<F(Fyiyiyi

Analogously, we get;

,X0,%3) > F2(y3,v3,
JX0,%0,%X5) < F2(y3,

2 _ R2(y2 3
x3 = F2(x§,%p,
3 _ R2(y3
x3 = F*(xq,

N — F2(xN 1 2 n-1 2(v2 3
x5 = F2(xg, Xg, X5, xp 1) < F*(¥§, Y5,

n _ F2(y0 1 2
x3 = F2(x0, Xq, X0,

.......

.......

.......
n 1 2
F(Xo,XO,Xo,
n 2 3
,¥0), F(x§, X3,
JF(X(I}JX(I)rX(%r

( F(y3,Y6,¥8s e -, YO, F(¥6, V3,
F(x3, X0, X0, X5) JF(X(I}JX(I)'X(%r
( Y, F(yé.vs,

.F(xé},xé.xé.
LY, F(yé,v3,
F(Y8,56, Y8,
¥ = F2(y8,y8, v,

Y86, ¥8)

x§™1) > F2(y8, v5, 3,

.......

an

Y8, ¥9) =3,
=y3 (18)
,y8,y8) =y5, (ifnis odd)

,ya~1) = yB (if n is even).

Thus, our claim is true for k = 2. Now, suppose that the inequalities in (14) hold for k = m. In this case,

.......

n — pmc,n 1 (2
xm = F™(xq, Xp, X5,
— n 1 2
xXm = F™(xg, Xg, X5,

.......

x§) < Fm(yé,yg,yé,
,XS,XO) > F™(y5, Yo
,XE},Xé.XS) < F™(y3,

X0 < FM(yd,y3,
xg™h) > F™(y8,v6,¥8,

,Y0) = Y
,Y6,¥0) = Van
Y8, y8,v8) =y,

(19)
Y8, y8) = yi, (if nis odd)
,y6H) =y, (if nis even).

Now, we must show that the inequalities in (14) hold for k = m + 1. If we consider (12) and mixed strict monotone property

of F together with (19), we have;

1 pm+l(gl o2 3 n
Xme1 = FPFH(XG, X5, X5 vee vens x3)
—pl 2 43
=F (Xm'erer

(Fm(Xo' XO'XOrXO)

3
F(Xm 1 X m 1 Xm- 1!

=F
(F(Xm 1

.............

]’l
m

Xih) = F(xin, X5, X3,

m 3 x0 m(y,2 3
F (Xo,Xo,Xo, ------ 0), F™(x5, X5,
m(,n 1 2
F™(xg, Xq, XG>

X 1er l'Xm 1)

3

.......

.......

1), F(X3_1, X1,

n 1 2
o F(Xmo 1 Xm-1, Xim-1

n 1
» Xm—1/ Xm—l)r

)

n
» Xm-1

<F< F(Yi-1, V-1 Va1 e oo 'Ym—1)'F(X12n—1'Xr3n—1r ------ 'X?n—l'xrln 1) >
F(x3 1, e, X2, XE X2 1), e PR X X2 e, x0T
<F< Fh-1, Y1 Y1 o Y1) FO a1 Vi1 v o Yo 1 Vi 1) )
F(Xm_1) -oe o XD _uxk X2 ), e JFG X X e ,xnL
F(len—erIzn—lJygn—lr """ Jygl—l)J F(ern—lJygn—lr """ JYm Ier 1)

<F
<F(yf;1_1, ......
<F F(Ym-1,Yim-1 Yim-1,
F( 3 n 1 2 )
Ym—lr ' Ym-1Ym-1Ym-1)
= F( m Ym'Ym'
=F™1(y4, 56, Y5,

\Y8) = Yma1

n 1 2
Y- Ym-1Yim-1)

Y = FL (v, v, v

...... JFGR L xE X2 e, XY
V-1 FG— 1, Vi1 o oo Vi, Vin-1)s )
------ FO Rt Vi1 Vi1 - o0 Vi

(20
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Analogously, we get;

2 — Fm+1/2 (3 n 1 m+1/y,2 {3 n 1\ — 2
Xyt = FOTHXE, X3, woe o ,X0,Xp) > FM Uy, v5, e oo 2Y0,Y0) = Ym+1s
3 — pm+13 n 1 .2 m+1,,3 n 1l 2y _— {3
Xm+1 = FTTH (g, oo e ,X0,X0,Xg) < F™(yg, ... ... /Y0, Y0,Y0) = Ym+1s 21
n — +1(,n 1 2 n-1 +1(y,0 1 (2 n-1y — ,n 5 5
Xp4q = FPHL(XE, x5, X, e on X0 h) < FPHA(yE,v5, V6, <o o V0 Y) = yme1,(if nis odd)
n — pm+l,n 1 2 n-1 m+1/,n 1 ;2 n-1y — ,n 3 3
Xme1 = FPPH(XE, X5, XG, von e X070 > F™H N (yE, vi, v6, o e , Y01 = yhs1, (if nis even).

Thus, (14) is satisfied for all k > 1.By using Remark 7 and (14), we have;

(ke Virz) = d (P20, 58 53, oo o X8), P2 (58 73,93, oo )
=d (F(X11<+1rxl%+1: X e e , Xlr<l+1): F(Yl£+1: Vst Vit o oo , y}?+1))
< max{d(xis1 Vicer), d(xf 1 VEe1), d(xe 1 yie1), oo, AR 1 VR D}
d(xEs2¥Er2) = d(F203,58, e xB38), P2 (52,53, o yE, D))
=d (F(Xﬁﬂ'xﬁﬂ' ------ err<I+1'X11<+1)' F(Yl%+1!Y]3<’+1' ------ 'Y13+1'Y1£+1))
< maX{d(XﬁH, y}%+1)r d(xl§+1: Yﬁ+1)r ------ L d(Xis 1 Vi) d(xll<+1r y}1<+1)}
(42 ¥iez) = d (F2 63, oo 58, X8, 580, Y253, yB,y893))
=d (F(X1§+1v ------ X1 Xir 1 X 1) F(VRe s oo rY]lg+1Jy}£+1'YI€+1))
< max{d(x 1, Vieer) o o0 Q0041 Vi) d(Xir 1 Ve 1) A(6R4 1, i)}
: (22)
d(xp, . ¥R, ,) =d (Fk+2(x3,x(1),x(2), ...... X871, FR+2(yn yl y2 ,yg_l))
=d (F(XII(]+1'X11<+1'XIZ<+1' ------ X1 ) F(VRe1 Viens View s e oo YE;%))
< max{d(xlr(l+1r}’lr<l+1): d(X11<+1JYI1<+1)J d(X12<+1vYI%+1)J ------ ,d(xﬂ;i,yﬁ;i)}
By using (22), we get;
max{d(x}(H, Yﬁ+2)r d(X12<+2' Yﬁ+2)' d(xﬁ“, Y13<’+2)r ------ ’ d(Xlr:+2rYIr<l+2)}
ke Yier1) A0 1 Vi1, (41 Ve ) e »d(Xigy 1 Vi
< max{d(xgy 1, Vierr) d(Xes 1, Vie1) d(Xi 1, Visr) d(xfty 1, Yier)} (23)
For the simplicity, we define
Agyri= max{d(xll(ﬂ,yll(“), d(X1%+1'Y1€+1)rd(X13<+1'Y1§+1)r ------ ’ d(Xllg+1'YII<l+1)} (24)
From (23) and (24), we get;
Apyo< Dy, VK EN (25)
If we denoteBy = (y]i V2, V5, y]‘g) , then by the definition of p, and (25), we have
Pn(Ax+2,Bit2) < Pn(Ax+1,Brs1) YVKEN (26)

Consequently, the sequence {t;} = {p,(Ay, By)} is decreasing. Hence {t) Jconverges to, say € = 0.Clearly, if € = 0, we have
finished. Suppose, on the contrary, € > 0.Thus, there exists r € Nsuch that, forany k > r,

€ <tg=pn(Ax,By) <e+6(¢) 27)
In particular, for k = r we have,

€ <t,=pn(A,B) <e+8() (28)
That is,

£ <A <e+6() (29)

It follows from (14) and the hypothesis (ii) that
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d(F(xt, x2,%3, ... .. XB), F(yL, y2,y8, e y?)) < € (30)

This is equivalent to
d(xft41, Y1) <€ (31

Analogously, we can get
d(xFi 1, Vi) <&
d(xty1,y241) <&,

: (32)
d(xr1,Yre1) <&
That is;
Arp1<e (33)
Thus,
tre1 = Pn(Arp1, Bryg) < e
This is a contradiction. Thus, € = 0, that is,
limy_ 4 o0 ty = limy_, 100 P (Ak, Bx) = 0. (34)
We conclude that,
Pn (Fk(xl,xz,x3, ...... ,x™), FR(y1, y2,v5, .. ... ,y“))
= pn (FXC3, 3,55, o XB), FE 8, 93,8, o))
= pn (FR(A0), FR(By) ) = pn (F(Ay-1), F(By-r))
= pn(Ag, By) = 0 ask — +oo. 3%5)
Remark 9 The previous proposition remains true if in (ii1), we change the
assumption:3 (Xq, Xy, X3, Xg, «r or ,Xn), (V1, Y2, Y3, Var cen o ,¥n) € X" such that x; < yq,Xy = Vg, ., Xy < yp (if n is odd),x, =
yn(if n is even) with the following,
3 (X1, X3, X3, X4 eor ooe X)), (Y1, Y2, V3, Vas ven oo ,¥n) € X™ such that
X1 < Y1,X2 > Yo, e, Xp < Yp(ifnis odd),x, >y, (ifnis even). (36)

5. EXISTENCE OF N-TUPLET FIXED POINT
Following theorem is the main result this of paper.

Theorem10 Let (X, d, <) be a partially ordered metric space. (X, d) be a complete metric space and F: X" — X be a mapping
such that the following hypotheses hold:

L F is continuous,
1L F has the mixed strict monotone property,
111 F is a generalized Meir-Keeler type contraction,
V. There exist X(l), X(Z), Xg, ...... ,Xg € Xbeasin (11).
Then F has a n-tuplet fixed point, that is, there exists x!,x2,x3, ... ... ,x™ € X such that
F(x!, x%,%53, ... ... ,x") = x1,
F(x?,x53, ... ... ,x%, x1) = x?,
F(x3, ... ... ,x", x1,x2) 3
F(x", x1, %2, ... ... X1 = xn
. 1 42 (3 n : 1 2 3 n :
Proof: Let X3, X3, Xg, - - ,Xg € Xbe as in (11). We construct the sequences (xk), (xk), (Xk), ...... , (xp) according to (12). We
claim that;

Xp_q < Xy XP_q > XEpeeiiiii, Xp_1 < Xp, (ifnisodd) xg_; >xp (ifnis even) 37
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Indeed, we will use the mathematical induction to prove (37). The inequalities in (37) hold for k = 1 because of (11), that is,
we have

1 1,2 .3 ny _ 1

Xg < F(Xg, X6, X5, e o ,X0) = X1,

2 2 3 n o 1y — 2

x5 = F(X§, X5, - oo , X0, X0) = X1,

n n 1 2 n-1y — N ¢; :

Xg < F(X(,X3,XGs s won ooe , X0~ 1) = x7 (if nis odd)

x8 > F(x8,x3,%3,, ,xB71) = xI (ifnis even)
Now, suppose that the inequalities in (37) hold for k = m. In that case,

X o < xh, X2 =X, xB_, <xR, (ifnisodd), x?_; =x% (ifnis even) (38)

If we consider (12) and mixed strict monotone property of F together with (38), we have

xk = FM(x},x2, %3, ... .., x)

= Fl(xrln—lrxrzn—er?n—lJ """ 'er;l—l)

= F(Xp—1, X1, X1/ o o »Xm-1)

< F (X, X2 1, X3 1y e e, XB 1)

< F(xb, x2, X3 1) e e, XB_1)

< F(x},x2,x3, ... xR

< F(xL,x%4,%x3, ... .. ,xBY) =xL 4
x2, = F™(x3,%3, ... ... , X8, %3

= F'(Xh_1, X1y e e » X1 Xm-1)

= F(Xp_1, X1 e oo ) X-1,Xm-1)

> F(X2, X3 1) e e, X, X0 _1)

> F(x2, %3, e, XB_ x5 1)

> F(x2,%3, ... ... ,xBox )

> F(x2,x3, o, X8, x5) = x2 14

: (39)
xB = Fm(x8, x3,x2, ... .., x5 1)

= FY (XD g, XE 1, X2 g e e, xBTY

= F(XD 1, Xh_ 1, X2 g, e e, XBTL

< F(XB, XE 1, X2 gy e e ,xaL

< F(xB, x5, X2 g, e e, XBTY

< F(xR,xL,x2, .. .. ,xh-L

< F(xB, x5, %2, ... , X311y = xB . (if n is odd)
xB = F™(x8,x3,%x2, .. ... ,xg™1)

= F (X, XE X g e e, XY

=F&xE_,xL X2, e, xB7L

> F(XB, X5, X2 g e o xiL

> F(xD, X5, X2 1, e XAl

> F(x%,x5,%x2, .. ... ,xB-1)

> F(xB, x5, x4, . o ,xB1) = xB . (if nis even)

Thus, (38) is satisfied for all k = 1. So, we have
D S xll( > X]l(_l >l > X% > x% > x% > X(l),
e < XE S XE < < x2 < X2 < xE <X, (40)

e > XS Xy > e > X5 > XD > X7 > xg, (ifn s odd)
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< Xp < Xpoq <o < X5 < x5 < XD < x(, (if nis even).
Now putting (x!,x2,x53, ... ... X)) = Ay, L, y2y3, ,¥™) = A; and Proposition 8, we get;
pn (F(A0), F¥(A1)) - D ask - +oo. 1)

This is equivalent to
Pn(Ag, Aks1) > Oask > +oo. (42)

Take an arbitrary € > 0. it follows from (42) that there exists r € N such that
pn(ArrAr+1) < 6(5) (43)
Without loss of generality, assume that§(g) < € and define the following set:

A= (x1,x%,x3, .....,x") € X"|p, (F(Ar) F(A)) <e+6(e)

[T:=1 andx® >xL,x% <x%,%3 > x3, ..., x™ > x2(if n is odd), (44)
x" < x7, (if n is even)

We claim:
FAeEILVAEeET] (45)

Take A € [], then by (43) and the triangle inequality, we have

p ((A ) F(A)) = max{ d(x} P, x2, x5, x™), d(x2, F(x2, %5, o, X0, X)), }
n /)

d(xﬁ, F(x3, ...,x“,xl,xz)), ...... , d(x]'_‘, F(x", x1,x2, ...,Xn_l))
( d(xt, xt, )+ d(x%H,F(x1 x2,%3, . “))
4 d(x%,x%,.1) + d(XH_l,F(X X3, . ,x1, xt }
< max
| |
Ld(xr,xr+1)+d(xr+1,F(X x1, %2, ... , X1 1)))
( d(xi, xt, )+ d(F(Xr,xr,x,?, ...... XD, F(xL, %2, %3, .. ... ,x")),
d(x?,x2,,) + d(F(xE,XE, ...... xr,xr) F(x%,%3,...... ,x“,xl)),
< max :
td(x}‘,xﬁﬂ) + d(F(X?, X}, %2, ... X0, F(xD, x4, %2, ,X“‘l))
< maX{d(X%,X%+1),d(XE,X?_‘_l), """ 4 d(XIl‘qJ Xlr"l+1)}
d(F(X},X?,XE, ...... ,xM), F(x5, x2,x3, ... ... ,x“)),
+max4 d(F(x2,x3, ... .. Xr,Xr) F(x2,x53, ... ,x%,x1),
d(F(X?,X%,Xf, ...... ,X?_l),F(x“,xl,xz, ...... ,x“‘l))

= pn(Ar, Ary1) +pn (F(Ar)' F(A))
< 8() + pn (F(A), FW))(46)

We consider the following two cases:

Case.1p, (A}, A) < &. By Remark 7 and the definition of [], inequality (46) turns into
pn ((A), FA)) < 8(2) + pn (F(AN, F(A))
< 8(e) + pu(Ap,A) < 8(e) +¢ 47

Case.2 € < pp(A,A) < 6(g) + ¢, that is
£ < max{d(x},x1),d(xZ,x2),d(x3,x3), ... ... LA xMYI < 6(e) + ¢ (48)
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Sincex! > xi,x% < x2,x3 > x3, ... .. ,x" > xP(if nis odd), x™ < x?, (if n is even), then by hypothesis (iii) we have
d(F(Xl,XZ,X3, ...... ,xM), F(xt, x2,x3, ... ... ,X?)) <e
d(F(XZ,X3, ...... ,x, x1), F(x2,x3, ... ... X0 X})) <e
d(F(X3, ...... X0, x1, x2), F(x3, ... ... ,x}‘,x},xf)) <e¢
: (49)
d(F(Xn,Xl,XZ, ...... X, F(xP,xt, %2, ,x?_l)) <e
Hence, from (46) and (50), we get;
pn (A1), F®)) < 6(e) + (50)
On other hand, using (II), one can easily check that
F(x!, x%,%53, ... ... ,x™) > xt
F(x%, %3, ... ... X", x1) < x?
F(x3, ... ... ,x0,x1,x2) > x3
: 51
F(x", x1, %2, ... ... , X" 1) > xB (if n is odd)
F(x", x5, %2, ... ... , X" 1) < xB (ifnis even)
Hence, we conclude that (45) holds. By (44), we have that A, ; € [] and so by (45), we get
Ay E ]I = ?(Akn) = Az €]
= F(Ars2) = Az € 1
=F@A)EIVr=k (52)
Then, for all k, m > r we have,
Pn(Al Am) < Pn(Ak A + pa(Ar, Am) < 2(e +8(e)) < 4¢ (53)
Hence(x}), (x), (xp), ... ., (x}}) are Cauchy sequences in the metric space(X™, py). Since(X, d) is a complete,(X™, py) is also
complete. Then, there exists a point (z1,z2,z3, ... ... ,z") € X,
d(xg,zt), d(xZ,z2),d(x3,2%), ... ..., d(x,z") > O ask - +o0
That is,
limy o0 Xk = 22, My 400 X2 =22, 1My 00 Xp = Z25,00ninnnnnn. im0 X = 20 (54)

By the continuity of F, we obtain

; 1 : 1,2 .3
2t = liMyo o0 Xieqq = liMgoy oo F(XE XE, X3, ov vve) X
= F(lim xi, lim xZ, lim %3, ......, lim x“)
k—>+oo Bk k—+0o k k—>+o0 k k—>+o0 k
= F(z!,22%,23, ... .. ,zh)
Analogously
; 2 : 2 .3 1
22 = limyo 4 o0 Xy = limyyoo F(XE, X3, v oo, XE, XE)
= F( lim x¢, lim xg, ... .. lim x3,lim xl)
k—+00 Kk’ ko " k—>+oo ks koo Tk
= F(z?%,23, ... .. ,z",z1)
. o 1,2 -1
z" = limy oo Xy 1 = limy oo F(XE, X0, X2, oo e ,xph)
=F (lim x2, lim xi, lim %2, ... ... lim x"_l)
k—>+o0 k,k—>+oo ks —+00 ks " kos+oo k
=F(z",z%, 22, ... ... ,z 1)

Thus, we have
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22 = F(z%,25, ... ... ,zh,z1Y),
723 = F(z5, ... z",z1,z2),
12 )

We have proved that F has an n-tuplet fixed point. This finishes the proof of theorem 10.
Remark 11 Theorems remains true if we replace (IV) with one of the following statements. There exists X, Vo ,Zg, Wo € X

such that,
x3 < F(x3,%3,%3, ... .. XD,
x% > F(x%,xg, ...... ,x{)‘,x(l)),
1. :
x§ < F(x§,x3,%3,, e xf™1), (if n is odd)
xB > F(xB,x3,%3,, ... ...,x871), (if n is even)
X3 < F(x3,%3,x3, ... .. ,X5),
x3 > F(x3,%3, ... ,x8,x3),
2. :
X8 < F(x8,x5,%3,, v v, x871), (if n is odd)
x> F(x8,x3,%3,, e oer) x8~1), (if n is even)
x§ < F(x3,%x3,%x3, oo o, x1),
x3 > F(x3,X3, v e, X5, X3),
31 x3 < F(x3, . , x5, x3,%3),
2 x371), (if n is odd)
...... , X871,

X8 < F(x8,x5,%x3,,
x8™1), (if nis even)

x8 > F(x,x3,%3,, 0 e,
x(l) < F(X(l),x(z),xg, ...... ,X0),
x% > F(x%,xg, ...... ,X(‘},X(l)),
32 X3 < F(x3, .. , x5, x3,%3),
X8 < F(x5,x8,%3,, 0 wer) xf™1), (if n is odd)
x8 > F(x8,x38,%3,, 0 e, x8™1), (if nis even)
,X0)s

( xp < F(x},x%,%3, ... ...
| x3 > F(x3,%3, ... . , X8, x3),

3'3{ x3 S F(x3, .. o, x8,x5,%3),

| :

| x871), (if nis odd)

x871), (if n is even)

n n 1 2
X0 < F(XOrXOrXON
n n 1 .2
0 > F(X3, X6, X6 s e e )

( x3 < F(x},x3,x3, .. ...

i x3 > F(x3,%3, e oot
3 n{ x3 < F(x3, ... ..
F(x3,x5,%3,, .. ..., x871), (if n is odd)
(xB,x3,%x2,, ... . ,x8™1), (if n is even)

IV A
o)
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1 1,2

( x5 < F(xg,%§,

1 2 2 3

[ x5 = F(x§,x3,

3

af <R
1,2

L:g < F(X(I)erOrXON
n n o 1 .2

0 > F(x8,%0,%6)

xg <
x¢ = F(x§,

4.2

n n 1 o2
{XO > F(Xg,%0, X6,

1 1,2 3
x5 < F(X¢,%§, X5,

2 2 .3
Xg > F(x§,%g,

n-1 n-1 ,n (1
{xo < F(x0™ 5, X3, X5,
n-1 n-1 ¢ n 1
xg ' > F(xg~1, %8, %0,

1.2
xg < F(x3,%X0,%X§,,
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3 n
X0, ,Xo),

n 1
1 X0, Xp),

n 1 2
» X0, X0 Xo);

.,x871), (if n is odd)

,x§™1), (if n is even)

3

n 1 (2
» X0, X0, X0, X0 )

,x872), (if n is odd),
,x572), (if n is even),
,x871), (if n is odd),
,x871), (if n is even),

Xy < F(x3,%x3,%3, ... .. ,xD),
X3 > F(x3,x3, o o, X8, %3),
Xg < F(X§, e oo ,x{)‘,x(l),x(z)),
Xg > F(x§, .. ... , X8, x5, %3,%3),
4.n .
n-1 <F n-1 ,n (1 ' n-2 ; ;
X0 S F(XQTH X0, X0y s een o , X0~ %), (if nis odd),
Bt > F(x571, x5, %%, , o ,x072), (if n is even),
X8 < F(x§,x3,%3,, 0ot ,x871), (if n is odd),
x§ = F(xf,x3,%x3,, ... ... ,xg71), (if n is even),
Xy < F(x3,%x¢,%3, ... .. ,xX0),
x3 = F(x3,x3, ... ... ,X5,x3),
51 x3 < F(x3, ... . , X8, x5, %3),
X8 < F(xY,x5,%3,, 0 e ,x871), (if n is odd)
x§ = F(x§, x5, %3, o e ,x8™1), (if n is even)
x3 < F(x§,x3,x3, o0, x3),
x3 > F(x3,x3, o o, X8, %3),
59 X3 < F(x3,... .. , X8, X5, %3),
x§ < F(x§,%x5,%X8,, v, x07 1), (if n is 0dd)

1,2
xg = F(x§, X0, X, oov e
X3 =

3
X0

| F(xZ,x3,.
2] M<FOR

1

| x8 < F(x§,x3,%x2,,

1,2
xg = F(x§,%g,%§,,

...... ’

1 1,2 3
xo < F(xq, %4, X,

,x8~1), (if n is even)
n
...... ,xB),

n 1
,Xo;xo).
n 1 2
2 X0, X0, X))

,x871), (if n is odd)

x§71), (if nis even)
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( x3 < F(x3,%3,%3, ... ... ,X0),
1
| x3 = F(x3,x3, ... .. ,X5,x3),
5.n{ x3 < F(3, ... , X8, x3,%3),
[XS < F(xB,x5,%3,, e oo. ,x871), (if n is odd)
X8 > F(X5, X5, X3,, e one ,x8™1), (if n is even)
x(l) < F(xé,x%,xg, ...... ,X0),
x3 > F(x3,%x3, e .. , X8, x8),
x3 S F(x3, . oo, x5, %5, %3),
xg = F(x§, ... .. ,x8,x3,x3,%3),
n.
n-1 < F( n-1 yn 1 n—Z) (-f i dd)
X8 < F(x§1,x5, %3, , on oo ,x872), (if n is odd),
x071 > F(x§™L, x8, %3, e ,x872), (if n is even),
x§ < F(x,x8,%3,, e ,x871), (if n is odd),
x8 > F(x,x3,%x2,, ..., x871), (if n is even),
6. EXAMPLES

We state some examples showing that our result is effective.

Example 12 (k-tuplet fixed point) Let X = R be complete metric space under usual metric and natural ordering < of real
numbers.Define the mapping F: XX — X (where k is an arbitrary positive odd integer) be defined by

1 2 3 k
X' —x+Xx7 - +X
F(x,x?%,%3, ... ... ,xK) =
( ) kT 1
It is clear that F is continuous and has the mixed strict monotone property. Moreover taking x§ = x5 = +--.....= x§ = 0, the

condition (IV) of Theorem 10 holds fork . On the other hand, for x!,x?,..,xKyl,y?, ...,y € X with x! <y!,x% >
V2, o ,xK < yK we have

e < max{d(x',y),d(x%y?), oo ., d(xX,y¥)}
=max{x! —yL,x2 —y% ... xk =y} < e+ 8(0) .
1.2 .3 Kk 1.2 .3 K _ [xEex S —eaxK yloyPay— L yK)
d(F(X,X X2 x5, (v y2y3, e Y ))—| o - o kl
Xl_yl X2_y2| . xK—y/ |
k+1 k+1 o + k+1

Then condition (IIT) of theorem 10 hold for §(¢) < %s. That is, F is a generalized Meir-Keeler type contraction. It is clear that

all conditions of Theorem 10 are satisfied (without order) and in view of Theorem 10, the k-tuplet point (0,0, ....,0) € XX is the
desired k-tuplet fixed point of F.

Example 13 (5-tuplet fixed point) Let X = R with the metric d(x,y) = |x — y| and the usual ordering. Clearly (X,d, <) is a
partially ordered complete metric space. LetF: X5 — X be defined by

2721 — 72 4273 —z* + 225 4+ 4
24

F(z!,22,23,2%,25) =

for all z,z2,z3,z%,2z% € X. Obviously, F is continuous and has the mixed strict monotone property. Moreover taking z! =
1 1 . 11

0,z% = —5,23 =0,z* = E,ZS = 0, the condition (IV) of Theorem 10 holds for n = 5 and (23,25,28,23,28) = (0,5,0,5,0) .

On the other hand, for z1, 22,23, 24,25 w!, w2, w3, w* w5 € Xwithz! < wl,z2 > w?,z3 < w3,z* > w?,z% < w®, we have

e < max{d(z',w"),d(z% w?),d(z*>,w?),d(z* w*),d(z° w*)}



946 GU J Sci, 27(3):933-952 (2014)/ Manoj UGHADE, R. D. DAHERIYA

1

= max{z! —w?!,z%2 —w?,z3 —w3,z* —w* 25 — w3} < £+ 8(¢) .

d(F(Zl,zz,z3,z4,Zs), whw? w3, wh w?)
_ |22t-zP+2z3-zt4275+4  2wl-wi2wi-wiiawS+4|
24
! 3_. 3 4_ 4 5_ L
|z°=w?| Jw*=z*| |z°-w
< +
12 [

=1 12 | [+ I 12

|Z=w!|

24
w?-z?2
L= |
[ 24 |

Then condition (IIT) of theorem 10 hold for 8(¢) < 2¢. That is, F is a generalized Meir-Keeler type contraction. It is clear that

all the hypotheses of Theorem 10 are satisfies and in view of Theorem 10, Gé %%é) is the desired 5-tuplet fixed point of F.
In the following theorem, we omit the continuity hypothesis of F. We need the following definition.

Definition 14 Let (X, d, <) be a partially ordered metric space. We say that (X, d, <) is regular if the following conditions hold
in X:

a) If strict non-decreasing sequence x — xin X , thenx, < xV k.
b) If strict non-increasing sequenceyy — yin X, thenyy, > y V k.

Theorem: 15 Let (X, d, <) be a partially ordered complete metric space. Suppose (X, d, <) is regular.Assume that F: X" —
X satisfies the following hypothesis.

1. F has the mixed strict monotone property,
2. Fis ageneralized Meir-Keeler type contraction,
3. There exist x(l),x(z),xg, ...... ,Xg € Xbeasin (11).

Then F has an n-tuplet fixed point.

Proof: Following the same lines of the proof of the Theorem 10, we remain to prove that F has an n-tuplet fixed point in X,
that is, there exist (z1,z2,z3, ... ... ,z") € X" such that

z! = F(z},2%,25, ... ... ,z),
z? = F(z%,23, ... ... ,z0,zY),
723 = F(z3, ... ... ,z8, 2%, 22),
z" = (z",z%, 7%, ... ... ,z" 1)
To this aim, suppose (X,d,<) is regular. If n is odd since (x),(x2), ..., (x}) are strict non-decreasing and
(x2), (X)) v e, (x271) are strict non-increasing, if n is even since (xi), (xp), ,(xf71) are strict non-decreasing and
(x2), (xi), wer oo , (x) are strict non-increasing. Since
Xt = F(XE_ 1, XE_ 1, Xpo ) e e, XPp_p ) = FR(XE, %3, %5, oo o, xB) > 21,
2 _nfu2 o3 1Y _ pky2 o3 1 2
Xg = F(xE_ 1, X5 _q, e o JXP_ Xho1) = FRxZ,%3, ... .. , X0, Xp) = 22,
3 _ prod 1,2\ — pkey3 1.2 3
Xp = F(Xig_q) won oor s XR— 1) Xk 1r K1) = FX(Xg, e oo , X0, X0, X5) = Z°,
XB = F(Xy, Xh_ g, XE_ g, e v, XBT1) = FR(xD, %3, X3, vvv v, XB71) > 21
For any given € > 0, there exists kq, k5, K3 ....., k, € N such that
d(x}l,zl) = d(F"1(x},x3,x3, ... ... ,x)),zt) <,
d(x?z,zz) = d(F 2(x3,x3, ... ... ,x8,x8),22) <e,
d(x3,23) = d(F™ (x3, ... ..., X5, %4,%3),2°) < €, (54)
d(x?n,z“) = d(F™(x],x3,%3, o e , X871,z < e
forallr; > kq,1ry = ky,r3 = Kg, ... ..., 1y = k. Now taking k = max; <j<n{k;} and using Remark 7with the assumption,
xt = FR(x},x3,x3, ... ., x8) < zl,
xZ = FK(x3,%3, ... .., X5, x8) > 72,

x§ = FR(x3, v v, xB,x3,x3) < 25, (55)
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X = FR(xg, x3, %2, ... ..., X571 < 2P (if n is odd),
xB = FR(x3,x3,%X3, ... .. , X871 > 7™ (if n is even).

From (9), (12) and (55), we get

d(zl, F(z!,22%,73, ... ... ,z“)) < d(Zl,xf(H) +d (Xﬁ+1,F(zl,zz,z3, ...... ,z"))
(Zl,xlﬁﬂ) +d (Fk“(x(l),x(z),xg, ...... ,xM), F(zt, 22,283, ... ... ,Z"))
(zl,x}(H) +d (F(Xi, XE, X3, on e ,XR), F(zt, 22,23, ... ... ,Z%)

= (ZI,X]1<+1) + max{d(xlﬁ,zl), d(xﬁ,zz), d(xﬁ,z3), ...... , d(xﬂ,z")}
< e+ maxfe¢zs, ..., e} = 2¢ (56)

Analogously, we get that

d(z2,F(z2,7%, .. ... ,z% 7)) < 2
d(z3,F(z3, ...... A Zl,Zz)) <2

: (57)
d(z", (z™, 24,22, .. ... ,z"_l)) < 2¢
This yield that
z! = F(zt, 22,25, ... ... ,z"),
z? = F(z%,23, ... ... ,z0,zh),
z3 = F(zZ53, ... ... ,z0, 21, 22),
z" = F(z", z%, 22, ... ... ,z 1),

So (z1,22,25, ...... ,z") is an n-tuplet fixed point of F.
7. UNIQUENESS OF N-TUPLET FIXED POINT

In this section, we shall prove the uniqueness of n-tuplet fixed point. For a product X™ of a partial ordered set (X, <), we define

a partial ordering in the following way: For all(u!, u?,u3, ... ... ,um), (viv3,ve, .. ,vh) € X™,
(ut,u?,us, ... ,ut) < (vhv?vd, . ,v™)
sul<vl, w?2<v? o, U < v™(ifnis odd), u™ = v" (if nis even).
We say that (u!,u?,u3, ...... ,u™) and (v, v%,v3, ... .. ,v™) are comparable if (ul,u?,u3, ... ... ,u™) < (v4, v, 08, ,v™) or
W, v3ve, ... .. o™ < (Wt u?ud, ,u™). Also, we say that (u!, u?,u3, ... ,u™) is equal to (v!,v?%,v3,...... ,v"™) if and
onlyifu! = vt,u? = v?,= ... ,= u™ =",

Theorem 16 In addition to the hypotheses of the Theorem 10, assume that for all(ul, u?,u3, ... ... ,u™), (W, v3, e, ,v™) €
X™, there exists (w, w2, w3, ... ... ,w™) € X*. such that

(Fwt,w2,wi,..,wh), F(w?,wi, ..., wh,wl), ... JFw™, wlw?, o whh) (58)
is comparable to
(Fut,u?,us, ... ... ,u™), F(u?,us, ... ,u,ul), .. JFu™ut,u?, ,ut1) (59)
and
(F(wt,v?,v3, ... L), F(w2,v8, .. .. LU vh), JF(o™ v v?, , v ). (60)

Then F has a unique n-tuplet fixed point.

Proof: The set of n-tuplet fixed point of F is nonempty due to Theorem 10. Assume now, 4 = (ut,u?,ud, ... ,u™)and
A = (v vE e, ,v™) € X™ are two n-tuplet fixed point of F, that is,
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and

We shall show thatA = A* . We distinguish the following two cases.

Case: LIf(ut,u?u3, ... .. ,u™) is comparable to (v, v?,v3, ... , v™M)with respect to the ordering in X™. where,

; Kyl 2,2 4,3 — 1
limp_ 400 F*(ug, ug, ug, .- - ,ug) =ut,
; K(y2 1,3 1y — 51
limy_y o0 F(u, ug, o . ,ul,ug) = ut,

: (61)
limypo FRB ud, ui, ... .., ud™) = un
Without loss of generality, we may assume that,
ul = F(u!,u?,us, ... ... ,u™) < F(vt,v3,v3, .. .. , o) = vl
u? = F(u?,ud, ... .. ,ut,ult) > F(v?,vs, ... .. L vl) = v?,
(62)

u™ = F(u™,ul,u?, ... LUt < Fo™ v v?, . L) = v, (if nis odd)
u =F@™utu?, ... ,2uv ) = F(v™, vt vl .. , v = v, (if nis even).

By the definition of p,, and Remark 7, we have

pn(4,A%) = pn((ul,uz,u3, ...... ,u), (W, v?,ve, ,v”))
= max{d(u!,vY),d(w? v?),dw3,v3), ... ,d@™, v™)}
d(Fut,u?ub, ... ,u), F(vt,v2,vs, .. .. M),

)
d(Fu?ud, ... .. ,u,ul), F(w?,ve, ... .. v vh), |5

= max :
: [
d(Fu™ul,u?, ... ... LUt Y, F(w, vt v, .. ,v"‘l))J
max{d(u',v'),d(w? v?),dW3,v?), ..., d@W", v},
max{d(?,v?),dw? v?), .. .. ,d@™,v™), d@wt, v}, l
< max : }

max{d",v"),dw!,v?), dw?, v?), .. .. ,d™ L, v"‘l)}J
= max{dw*, v),d(W? v?),d(w3,v3), .. .. ,d@™, v™)}
= p (@ u?, U, . u™), W4, 02,05, ., v ™)
= pn(4,4%)
This is a contradiction, therefore must be A = A*.
Case: 2.If (ul,u?us,.... ,u™) is not comparable to (vi,v%v3, ... ,v™) . By assumption, there exists
B = Wwhw?ws, ... ,w™) € X" such that

(Fwt,w?,wi,..,wh), Fw?,ws, .., wh,wl), ... JFw™ whw?, L, wh)

is comparable with

(F(ut,u?,us, ... ,u), F(u?,ud, ... .. ,u,ul), .. ... JF™ut,u?, ,u™ 1)
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and
(F(wt,v?,v3, .. .. L), F(w?,v8, .. .. LU vl), JF(o™ v, v?, , v ).

Define sequences (w,%), (W,%) (W,f) ...... , (Wg) such that

wt,w?, w3, ... W) = (wd,wé, wi, ... Wl
and for any k > 1,
wit = F(Wi_ 1, Wi_ 1, Wi_q, e, Wiy ) = FR(WE, WE, W, .. o, wd),
wi = F(WE_{,Wi_q, e, W, Wit_q) = FEWE, WG, ... ., W, W),
W = FWi_q, e, Wi Wi, wi_ ) = FE(WS, o, Wi, Wi, wd),
: (63)
wlt = Fwl , wi_,wi_g, e, w2 = FRWE, wd, wi, .o o, w1,
Since (59) and (60) comparable with (58), we may assume that
(ut,u?,ud, ... ... ut) = (whw?wd, W) = (wd,wé,wi, ... ... ,wi)
By using (40), we get that for all k,
@hu?ul, . u™) = (W Wi Wi, e, W) (64)
From (64), we have
ut <whu? 2w ud <wd, .. ut <wh (if nis odd), u™ = wi (ifn is even) (65)
Similarly,
v <wlv?=wi vd <wd, ..., v" <wh (if nisodd), v™ = wl (if n is even) (66)
By Proposition 8, and using (65), (66) we have
on (ﬁ(A)ﬂ(B)) - Oask — +oo. (67)
and on (ﬁ(A*)ﬂ(B)) - Oask — +oo. (68)

By the triangle inequality, we get

Pn(4,47) = py (FR(A), FE(4"))
< pu (FR(A%), FR(B)) + pa (FR(B), FE(A")) > 0 as k — +oo.

This implies that 4 = A™.

Corollaryl7 In addition to the hypotheses of Theorem 17, assume that for all (u!,u?,u3, ...... ,u™), (W, v?ve, .. .. ,v) €
X™, there exists (W, w2, w3, ... ... ,w") € X™. such that
(Fwt,w2,wi,..,wh), F(w?, w3, ..., wh,wl), ... S EFw™,wh,w?, ., w1
is comparable to
(F(ut,u?,us, ... ,u), F(u?,ud, ... .. ,u,ul), .. ... SF@™ utu?, ,uv 1))
and (F(vtv?,v3, .. .. L), F(v2,v8, ... .. LU vh), JF(o™ v, v?, , v 1),

Then F has a unique n-tuplet fixed point.

Remark: 18 In view of theorem 16, the mapping F, in examples 12, 13, has a unique k-tuplet fixed point, a unique 5-tuplet
fixed point, respectively.
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Theorem 19 Let (X, d, <) be a partially ordered complete metric space and F: X™ — X be a given mapping having the mixed
monotone property on X. If the condition

d(F(xerZJ R Xn), F(le Y2, e ryn)) < ald(le Y1) + aZd(XZJ yZ) +oe +and(xnr LVn)
is satisfied, where a; € [0,1) with Y[, a; = h < 1. Then F is a generalized Meir-Keeler type contraction.

Proof: Assume that

d(F(x1,%2, e s %), F V1, Y20 o ) S @1d (x4, ¥1) + a2d (x2,¥2) + - oo+ d (X, V)
is satisfied, where a; € [0,1) with Y-, a; = h < 1. For all € > 0, one can check that (8) is satisfied with §(g) = (ﬁ - 1) €.
8. APPLICATIONS

Motivated by Suzuki [16] and on the same lines of theorem 3.11 of [8], one can prove the following result.

Theorem: 20Let (X, d, <) be a partially ordered complete metric space and F: X™ — Xbe a given mapping. Assume that there
exists a function 6 from [6, +o0) into itself satisfying the following:

1. 8(0) =0and6(t) > 0foreveryt>0,
2. 6 is anon decreasing and right continuous,
3. Forevery € > 0, there exists §(¢) > 0 such that
e < 0(max{d(x1,y1), d(Xz, ¥2), e e dxn, y)}) < e+ 8(e)

= 0 (d(F(xy, X2, X311, %0) FYLY2 Y300 o ¥n)) ) < € (69)
for all xq, X5, X3, X4, e oo, X0, V1, V2, V30 Var oo, Yn € X With X1 2 Y4, %, < ¥y, .., Xy 2 Yy, (if n is odd),x, <y, (if n is
even) or X1 < Y1,X3 = Yo, .., Xp < ¥ (if n is odd),x,, =y, (if n is even). Then F is a generalized Meir-Keeler type

contraction.
The following result is an immediate consequence of Theorems 10, 16 and 20.

Corollary:21 Let (X,d, <) be a partially ordered complete metric space and F: X™ — Xbe a given mapping satisfying the
following hypotheses:

1. F has the mixed strict monotone property.
2. Forevery € > 0, there exists §(g) > 0 such that
max{d(x1,y1),d(x2,¥2),d (X, yn)}

e <[ e()dt <e+6(e)
- fod(F(xl.Xz.X3"---,xn),F(yl.yz.y3,,---.yn))(p(t)dt <e (70)
for all x1, %5, X3, X4, e v oo, X, V1, V2, V3o Vs oo, Yn E X With X1 2= y1,%5 < ¥y, ot Xy = Yu(if nis odd),x, <y, (ifnis

even), where @: [0, +00) — [0, +0) is a locally integrable function satisfying
fos @(t)dt > Oforall s > 0. (71)
3. There exist x3,x2,x3, ... ..,x} € X be as in (11).
Assume, either F is continuous or (X, d, <) is regular. Then F has an n-tuplet fixed point.
To end this paper, we give the following corollary.
Corollary:22 Let (X,d, <) be a partially ordered complete metric space and F: X™ — X be a given mapping satisfying the
following hypotheses:
1. F has the mixed strict monotone property,

2. For all x4,X5, X3, X4, «u oo v X V1, V2, V3 Vi e e ,Vn € Xwith xX; = yy,X3 Vg, .., X = Yy, (if nis 0dd), x,, < y,(if
n is even),
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fod(F(XerZrXSM------an):F(y1:y2:y3N'"'"rYH)) (p(t)dt

< Cfomax{d(xl-}"ﬂ-d(xz'}"z) ------- d(X"'y")}(p(t)dt (72)
where ¢ € (0,1) and @: [0, +) — [0, +0) is a locally integrable function satisfying
Jy @(®dt > 0forall s > 0, (73)
3. There exist X(l),x(z),xg, ...... ,Xg € Xbeasin (11).

Assume, either F is continuous or (X, d, <) is regular. Then F has an n-tuplet fixed point.

Proof: For all € > 0, we take §(¢) = (ﬁ - 1) € and we apply Corollary 21.

9. CONCLUSION

In this paper, we introduced the concept of mixed strict
monotone property, generalized Meir-Keeler type
contraction and established an n-tuplet fixed point
theorem for continuous mapping F:X™ — X under a
generalized Meir-Keeler contraction in the context of
partially ordered complete metric spaces. Also established
these results are still valid for F: X™ — X, not necessarily
continuous, assuming (X, d, <) is regular. We proved the
uniqueness of an n-tuplet fixed point for such mappings in
this setup. These results are extensions of results in [8, 15]
to the case n-tuplet fixed points. Our results may be the
motivation to other authors for extending and improving
these results to be suitable tools for their applications.
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