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ABSTRACT 

 

An n-tuplet fixed point is a generalization of the well-known concept of “coupled fixed point and tripled fixed 

point”. The intent of this paper is to introduce the concept of mixed strict monotone property and generalize Meir-

Keeler contraction for mapping	F: X� → X, where n is an arbitrary positive integer. Also establish an n-tuplet fixed 

point theorem for mappings F: X� → X under a generalized Meir-Keeler contraction in the setting of partially ordered 

metric spaces. Related examples are also given to support our main results.Our results are the generalizations of the 
results of  B. Samet[8] and Hassen et al. [15]. Also as application, some results of integral type are given. 
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Key words: n-tuplet fixed point; Meir-Keeler type contraction; mixed strict monotone property; partially ordered 
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1. INTRODUCTION  

 

Fixed point theory has fascinated many researchers since 

1922 with the celebrated Banach’s fixed point theorem. 

There exists a vast literature on the topic and is a very 

active field of research at present. Theorems concerning 

the existence and properties of fixed points are known as 

fixed point theorems. Such theorems are very important 

tool for proving theexistence and eventually the 

uniqueness of the solutions to various mathematical 

models(integral and partial differential equations, 

variational inequalities). 

 

Basic topological properties of an ordered set like 

convergence were introduced by Wolk [1]. In 1981, 

Monjardet [2] considered metrics on partially ordered sets. 

Ran and Reurings [3] proved and analog of Banach 

Contraction mapping principle in partially ordered metric 

spaces. Bhaskar and Lakshmikantham in [4] introduced 

the concept of coupled fixed point of a mapping F: X �X → X and investigated the existence and uniqueness of a 

coupled fixed point theorem in partially ordered complete 

metric spaces. Lakshmikantham and Ciric in [5] defined 

mixed g-monotone property and coupled coincidence 

point in partially ordered metric spaces. Samet [8] defined 

generalized Meir-Keeler type functions and proved some 

coupled fixed point theorems under a generalized Meir-

Keeler contractive condition. 

 

Following this trend, Berinde and Borcut [6] introduced 

the concept of triple fixed point and established some 

triple fixed point theorems in partially ordered metric 

spaces. The notion of fixed point of order N 	 3 was first 

introduced by Samet and Vetro [7]. Hassen Aydi et al [15] 
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defined generalized Meir-Keeler type functions and 

established some tripled fixed point theorems under a 

generalized Meir-Keeler contractive condition.  

 

Karapinar [9] used the notion of quadruple fixed point and 

obtained some quadruple fixed point theorems in partially 

ordered metric spaces. Later, various results on quadruple 

fixed point have been obtained; see, for example, [9-

14].Very recently, Muzeyyen Erturk and VatanKarakaya 

[17] introduced the concept of n-tuplet fixed point and 

established some n-tuplet fixed point theorems for 

contractive type mappings in partially ordered metric 

spaces. 

 

The purpose of this paper is three fold which can be 

described as follows. 

 

1.
 We introduce the concept of mixed strict 

monotone property and generalize Meir-Keeler 

type contraction and establish an n-tuplet fixed 

point theorem for continuous mapping F: X� →X  under a generalization of Meir-Keeler type 

contraction in the setting of partially ordered 

metric spaces. We introduce some examples to 

illustrate the effectiveness of our results. Also 

these theorems are still valid for F, not 

necessarily continuous, assuming �X, d, ≤� is 

regular. 

2.
 We prove the uniqueness of an n-tuplet fixed 

point for such mappings in this setup. Related 

examples are also given to support our main 

results. 

3.
 Also applications, some results of integral type 

are given. 

 

 

 

 

2. PRELIMINARIES 
 

Here we recall some basic definitions and results. 

 

The triple �X, d, ≤� is called a partially ordered metric space if �	X,≤	�is a partially ordered set and �X, d�	is a metric space. 

Further if �X, d�	 is complete metric space, then the triple�X, d, ≤�	 is called a partially ordered complete metric space. 

Throughout the manuscript, we assume that X ≠ ∅ and  
 

                                                                     X� = X � X � ……… .� X��������������������                                                                                 (1) 

 

Then the mappingρ�: X� � X� → [0, ∞� such that 

 

                                               ρ��x, y� ≔ max(d�x), y)�, d�x*, y*�,… . d�x�, y��+                                                             (2) 

 

forms a metric onX�, where		x = �x), x*, … . . x��and	y = �y), y*, … . . y�� ∈ X�. 

 

Definition 1(see [15]):Let �X, d,≤� be a partially ordered metric space. A mapping F: X. → X is said to be generalized Meir-

Keeler type contraction if for any ε > 0, there exist a	δ�ε� > 0 such that for all x, y, z, u, v, r ∈ Xwith	x	 ≤ u, y 	 v	and	z ≤ r,  

                                   	ε	 ≤ max(d�x, u�, d�y, v�, d�z, r�+ < 7 + 9�ε� 

 

                                                                       ⟹ d�F�x, y, z�, F�u, v, h�� < ε.                                                                     (3) 

 

Remark 2(see [15]):It is immediate to show that if F: X. → X  is a generalized Meir-Keeler type contraction, then it is 

immediate to show that for all x, y, z, u, v, r ∈ X with x ≤ u, y 	 v, z ≤ r or	x < <, = 	 v, z ≤ r, 

 

                                                                 d�F�x, y, z�, F�u, v, r�� < >?@(d�x, u�, d�y, v�, d�z, r�+                                      (4) 

 

Definition 3(see [17]):Let�X,≤� be a partially ordered set and F: X� → X	be a mapping. We say that F has the mixed monotone 

property if		F�x) , x* , x. , xA , … . . . , x�� is monotone non-decreasing in its odd argument and it is monotone non-increasing in its 

even argument. That is, for anyx) , x*, x., xA, … . . . , x� ∈ X;  

 y), z) ∈ X,			y) ≤ z)	 ⟹ 	F�y), x*, x. , xA , … . . . , x�� ≤ F�z) , x*, x., xA , … . . . , x�� y* , z* ∈ X,			y* ≤ z*	 ⟹ 	F�x), y* , x. , xA , … . . . , x�� 	 F�x) , z*, x., xA , … . . . , x�� y. , z. ∈ X,			y. ≤ z.	 ⟹ 	F�x), x*, y., xA , … . . . , x�� 	 F�x) , x* , z., xA , … . . . , x�� 
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                                                             :                                                                                                                                (5) 

                                                             : 

                                                                          y�, z� ∈ X,			y� ≤ z� 

                                         ⟹ 	F�x), x*, x., xA , … . . . , y�� ≤ F�x) , x* , x. , xA, … . . . , z�� (if n is odd) 

                                                                         y�, z� ∈ X,			y� ≤ z� 

                                         ⟹ 	F�x), x*, x., xA , … . . . , y�� 	 F�x) , x* , x. , xA, … . . . , z�� (if n is even) 

 

Definition 4(see [17]): Let X be a nonempty set and F: X� → X a given mapping. An element �x), x*, x., xA, … . . . , x�� ∈ X� is 

called a n-tuplet fixed point of F if 

 

                                                    F�x) , x*, x., xA, … . . . , x�� = x), 

                                                    F�x* , x. , xA , … . . . , x�, x)� = x*, 

                                                    F�x. , xA , … . . . , x�, x), x*� = x., 

                                                     :                                                                                                                                         (6) 

                                                     : 

                                                    F�x�, x) , x* , x., … . . . , x��)� = x�. 

 

3. NEW DEFINITIONS 

 

We start this section with the following definitions. 

 

Definition 5Let�X, ≤� be a partially ordered set and F: X� → X	be a mapping. We say that F has the mixed strict monotone 

property if 		F�x) , x* , x. , … . . . , x��  is strict monotone non-decreasing in its odd argument and it is strict monotone non-

increasing in its even argument. That is, for anyx), x* , x., … . . . , x� ∈ X;  

 y), z) ∈ X,			y) < z)	 ⟹ 	F�y), x*, x., xA, … . . . , x�� < B�z), x*, x., xA, … . . . , x�� y*, z* ∈ X,			y* < z*	 ⟹ 	F�x), y*, x. , xA, … . . . , x�� > B�x) , z*, x., xA, … . . . , x�� y., z. ∈ X,			y. < z.	 ⟹ 	F�x), x*, y. , xA, … . . . , x�� < B�x) , x*, z., xA, … . . . , x�� 

                               :                                                                                                                                                               (7) 

                               : 

                              y�, z� ∈ X,			y� < z� ⟹ 	F�x), x* , x., xA, … . . . , y�� < B�x) , x* , x., xA, … . . . , z�� (if n is odd) 

                              y�, z� ∈ X,			y� < z� ⟹ 	F�x), x* , x., xA, … . . . , y�� > B�x) , x* , x., xA, … . . . , z�� (if n is even) 

 

Definition 6Let �X, d,≤� be a partially ordered metric space. A mapping F: X� → X is said to be generalized Meir-Keeler type 

contraction if for any ε > 0, there exist a 	δ�ε� > 0  such that for all x), x*, x., xA , … . . . , x�, y), y*, y., yA, … . . . , y� ∈ X  with x) ≤ y), x* 	 y*, … . , x� ≤ y�(if n is odd),x� 	 y� (if n is even), 

 	ε	 ≤ max(d�x), y)�, d�x*, y*�,……d�x�, y��+ < 7 + 9		 
                                                                     ⟹ d�F�x) , x* , x., xA, … . . . , x��, F�y), y* , y., yA, … . . . , y��� < ε.                    (8) 

 

Remark 7It is immediate to show that if F: X� → X is a generalized Meir-Keeler type contraction, then it is immediate to show 

that for all x) , x* , x., xA … … , x�, y), y*, y., yA, … . . . , y� ∈ X with x) ≤ y), x* 	 y*, … . , x� ≤ y�(if n is odd),x� 	 y�   (if n is 

even) or x) < y), x* 	 y*, … . , x� < y�(if n is odd),x� 	 y�  (if n is even) 

 dCF�x), x*, x., … … , x��, F�y) , y*, y., … … , y��D 

                                                                                 < >?@(d�x), y)�, d�x*, y*�,……… . …d�x�, y��+                               (9) 

 

We introduce some notions used in the sequel. Let 	FE ∶ X� → X� such that for a), a*, a., …… , a� ∈ X. 
                                    	FE�a), a*, a., … , a�� = G F�a), a*, a., …… , a��, F�a*, a., …… , a�, a)�,F�a., … … , a�, a), a*�… … , F�a�, a), a*, …… , a��)�H                                      (10) 

Let xI), xI*, xI., …… , xI� ∈ X be such that, 

                                xI) < B�xI), xI*, xI., …… , xI��, 

                                xI* 	 F�xI*, xI., … … , xI�, xI)�, 

                                  :                                                                                                                                                          (11) 

                                xI� < B�xI�, xI), xI*, , …… , xI��)� (if n is odd) 

                                xI� 	 F�xI�, xI), xI*, , …… , xI��)�  (if n is even) 

We’ll consider the n sequences CxJ)D, CxJ*D, CxJ.D,… … , �xJ�� as follows: 
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KLL
LLM
xJ)xJ*xJ.:xJ�NOO

OOP
QRS

=
KLL
LLM
F�xJ�)) , xJ�)* , xJ�). , …… , xJ�)� �F�xJ�)* , xJ�). , … … , xJ�)� , xJ�)) �F�xJ�). , …… , xJ�)� , xJ�)) , xJ�)* �:F�xJ�)� , xJ�)) , xJ�)* , …… , xJ�)��)�NOO

OOP
���������������������TE�RSUV�

=
KLL
LLM

FJ�xI), xI*, xI. , …… , xI��FJ�xI*, xI., … … , xI�, xI)�FJ�xI., …… , xI�, xI), xI*�:FJ�xI�, xI), xI*, …… , xI��)�NOO
OOP

�����������������TSW�RX�

	∀	k = 1,2,3, ..                  (12) 

 

4. KEY PROPOSITION 

 

Now, we state and prove the first result of this paper which will be useful in proving our main result. 

 

Proposition 8Let �X, d,≤� be a partially ordered metric space and F: X� → X be a mapping such that the following hypotheses 

hold: 

 

I. F has the mixed strict monotone property, 

II. F is a generalized Meir-Keeler type contraction, 

III. There exist xI), xI*, xI., …… , xI� ∈ X be as in (11), 

IV. ∃	�x), x*, x., …… , x��, �y), y*, y., …… , y�� ∈ X� such that  

                                 x) < y), x* 	 y* , … . , x� < y�(if n is odd),x� 	 y�  (if n is even) 

 

Then        ρ� ^FJW�x), x*, x. , …… , x��, FJW�y), y*, y., …… , y��_ → 0as	k → +∞.                                                                      (13) 

 

Proof: Set 

                                  �x) , x*, x., …… , x�� = �xI), xI*, xI., …… , xI�� and 

                                  �y), y*, y., …… , y�� = �yI), yI*, yI., …… , yI��.  

We assert that∀	k ∈ ℕ 

                                       xJ) = FJ�xI), xI*, xI., …… , xI�� < FJ�yI), yI*, yI., …… , yI�� = yJ), 

                               xJ* = FJ�xI*, xI., …… , xI�, xI)� > FJ�yI*, yI., …… , yI�, yI)� = yJ*, 

                               xJ. = FJ�xI., …… , xI�, xI), xI*� < FJ�yI., …… , yI�, yI), yI*� = yJ., 

                               :                                                                                                                                                             (14) 

                                       xJ� = FJ�xI�, xI) , xI*, …… , xI��)� < FJ�yI�, yI), yI*, …… , yI��)� = yJ�(if n is odd), 

                               xJ� = FJ�xI�, xI) , xI*, …… , xI��)� > FJ�yI�, yI), yI*, …… , yI��)� = yJ�(if n is even),  withF = F). 
 

For this, we will use the mathematical induction. Because F has the mixed strict monotone property, together with the 

assumption that 

 

          x) < y), x* 	 y*, x. < y., …… . , x� < y��if	n	is	odd�, x� 	 y�	�if	n	is	even�. 

 

We obtain; 

 x)) = F�x), x*, x., …… , x�� = F)�xI), xI*, xI., …… , xI�� < F)�yI), xI*, xI. , …… , xI�� ⟹ F)�xI), xI*, xI., … … , xI�� < F)�yI), yI*, xI., …… , xI�� ⟹ F)�xI), xI*, xI., … … , xI�� < F)�yI), yI*, yI., …… , xI�� 

                                                     : 

                                                     : ⟹ F)�xI), xI*, xI., … … , xI�� < F)�yI), yI*, yI., …… , yI�� 

                                                    ⟹ F�xI) , xI*, xI., … … , xI�� < BC�y), y*, y., …… , y��D = y)).                                          (15) 

 

Analogously, we get; 

 

                               x)* = F�xI*, xI., …… , xI�, xI)� > B�yI*, yI., …… , xI�, yI)� = y)*, 
                               x). = F�xI., …… , xI�, xI) , xI*� < B�yI., … … , xI�, yI), yI*� = y)., 
                                :                                                                                                                                                            (16) 

                                : 

                                       x)� = F�xI�, xI) , xI*, …… , xI��)� < B�yI�, yI), yI*, …… , yI��)� = y)�, �if	n	is	odd� 
                                       x)� = F�xI�, xI) , xI*, …… , xI��)� > B�yI�, yI), yI*, …… , yI��)� = y)�, �if	n	is	even�. 
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Thus, the inequalities in (14) hold for	k = 1.By using the same arguments, we show that the inequalities in �14� hold also 

for	n = 2. In fact, 

 

                               x*) = F*�xI), xI*, xI., …… , xI�� 

                                    = F)�x)), x)*, x)., …… , x)�� = F�x)), x)*, x)., … … , x)�� 

                                            = F g F�xI), xI*, xI., …… , xI��, F�xI*, xI., … … , xI�, xI)�,F�xI., …… , xI�, xI) , xI*�, …… , F�xI�, xI) , xI*, …… , xI��)�h 

                                            < B g F�yI), yI*, yI., … … , yI��, F�xI*, xI., …… , xI�, xI)�,F�xI. , …… , xI�, xI), xI*�, … … , F�xI�, xI), xI*, …… , xI��)�h 

                                            < B g F�yI), yI*, yI., … … , yI��, F�yI*, yI., …… , xI�, yI)�,F�xI. , …… , xI�, xI), xI*�, … … , F�xI�, xI), xI*, …… , xI��)�h 

                                            < B g F�yI), yI*, yI., … … , yI��, F�yI*, yI., …… , xI�, yI)�,F�yI., …… , xI�, yI), yI*�,…… , F�xI�, xI), xI* , …… , xI��)�h 

                                             : 

                                            < B g F�yI), yI*, yI., …… . , yI��, F�yI*, yI., …… , xI�, yI)�,F�yI., …… , xI�, yI), yI*�,…… , F�yI�, yI), yI*, …… , yI��)�h 

                                            < B�B�y)), y)*, y)., …… , y)�� = F*�yI), yI*, yI., …… , yI�� = y*).                                                         (17) 

 

Analogously, we get; 

 

                             x** = F*�xI*, xI., …… , xI�, xI)� > F*�yI*, yI., …… , yI�, yI)� = y**, 
                             x*. = F*�xI., …… , xI�, xI), xI*� < F*�yI., …… , yI�, yI), yI*� = y*.,                                                              (18) 

                              : 

                             x*� = F*�xI�, xI) , xI*, …… , xI��)� < F*�yI*, yI., …… , yI�, yI)� = y*�, �if	n	is	odd� 
                             x*� = F*�xI�, xI) , xI*, …… , xI��)� > F*�yI�, yI), yI*, …… , yI��)� = y*�,�if	n	is	even�.  
 

Thus, our claim is true for	k = 2. Now, suppose that the inequalities in (14) hold for	k = m. In this case, 

 x�) = F��xI), xI*, xI., …… , xI�� < F��yI), yI*, yI., … … , yI�� = y�)  x�* = F��xI*, xI. , …… , xI�, xI)� > F��yI*, yI., … … , yI�, yI)� = y�* , x�. = F��xI., …… , xI�, xI), xI*� < F��yI., …… , yI�, yI), yI*� = y�. , 
                                              :                                                                                                                                            (19) 

                                                   x�� = F��xI�, xI), xI*, …… , xI��)� < F��yI*, yI., … … , yI�, yI)� = y�� , �if	n	is	odd� 
                                                   x�� = F��xI�, xI), xI*, …… , xI��)� > F��yI�, yI), yI*, …… , yI��)� = y�� , �if	n	is	even�.     
 

Now, we must show that the inequalities in (14) hold for	k = m + 1. If we consider (12) and mixed strict monotone property 

of F together with (19), we have; 

 

                                    x�i)) = F�i)�xI), xI*, xI., …… , xI�� 

                                              = F)�x�) , x�* , x�. , …… , x�� � = F�x�) , x�* , x�. , …… , x�� � 

                                              = F g F��xI), xI*, xI., …… , xI��, F��xI*, xI., … … , xI�, xI)�,F��xI., …… , xI�, xI), xI*�, …… , F��xI�, xI), xI*, …… , xI��)�h 

                                              = F g F�x��)) , x��)* , x��). , …… , x��)� �, F�x��)* , x��). , …… , x��)� , x��)) �,F�x��). , …… , x��)� , x��)) , x��)* �,…… . , F�x��)� , x��)) , x��)* , …… , x��)��) �h 

                                             < B g F�y��)) , y��)* , y��). , … … , y��)� �, F�x��)* , x��). , …… , x��)� , x��)) �,F�x��). , …… , x��)� , x��)) , x��)* �, …… , F�x��)� , x��)) , x��)* , … .… , x��)��) �h 

                                             < B g F�y��)) , y��)* , y��). , …… , y��)� �, F�y��)* , y��). , …… , y��)� , y��)) �,F�x��). , …… , x��)� , x��)) , x��)* �, …… , F�x��)� , x��)) , x��)* , …… , x��)��) �h 

                                             < B g F�y��)) , y��)* , y��). , …… , y��)� �, F�y��)* , y��). , …… , y��)� , y��)) �,F�y��). , …… , y��)� , y��)) , y��)* �, …… , F�x��)� , x��)) , x��)* , …… , x��)��) �h 

                                               : 

                                            < B g F�y��)) , y��)* , y��). , … … , y��)� �, F�y��)* , y��). , …… , y��)� , y��)) �,F�y��). , … … , y��)� , y��)) , y��)* �,…… , F�y��)� , y��)) , y��)* , …… , y��)��) �h 

                                             = F�y�) , y�* , y�. , …… , y�� � = F)�y�) , y�* , y�. , …… , y�� � 

                                             = F�i)�yI), yI*, yI., …… , yI�� = y�i))                                                                                             (20) 
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Analogously, we get; 

 

                                        x�i)* = F�i)�xI*, xI., …… , xI�, xI)� > F�i)�yI*, yI., …… , yI�, yI)� = y�i)* , 

                                        x�i). = F�i)�xI., … … , xI�, xI), xI*� < F�i)�yI., …… , yI�, yI), yI*� = y�i). ,                                        (21) 

                                          : 

                                       	x�i)� = F�i)�xI�, xI), xI*, …… , xI��)� < F�i)�yI�, yI), yI*, …… , yI��)� = y�i)� ,�if	n	is	odd� 
                                        x�i)� = F�i)�xI�, xI), xI*, …… , xI��)� > F�i)�yI�, yI), yI*, …… , yI��)� = y�i)� , �if	n	is	even�.       

 

Thus, (14) is satisfied for all	k 	 1.By using Remark 7 and (14), we have; 

 

                       dCxJi*) , yJi*) D = d^FJi*�xI), xI*, xI., …… , xI��, FJi*�yI), yI*, yI., …… , yI��_ 

                                      = d^FCxJi)) , xJi)* , xJi). , …… , xJi)� D, FCyJi)) , yJi)* , yJi). , …… , yJi)� D_ 

                                      < >?@jdCxJi)) , yJi)) D, dCxJi)* , yJi)* D, dCxJi). , yJi). D,… … , d�xJi)� , yJi)� �k 
                       dCxJi** , yJi** D = d^FJi*�xI*, xI., …… , xI�, xI)�, FJi*�yI*, yI., …… , yI�, yI)�_ = d^FCxJi)* , xJi). , …… , xJi)� , xJi)) D, FCyJi)* , yJi). , …… , yJi)� , yJi)) D_ 

                                      < >?@jdCxJi)* , yJi)* D, dCxJi). , yJi). D,… … , d�xJi)� , yJi)� �, dCxJi)) , yJi)) Dk 
                      dCxJi*. , yJi*. D = d ^FJi*�xI., … … , xI�, xI), xI*�, FJi*�yI., … … , yI�, yI), yI*�_ 

                                             = d^FCxJi). , …… , xJi)� , xJi)) , xJi)* D, FCyJi). , …… , yJi)� , yJi)) , yJi)* D_ 

                                     < >?@jdCxJi). , yJi). D,…… , d�xJi)� , yJi)� �, dCxJi)) , yJi)) D, dCxJi)* , yJi)* Dk 
                                      :                                                                                                                                                      (22) 

                                      : 

                      d�xJi*� , yJi*� � = d ^FJi*�xI�, xI), xI*, …… , xI��)�, FJi*�yI�, yI), yI*, …… , yI��)�_ 

                                             = d^FCxJi)� , xJi)) , xJi)* , …… , xJi)��)D, FCyJi)� , yJi)) , yJi)* , …… , yJi)��)D_ 

                                     < >?@jd�xJi)� , yJi)� �, dCxJi)) , yJi)) D, dCxJi)* , yJi)* D,…… , dCxJi)��), yJi)��)Dk 
 

By using (22), we get; 

 

                          maxjdCxJi*) , yJi*) D, dCxJi** , yJi** D, dCxJi*. , yJi*. D, …… , d�xJi*� , yJi*� �k 
                                                                < >?@jdCxJi)) , yJi)) D, dCxJi)* , yJi)* D, dCxJi). , yJi). D,… … , d�xJi)� , yJi)� �k              (23) 

 

For the simplicity, we define 

 

                            ∆Ji)∶= 	maxjdCxJi)) , yJi)) D, dCxJi)* , yJi)* D, dCxJi). , yJi). D, …… , d�xJi)� , yJi)� �k                                         (24) 

 

From (23) and (24), we get;  

                                                           ∆Ji*< ∆Ji), ∀	k ∈ ℕ                                                                                               (25) 

 

If we denoteBJ = CyJ), yJ*, yJ., …… , yJ�D , then by the definition of ρ� and (25), we have  

                                                       ρ��AJi*, BJi*� < ρ��AJi) , BJi)�			∀	k ∈ ℕ	                                                              (26) 

 

Consequently, the sequence (tJ+ = (ρ��AJ, BJ�+ is decreasing. Hence (tJ+converges to, say	ε 	 0.Clearly, if		ε = 0, we have 

finished. Suppose, on the contrary, ε	 > 0.Thus, there exists r ∈ ℕsuch that, for any	k 	 r, 

 

                                                        ε	 ≤ tJ = ρ��AJ, BJ� < 7 + 9�7�                                                                               (27) 

 

In particular, for k = r we have, 

 

                                                        ε	 ≤ tp = ρ��Ap, Bp� < 7 + 9�ε�                                                                                (28) 

 

That is,     

                                                       ε	 ≤ ∆p< 7 + 9�ε�                                                                                                       (29) 

 

It follows from (14) and the hypothesis (ii) that  
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                                            dCF�xp), xp*, xp., …… , xp��, F�yp), yp*, yp., …… , yp��D < 7                                                             (30) 

 

This is equivalent to  

                                                                d�xpi)) , ypi)) � < 7                                                                                                (31) 

 

Analogously, we can get 

                                                               d�xpi)* , ypi)* � < 7, 

                                                               d�xpi). , ypi). � < 7, 

                                                                :                                                                                                                            (32) 

                                                               d�xpi)� , ypi)� � < 7, 

That is; 

                                                               ∆pi)< 7                                                                                                                (33) 

 

Thus, 

                                                            tpi) = ρ��Api), Bpi)� < 7 

 

This is a contradiction. Thus,	ε = 0, that is, 

 

                                            limJ→ir tJ = limJ→ir ρ��AJ, BJ� = 0.                                                                                (34) 

 

We conclude that, 

 

                                     ρ� ^FJ�x), x*, x., … … , x��, FJ�y), y*, y., …… , y��_ 

                                                = ρ� ^FJ�xI) , xI*, xI., …… , xI��, FJ�yI), yI*, yI., …… , yI��_ 

                                                = ρ� ^FJW�AI�, FJW�BI�_ = ρ� ^Fs�AJ�)�, Fs�BJ�)�_ 

                                                = ρ��AJ, BJ� → 0		as	k → +∞.                                                                                          (35)                                                                               

 

Remark 9 The previous proposition remains true if in (iii), we change the 

assumption:∃	�x) , x*, x., xA, …… , x��, �y), y*, y., yA, …… , y�� ∈ X� such that x) < y), x* 	 y*, … . , x� < y�	(if n is odd),x� 	y�(if n is even) with the following, 

                              ∃	�x) , x* , x., xA, …… , x��, �y), y*, y., yA, …… , y�� ∈ X�	such that  

                                                   x) < y), x* > y*, … . , x� < y�(if n is odd),x� > y�  (if n is even).                                 (36) 

 

5. EXISTENCE OF N-TUPLET FIXED POINT 

 

Following theorem is the main result this of paper. 

 

Theorem10 Let �X, d,≤� be a partially ordered metric space. �X, d� be a complete metric space and F: X� → X be a mapping 

such that the following hypotheses hold: 

  

I. F is continuous, 

II. F has the mixed strict monotone property, 

III. F is a generalized Meir-Keeler type contraction, 

IV. There exist xI) , xI*, xI., … … , xI� ∈ X be as in (11). 

  

Then F has a n-tuplet fixed point, that is, there exists x), x*, x., …… , x� ∈ 	X such that 

 

                                  F�x), x*, x., …… , x�� = x),		 
                                  F�x*, x., …… , x�, x)� = x*,		 
                                  F�x., …… , x�, x) , x*� = x.,		 
                                   : 

                                  F�x�, x), x*, …… , x��)� = x�. 

 

Proof: Let xI) , xI*, xI., …… , xI� ∈ Xbe as in (11). We construct the sequences CxJ)D, CxJ*D, CxJ.D,…… , �xJ�� according to (12). We 

claim that; 

                        xJ�)) < xJ),  xJ�)* > xJ*,………	xJ�)� < xJ�,    (if n is odd)  xJ�)� > xJ�     (if n is even)                             (37) 
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Indeed, we will use the mathematical induction to prove (37). The inequalities in (37) hold for k = 1 because of (11), that is, 

we have 

 

                                                    xI) < B�xI), xI*, xI., …… , xI�� = x)), 

                                                    xI* 	 F�xI*, xI., … … , xI�, xI)� = x)*, 

                                                      : 

                                                    xI� < B�xI�, xI), xI*, , …… , xI��)� = x)� (if n is odd) 

                                                    xI� 	 F�xI�, xI), xI*, , …… , xI��)� = x)�  (if n is even)             

 

Now, suppose that the inequalities in (37) hold for	k = m. In that case, 

 

                       x��)) < x�) ,  x��)* 	 x�* , ……….x��)� < x�� ,    (if n is odd), x��)� 	 x��      (if n is even)                      (38) 

                                                                                                                               

 

If we consider (12) and mixed strict monotone property of F together with (38), we have 

 

                      x�) = F��xI), xI*, xI., …… , xI�� 

                            = F)�x��)) , x��)* , x��). , …… , x��)� � 

                            = F�x��)) , x��)* , x��). , …… , x��)� � 

                            < B�x�) , x��)* , x��). , …… , x��)� � 

                            ≤ F�x�) , x�* , x��). , …… , x��)� � 
                            < B�x�) , x�* , x�. , …… , x��)� � 
                             : 

                             < B�x�) , x�* , x�. , …… , x�� � = x�i))  

                       x�* = F��xI*, xI., …… , xI�, xI)� 

                             = F)�x��)* , x��). , …… , x��)� , x��)) � 

                             = F�x��)* , x��). , …… , x��)� , x��)) � 

                             	 F�x�* , x��). , …… , x��)� , x��)) � 
                             > B�x�* , x�. , …… , x��)� , x��)) � 

                              : 

                             > B�x�* , x�. , …… , x�� , x��)) � 

                             	 F�x�* , x�. , … … , x�� , x�) � = x�i)*  

                              :                                                                                                                                                              (39) 

                              : 

                               x�� = F��xI�, xI), xI*, …… , xI��)� 
                             = F)�x��)� , x��)) , x��)* , …… , x��)��) � 

                             = F�x��)� , x��)) , x��)* , …… , x��)��) � 

                             < B�x�� , x��)) , x��)* , …… , x��)��) � 

                             ≤ F�x�� , x�) , x��)* , …… , x��)��) � 
                             < B�x�� , x�) , x�* , …… , x��)��) � 

                               : 

                              < B�x�� , x�) , x�* , …… , x���)� = x�i)� (if n is odd) 

                        x�� = F��xI�, xI), xI*, …… , xI��)� 

                              = F)�x��)� , x��)) , x��)*	 , …… , x��)��) � 

                              = F�x��)� , x��)) , x��)* , …… , x��)��) � 

                              	 F�x�� , x��)) , x��)* , …	… , x��)��) � 

                              > B�x�� , x�) , x��)* , …… , x��)��) � 

                                :  

                               > B�x�� , x�) , x�* , …… , x���)� 
                               	 F�x�� , x�) , x�* , …… , x���)� = x�i)� (if n is even) 

 

Thus, (38) is satisfied for all	k 	 1. So, we have 

 

                               …………… . .> xJ) > xJ�)) > ⋯… > x.) > x*) > x)) > xI),  

                               …………… . .< xJ* < xJ�)* < ⋯… < x.* < x** < x)* < xI*,                                                                          (40) 

                                : 

                                : 

                               …………… . .> xJ� > xJ�)� > ⋯… > x.� > x*� > x)� > xI�, (if n is odd) 
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                          …… ……… . . < xJ� < xJ�)� < ⋯… < x.� < x*� < x)� < xI�, (if n is even). 

 

Now putting �x), x*, x. , …… , x�� = AI, �y), y*, y., …… , y�� = A) and Proposition 8, we get; 

 

                                              ρ� ^FJW�AI�, FJW�A)�_ → 0	as	k → +∞.	                                                                                (41) 

 

This is equivalent to 

                                               ρ��AJ, AJi)� → 0	as	k → +∞.                                                                                            (42) 

 

Take an arbitrary ε > 0. it follows from (42) that there exists r	 ∈ 	ℕ such that  

 

                                                 ρ��Ap, Api)� < 9�7�                                                                                                          (43) 

 

Without loss of generality, assume thatδ�ε� ≤ ε and define the following set: 

 

                                   ∏ ∶= vA = �x), x*, x., …… , x�� ∈ X�|ρ� ^Fs�Ap�, Fs�A�_ < 7 + 9�ε�	and	x) > xp), x* ≤ xp*, x. > xp., …… , x� > xp��if	n	is	odd�,x� ≤ xp�, �if	n	is	even� x                                         (44) 

 

We claim: 

                                    F	E�A� ∈ ∏, ∀		A	 ∈ 	∏                                                                                                                     (45) 

 

Take	A ∈ 	∏	, then by (43) and the triangle inequality, we have 

 ρ� ^�Ap�, Fs�A�_ = maxy dCxp), F�x) , x*, x., … … , x��D, dCxp*, F�x*, x., … … , x�, x)�D,dCxp., F�x., … , x�, x), x*�D, …… , dCxp�, F�x�, x), x*, … , x��)�Dz 

                                                  ≤ max
{|
}
|~ d�xp), xpi)) � + d^xpi)) , F�x), x*, x., …… , x��_,d�xp*, xpi)* � + d^xpi)* , F�x*, x., …… , x�, x)�_,::d�xp�, xpi)� � + dCxpi)� , F�x�, x), x*, …… , x��)�D�|

�
|�

 

                                                    ≤ max
{|}
|~ d�xp), xpi)) � + dCF�xp), xp*, xp., …… , xp��, F�x), x*, x., …… , x��D,d�xp*, xpi)* � + dCF�xp*, xp., …… , xp�, xp)�, F�x*, x., …… , x�, x)�D,::d�xp�, xpi)� � + dCF�xp�, xp), xp*, …… , xp��)�, F�x�, x), x*, …… , x��)�D�|�

|�
  

                                                    ≤ max(d�xp), xpi)) �, d�xp*, xpi)* �, …… , d�xp�, xpi)� �+ 
                                                                            +max

{|}
|~ dCF�xp), xp*, xp., …… , xp��, F�x), x*, x., …… , x��D,dCF�xp*, xp., … … , xp�, xp)�, F�x*, x., … … , x�, x)�D,……… ……… ,dCF�xp�, xp), xp*, … … , xp��)�, F�x�, x), x*, … … , x��)�D�|�

|�
 

                                                    = ρ��Ap, Api)� + ρ� ^Fs�Ap�, Fs�A�_ 

                                                    < 9�ε� + ρ� ^Fs�Ap�, Fs�A�_(46) 

 

We consider the following two cases: 

 ����. �ρ��Ap, A� ≤ ε. By Remark 7 and the definition of	∏, inequality (46) turns into 

                                   ρ� ^�Ap	�, Fs�A�_ < 	9�ε� + ρ� ^Fs�Ap�, Fs�A�_ 

                                                              < 	9�ε� + ρ��Ap, A� < 	9�ε� + ε                                                                          (47) 

 ����. �		ε < ρ��Ap , A� < 	9�ε� + ε	, that is 

                                             ε < >?@(d�xp), x)�, d�xp*, x*�, d�xp., x.�,…… , d�xp�, x��+ < 	9�ε� + ε		                                       (48) 
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Sincex) > xp), x* ≤ xp*, x. > xp., …… , x� > xp��if	n	is	odd�, x� ≤ xp�, �if	n	is	even�, then by hypothesis (iii) we have  

 dCF�x), x*, x., …… , x��, F�xp), xp*, xp., …… , xp��D < 7 dCF�x*, x., …… , x�, x)�, F�xp*, xp. , …… , xp�, xp)�D < 7 dCF�x., …… , x�, x), x*�, F�xp., …… , xp�, xp), xp*�D < 7 

                                                      :                                                                                                                                      (49) 

                                                     dCF�x�, x), x*, …… , x��)�, F�xp�, xp) , xp*, …… , xp��)�D < 7 

 

Hence, from (46) and (50), we get; 

 

                                                            ρ� ^�AJ�, Fs�A�_ < 	9�ε� + ε                                                                                   (50) 

   

 On other hand, using (II), one can easily check that 

                                                          F�x), x*, x., …… , x�� > xp) 

                                                  F�x*, x., …… , x�, x)� ≤ xp* 

                                                  F�x., …… , x�, x) , x*� > xp. 

                                                   :                                                                                                                                         (51) 

                                                  F�x�, x), x*, …… , x��)� > xp� (if n is odd) 

                                                  F�x�, x), x*, …… , x��)� ≤ xp�  (if n is even) 

 

Hence, we conclude that (45) holds. By (44), we have that AJi) 	 ∈ 	∏	and so by (45), we get 

 

                                                AJi) 	 ∈ 	∏ 	⟹ Fs�AJi)� = AJi* ∈ ∏ 

                                                                    ⟹ Fs�AJi*� = AJi. ∈ 	∏ 

                                                                     : 

                                                                     : 

                                                                    ⟹ Fs�Ap� ∈ 	∏		∀	r 	 k                                                                                  (52) 

 

Then, for all k,m > � we have, 

                                           ρ��AJ, A�� ≤ ρ��AJ, Ap� + ρ��Ap, A�� < 2Cε + δ�ε�D ≤ 4ε                                               (53) 

 

HenceCxJ)D, CxJ*D, CxJ.D, …… , �xJ��	are Cauchy sequences in the metric space�X�, ρ��. Since�X, d� is a complete,�X�, ρ�� is also 

complete. Then, there exists a point �z), z*, z., …… , z�� ∈ X�.		 
 dCxJ), z)D, dCxJ*, z*D, dCxJ., z.D, …… , d�xJ�, z�� → 0	as	k → +∞ 

 

That is, 

                         limJ→ir xJ) = z), limJ→ir xJ* =z*, limJ→ir xJ. = z.,…………, limJ→ir xJ� = z�																																	(54) 

 

 

By the continuity of F, we obtain 

                                 z) = limJ→ir xJi)) = limJ→ir FCxJ) , xJ*, xJ., …… , xJ�D 

                                      = F ^limJ→ir xJ) , limJ→irxJ*, limJ→irxJ., …… , limJ→irxJ�_ 

                                      = F�z), z*, z., … … , z�� 

Analogously 

                                 z* = limJ→ir xJi)* = limJ→ir FCxJ*, xJ., …… , xJ�, xJ)D 

                                      = F ^ limJ→irxJ*, limJ→irxJ., …… , limJ→irxJ�, limJ→ir xJ)_ 

                                      = F�z*, z., …… , z�, z)� 

                                        : 

                                        : 

                                  z� = limJ→ir xJi)� = limJ→ir FCxJ�, xJ) , xJ*, …… , xJ��)D 

                                       = F^limJ→ir xJ� , limJ→irxJ) , limJ→irxJ*, …… , limJ→irxJ��)_ 

                                       = F�z�, z), z*, …… , z��)� 
Thus, we have 

                                      z) = F�z), z*, z., …… , z��, 
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                                          z* = F�z*, z., …… , z�, z)�, 

                                          z. = F�z., …… , z�, z), z*�, 

                                            : 

                                          z� = �z�, z), z*, …… , z��)� 
 

We have proved that F has an n-tuplet fixed point. This finishes the proof of theorem 10. 

 

Remark 11 Theorems remains true if we replace (IV) with one of the following statements. There exists xI, yI	, zI, wI 	 ∈ X 

such that, 

 

1.

{||
}|
|~ xI) ≤ F�xI), xI*, xI. , …… , xI��,xI* > B�xI*, xI., … … , xI�, xI)�,::xI� ≤ F�xI�, xI), xI*, , … … , xI��)�, �if	n	is	odd�xI� > B�xI�, xI), xI*, , …… , xI��)�, �if	n	is	even�

 

 

2.

{||
}|
|~ xI) < B�xI), xI*, xI., …… , xI��,xI* > B�xI*, xI., … … , xI�, xI)�,::xI� < B�xI�, xI) , xI*, , …… , xI��)�, �if	n	is	odd�xI� > B�xI�, xI), xI*, , …… , xI��)�, �if	n	is	even�

 

3.1 

{||
}|
|~ xI) ≤ F�xI), xI*, xI., …… , xI��,xI* > B�xI*, xI., …… , xI�, xI)�,xI. < B�xI., …… , xI�, xI) , xI*�,:xI� < B�xI�, xI), xI*, , …… , xI��)�, �if	n	is	odd�xI� > B�xI�, xI), xI*, , …… , xI��)�, �if	n	is	even�

 

3.2 

{||
}|
|~ xI) < B�xI), xI*, xI., …… , xI��,xI* 	 F�xI*, xI., …… , xI�, xI)�,xI. < B�xI., …… , xI�, xI) , xI*�,:xI� < B�xI�, xI), xI*, , …… , xI��)�, �if	n	is	odd�xI� > B�xI�, xI), xI*, , …… , xI��)�, �if	n	is	even�

 

3.3

{||
}|
|~ xI) < B�xI), xI*, xI., …… , xI��,xI* > B�xI*, xI., … … , xI�, xI)�,xI. ≤ F�xI., …… , xI�, xI) , xI*�,:xI� < B�xI�, xI) , xI*, , …… , xI��)�, �if	n	is	odd�xI� > B�xI�, xI) , xI*, , …… , xI��)�, �if	n	is	even�

 

: 

: 

3.n

{||
}|
|~ xI) < B�xI), xI*, xI. , …… , xI��,xI* > B�xI*, xI., … … , xI�, xI)�,xI. < B�xI., …… , xI�, xI) , xI*�,:xI� ≤ F�xI�, xI), xI*, , …… , xI��)�, �if	n	is	odd�xI� 	 F�xI�, xI), xI*, , …… , xI��)�, �if	n	is	even�
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4.1

{||
}|
|~ xI) ≤ F�xI), xI*, xI. , …… , xI��,xI* 	 F�xI*, xI., … … , xI�, xI)�,xI. < B�xI., …… , xI�, xI), xI*�,:xI� < B�xI�, xI) , xI*, , …… , xI��)�, �if	n	is	odd�xI� > B�xI�, xI) , xI*, , …… , xI��)�, �if	n	is	even�

 

4.2 

{||
||}
|||
|~ xI) < B�xI), xI*, xI., …… , xI��,xI* > B�xI*, xI., …… , xI�, xI)�,xI. ≤ F�xI., …… , xI�, xI), xI*�,xIA 	 F�xIA, … … , xI�, xI), xI* , xI.�,::y xI��) < B�xI��), xI�, xI), , …… , xI��*�, �if	n	is	odd�,xI��) > B�xI��), xI�, xI), , … … , xI��*�, �if	n	is	even�,y xI� < B�xI�, xI) , xI*, , …… , xI��)�, �if	n	is	odd�,xI� > B�xI�, xI), xI*, , …… , xI��)�, �if	n	is	even�,

 

: 

: 

4.n

{||
||}
|||
|~ xI) < B�xI), xI*, xI., …… , xI��,xI* > B�xI*, xI., …… , xI�, xI)�,xI. < B�xI., …… , xI�, xI), xI*�,xIA > B�xIA, …… , xI�, xI), xI*, xI.�,::y xI��) ≤ F�xI��), xI�, xI), , …… , xI��*�, �if	n	is	odd�,xI��) 	 F�xI��), xI�, xI), , …… , xI��*�, �if	n	is	even�,y xI� ≤ F�xI�, xI), xI*, , …… , xI��)�, �if	n	is	odd�,xI� 	 F�xI�, xI), xI* , , …… , xI��)�, �if	n	is	even�,

 

5.1 

{||
}|
|~ xI) < B�xI), xI*, xI., …… , xI��,xI* 	 F�xI* , xI., …… , xI�, xI)�,xI. ≤ F�xI. , …… , xI�, xI), xI*�,:xI� ≤ F�xI�, xI), xI* , , …… , xI��)�, �if	n	is	odd�xI� 	 F�xI�, xI), xI*, , … … , xI��)�, �if	n	is	even�

 

5.2 

{||
}|
|~ xI) ≤ F�xI), xI*, xI., … … , xI��,xI* > B�xI*, xI., …… , xI�, xI)�,xI. ≤ F�xI. , …… , xI�, xI), xI*�,:xI� ≤ F�xI�, xI), xI* , , …… , xI��)�, �if	n	is	odd�xI� 	 F�xI�, xI), xI*, , … … , xI��)�, �if	n	is	even�

 

5.3

{||
}|
|~ xI) ≤ F�xI), xI*, xI., …… , xI��,xI* 	 F�xI*, xI., …… , xI�, xI)�,xI. < B�xI., …… , xI�, xI) , xI*�,:xI� ≤ F�xI�, xI), xI*, , …… , xI��)�, �if	n	is	odd�xI� 	 F�xI�, xI), xI*, , …… , xI��)�, �if	n	is	even�

 

   : 

   : 
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 5.n

{||
}|
|~ xI) ≤ F�xI), xI*, xI., …… , xI��,xI* 	 F�xI*, xI., …… , xI�, xI)�,xI. ≤ F�xI., …… , xI�, xI) , xI*�,:xI� < B�xI�, xI), xI*, , …… , xI��)�, �if	n	is	odd�xI� > B�xI�, xI), xI*, , …… , xI��)�, �if	n	is	even�

 

: 

: 

n.

{||
||}
|||
|~ xI) ≤ F�xI), xI*, xI., …… , xI��,xI* 	 F�xI*, xI., …… , xI�, xI)�,xI. ≤ F�xI., …… , xI�, xI) , xI*�,xIA 	 F�xIA, …… , xI�, xI) , xI*, xI.�,::yxI��) ≤ F�xI��), xI�, xI), , …… , xI��*�	, �if	n	is	odd�,xI��) 	 F�xI��), xI�, xI) , , …… , xI��*�, �if	n	is	even�,y xI� < B�xI�, xI), xI*, , …… , xI��)�, �if	n	is	odd�,xI� > B�xI�, xI), xI*, , …… , xI��)�, �if	n	is	even�,

 

 

 

6. EXAMPLES 

 

We state some examples showing that our result is effective. 

 

Example 12 (k-tuplet fixed point) Let	X = R	be complete metric space under usual metric and natural ordering  ≤ of real 

numbers.Define the mapping F: XJ → X	 (where k is an arbitrary positive odd integer) be defined by  

 FCx), x*, x., …… , xJD = x) − x* + x. − ⋯…+ xJk + 1  

 

It is clear that F is continuous and has the mixed strict monotone property. Moreover taking		xI) = xI* = ⋯… . . = xIJ = 0, the 

condition (IV) of Theorem 10 holds for k  . On the other hand, for x), x*, … , xJ, y), y*, … . , yJ ∈ X  with 	x) < y), x* 	y*, …… , xJ < yJ, we have 

 

       ε	 ≤ maxjd�x) , y)�, d�x*, y*�,……… . , dCxJ, yJDk 
                                                                          = maxjx) − y) , x* − y*, ……… . . , xJ − yJk < 	7 + 9�ε� . 

     d ^FCx), x*, x., …… , xJD, Cy), y*, y., …… , yJD_ = ��V���i���⋯…i�SJi) − �V���i���⋯…i�SJi) � 
                                                                                  ≤	 ��V��VJi) � + ������Ji) � + ⋯……+ ��S��SJi) � 
 

Then condition (III) of theorem 10 hold for	δ�ε� < )J ε. That is, F is a generalized Meir-Keeler type contraction. It is clear that 

all conditions of Theorem 10 are satisfied (without order) and in view of Theorem 10, the k-tuplet point �0,0, … . ,0� ∈ XJ is the 

desired k-tuplet fixed point of F. 

 

Example 13 (5-tuplet fixed point) Let X = R with the metric d�x, y� = |x − y| and the usual ordering. Clearly �X, d,≤� is a 

partially ordered complete metric space. LetF: X� → X	be defined by  

 F�z), z*, z., zA, z�� = 2z) − z* + 2z. − zA + 2z� + 424  

 

for all z), z*, z., zA, z� ∈ X. Obviously, F is continuous and has the mixed strict monotone property. Moreover taking	z) =0, z* = )	� , z. = 0, zA = )� , z� = 0, the condition (IV) of Theorem 10 holds for n = 5	and CzI), zI*, zI., zIA, zI�D = ^0, )� , 0, )� , 0_ . 

On the other hand, for z), z* , z., zA, z�, w), w*, w., wA, w� ∈ X	with	z) < w), z* 	 w*, z. < w. , zA 	 wA, z� < w�, we have 

 

                             ε	 ≤ max(d�z), w)�, d�z*, w*�, d�z., w.�, d�zA , wA�, d�z�, w��+ 
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                                                                 = max(z) − w) , z* − w*, z. − w., zA − wA, z� − w�+ < 	7 + 9�ε� . 

    d^F�z), z*, z., zA, z��, �w), w*, w., wA, w��_ 

                                     = �*�V���i*�����i*��iA*A − *�V���i*�����i*��iA*A � 
                                     ≤	 ��V��V)* � + ������*A � + ������)* � + ������*A � + ������)* � 

 

Then condition (III) of theorem 10 hold for	δ�ε� < 27. That is, F is a generalized Meir-Keeler type contraction. It is clear that 

all the hypotheses of Theorem 10 are satisfies and in view of Theorem 10, ^)� , )� , )� , )� , )�_ is the desired 5-tuplet fixed point of F. 

In the following theorem, we omit the continuity hypothesis of F. We need the following definition. 

 

Definition 14 Let (X, d, ≤) be a partially ordered metric space. We say that �X, d,≤�  is regular if the following conditions hold 

in X: 

 

a) If strict non-decreasing sequence xJ → xin X , then xJ < @	∀	�	. 
b) If strict non-increasing sequenceyJ → yin X, then	yJ > =	∀	�. 

 

Theorem: 15 Let  �X, d, ≤� be a partially ordered complete metric space. Suppose �X, d,≤�  is regular.Assume that F: X� →X	satisfies the following hypothesis. 

 

1. F has the mixed strict monotone property, 

2. F is a generalized Meir-Keeler type contraction, 

3. There exist xI), xI*, xI., …… , xI� ∈ X be as in (11). 

 

Then F has an n-tuplet fixed point. 

 
Proof: Following the same lines of the proof of the Theorem 10, we remain to prove that F has an n-tuplet fixed point in X, 

that is, there exist �z), z*, z., …… , z�� ∈ X� such that 

 

                                            z) = F�z), z*, z., …… , z��, 

                                            z* = F�z*, z., …… , z�, z)�, 

                                            z. = F�z., …… , z�, z), z*�, 

                                                   : 

                                            z� = �z�, z), z*, …… , z��)� 
 

To this aim, suppose �X, d,≤�  is regular. If n is odd since CxJ)D, CxJ.D, …… , �xJ�� are strict non-decreasing and CxJ*D, CxJAD,…… , CxJ��)D are strict non-increasing, if n is even since CxJ)D, CxJ.D,…… , CxJ��)D  are strict non-decreasing and CxJ*D, CxJAD,…… , �xJ�� are strict non-increasing. Since 

 

                        xJ) = FCxJ�)) , xJ�)* , xJ�). , …… , xJ�)� D = FJ�xI), xI*, xI., …… , xI�� → z), 

                        xJ* = FCxJ�)* , xJ�). , …… , xJ�)� , xJ�)) D = FJ�xI*, xI., …… , xI�, xI)� → z*, 

                        xJ. = F�xJ�). , …… , xJ�)� , xJ�)) , xJ�)* � = FJ�xI. , …… , xI�, xI), xI*� → 	 z., 

                               : 

                               : 

                         xJ� = F�xJ�)� , xJ�)) , xJ�)* , …… , xJ�)��)� = FJ�xI�, xI), xI*, …… , xI��)� → z� 

For any given	ϵ > 0, there exists k) , k*, k. … . . , k� ∈ ℕ such that 

                                dCxpV) , z)D = d�FpV�xI), xI*, xI., …… , xI��, z)� < �, 
                                dCxp�* , z*D = d�Fp��xI*, xI. , …… , xI�, xI)�, z*� 	< �, 

                         dCxp�. , z.D = d�Fp��xI., …… , xI�, xI) , xI*�, z.� < �,                                                                                      (54) 

                                   : 

                                   : 

                                dCxp�� , z�D = d�Fp��xI�, xI) , xI* , …… , xI��)�, z�� < �. 
for all r) 	 k), r* 	 k*, r. 	 k., …… . , r� 	 k�.Now taking k = max)����(k�+ and using Remark 7with the assumption, 

                                    xJ) = FJ�xI), xI*, xI., …… , xI�� < z), 

                                    xJ* = FJ�xI*, xI., … … , xI�, xI)� > z*, 

                            xJ. = FJ�xI., …… , xI�, xI), xI*� < z.,                                                                                                         (55) 

                                           : 
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                                           : 

                                      xJ� = FJ�xI�, xI), xI*, …… , xI��)� < z� (if n is odd), 

                                      xJ� = FJ�xI�, xI), xI*, …… , xI��)� > z� (if n is even). 

 

From (9), (12) and (55), we get  

 

               dCz), F�z), z*, z., … … , z��D ≤ dCz), xJi)) D + d^xJi)) , F�z), z*, z., …… , z��_ 

                                                      =	 Cz), xJi)) D + d ^FJi)�xI), xI*, xI., …… , xI��, F�z), z*, z., …… , z��_ 

                                                      = Cz), xJi)) D + d^F�xJ), xJ*, xJ., …… , xJ��, F�z), z*, z., … … , z��_ 

                                                      = Cz), xJi)) D + maxjdCxJ), z)D, dCxJ*, z*D, dCxJ., z.D,… … , d�xJ�, z��k 
                                                      < 7 + >?@(ε, ε, ε, … . , ε+ = 2ε                                                                                      (56) 

 

Analogously, we get that  

 dCz*, F�z*, z., …… , z�, z)�D ≤ 2ε dCz., F�z., …… , z�, z), z*�D ≤ 2ε 

                                                                   :                                                                                                                         (57) dCz�, �z�, z), z* , …… , z��)�D ≤ 2ε 

 

This yield that    

 z) = F�z), z*, z., …… , z��, z* = F�z*, z., …… , z�, z)�, z. = F�z., …… , z�, z), z*�, 

: z� = F�z�, z), z*, …… , z��)�. 
So �z), z*, z., …… , z�� is an n-tuplet fixed point of F. 

 

7. UNIQUENESS OF N-TUPLET FIXED POINT 

 

In this section, we shall prove the uniqueness of n-tuplet fixed point. For a product X�	of a partial ordered set	�X, ≤�, we define 

a partial ordering in the following way: For all�u), u*, u., …… , u��, �v), v*, v., …… , v�� ∈ X�, 

 �<) , <*, <., …… , <�� ≤ ��), �*, �., …… , ��� 
                                         ⟺ <) ≤ �),							<* ≤ �* ,			… . ………,			<� ≤ ��(if n is odd), <� 	 �� (if n is even). 

We say that �<), <*, <., …… , <�� and ��), �*, �. , …… , ��� are comparable if �<), <*, <., … … , <�� ≤ ��), �* , �., …… , ��� or                      ��), �*, �., …… , ��� ≤ �<), <*, <., …… , <��. Also, we say that �<), <*, <., …… , <�� is equal to ��) , �*, �., …… , ��� if and 

only if <) = �), <* = �*, = ⋯…… ,= 	<� = ��. 

 

Theorem 16 In addition to the hypotheses of the Theorem 10, assume that for all�<), <*, <., …… , <��, ��), �*, �., …… , ��� ∈ �, there exists �¡) , ¡*, ¡. , …… ,¡�� ∈  A. such that 

 

                                      �B�¡), ¡* , ¡., . . , ¡��, B�¡*, ¡., … , ¡� , ¡)�, … … , B�¡� , ¡), ¡* , … ,¡��)��                                 (58) 

 

is comparable to 

 

                            �B�<), <*, <., …… , <��, B�<*, <., …… , <�, <)�, …… , B�<�, <), <*, …… , <��)��                                 (59) 

 

and 

 

                            �B��), �*, �., …… , ���, B��*, �., …… , ��, �)�, …… , B���, �), �*, … … , ���)��.                                (60) 

 

Then F has a unique n-tuplet fixed point. 

 

Proof: The set of n-tuplet fixed point of F is nonempty due to Theorem 10. Assume now, ¢ = �<), <*, <., …… , <��and ¢⋆ = ��), �*, �., …… , ��� ∈  � are two n-tuplet fixed point of F, that is, 
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 <) = B�<), <*, <., …… , <��, <* = B�<*, <., … … , <�, <)�, <. = B�<., …… , <�, <), <*�, 
: <� = B�<�, <), <*, … … , <��)�. 

and �) = B��), �*, �., …… , ���, �* = B��*, �., … … , ��, �)�, �. = B��., …… , �� , �), �*�, 
: �� = B���, �), �*, … … , ���)�. 

 

We shall show that¢ = ¢⋆ . We distinguish the following two cases. 

 

Case: 1.If�<), <*, <. , …… , <�� is comparable to ��), �*, �., …… , ���with respect to the ordering in  � . where, 

 

                      ¤¥>¦→ir B¦�<I), <I*, <I., …… , <I�� = <), 

                     	¤¥>¦→ir B¦�<I*, <I., …… , <I�, <I)� = <), 

                      :                                                                                                                                                                      (61) 

                     ¤¥>¦→ir B¦�<I�, <I), <I*, …… , <I��)� = <� 

 

Without loss of generality, we may assume that, 

 

                              <) = B�<), <*, <., …… , <�� < B��), �*, �., …… , ��� = �), 

                              <* = B�<*, <., …… , <�, <)� 	 B��* , �., …… , ��, �)� = �*, 

                               :                                                                                                                                                            (62) <� = B�<�, <), <*, …… , <��)� < B���, �), �*, …… , ���)� = �� , �¥§	¨	¥©	ª««� 	<� = B�<�, <), <*, …… , <��)� 	 B��� , �), �*, … … , ���)� = ��, �¥§	¨	¥©	¬�¬¨�. 
 

By the definition of � and Remark 7, we have 

 

                       ��¢, ¢⋆� = �C�<), <* , <., …… , <��, ��), �*, �., …… , ���D 

                                       = >?@(«�<), �)�, «�<*, �*�, «�<., �.�, …… , «�<�, ���+ 
                                      = >?@

{|}
|~ «CB�<), <*, <., …… , <��, B��) , �*, �., …… , ���D,«CB�<*, <. , …… , <�, <)�, B��* , �., …… , ��, �)�D,::«CB�<� , <), <*, …… , <��)�, B���, �), �*, …… , ���)�D�|�

|�
 

                                      < >?@
{|}
|~ >?@(«�<), �)�, «�<*, �*�, «�<., �.�,… … , «�<�, ���+,>?@(«�<*, �*�, «�<., �.�, …… , «�<� , ���, «�<), �)�+,::>?@(«�<�, ���, «�<), �)�, «�<*, �*�, …… , «�<��), ���)�+�|�

|�
 

                                      = >?@(«�<), �)�, «�<*, �*�, «�<., �.�, …… , «�<� , ���+ 
                                      = �C�<), <*, <., …… , <��, ��), �*, �., …… , ���D 

                                      = ��¢, ¢⋆� 

 

This is a contradiction, therefore must be	¢ = ¢⋆. 

 

Case: 2.If �<), <*, <., …… , <��  is not comparable to ��), �*, �., …… , ��� . By assumption, there exists ® = �¡) , ¡*, ¡. , …… ,¡�� ∈  � such that 

 �B�¡), ¡* , ¡., . . , ¡��, B�¡*, ¡., … , ¡� , ¡)�, …… , B�¡� , ¡) , ¡* , … ,¡��)�� 

is comparable with 

 �B�<), <*, <. , …… , <��, B�<*, <., …… , <�, <)�, …… , B�<� , <), <*, … … , <��)�� 
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and 

 

                                    �B��), �*, �., …… , ���, B��*, �., …… , ��, �)�, …… , B���, �), �*, … … , ���)��. 
 

Define sequences �¡¦)�, C¡¦*D, C¡¦.D, …… , �¡¦�� such that 

                                             �¡) , ¡*, ¡., …… ,¡�� = �¡I) , ¡I*, ¡I. , …… , ¡I�� 

and for any � 	 1, 

 ¡¦) = BC¡¦�)) , ¡¦�)* , ¡¦�). , …… ,¡¦�)� D = B¦�¡I), ¡I* , ¡I., …… ,¡I��, ¡¦* = BC¡¦�)* , ¡¦�). , …… ,¡¦�)� , ¡¦�)) D = B¦�¡I*, ¡I. , …… ,¡I� , ¡I)�, ¡¦. = B�¡¦�). , …… ,¡¦�)� , ¡¦�)) , ¡¦�)* � = B¦�¡I., …… ,¡I� , ¡I), ¡I*�, 

                                              :                                                                                                                                                      (63) 

                    : 

                                             ¡¦� = B�¡¦�)� , ¡¦�)) , ¡¦�)* , …… ,¡¦�)��)� = B¦�¡I� , ¡I), ¡I* , …… ,¡I��)�. 
 

Since (59) and (60) comparable with (58), we may assume that 

 �<), <*, <., … … , <�� 	 �¡) , ¡*, ¡., …… ,¡�� = �¡I), ¡I*, ¡I. , …… ,¡I�� 

 

By using (40), we get that for all k, 

 

                                             �<), <*, <., … … , <�� 	 C¡¦), ¡¦* , ¡¦., …… ,¡¦�D                                                                           (64) 

 

From (64), we have 

 

                                            <) < ¡¦), <* 	 ¡¦*, <. < ¡¦. , … … , <� < ¡¦�, �¥§	¨	¥©	ª««�, <� 	 ¡¦� (if n is even)                   (65) 

 

Similarly, 

 

                                           �) < ¡¦), �* 	 ¡¦* , �. < ¡¦. , …… , �� < ¡¦� , �¥§	¨	¥©	ª««�, �� 	 ¡¦� (if n is even)                   (66) 

 

By Proposition 8, and using (65), (66) we have 

 

                                         � ^B¦W�¢�, B¦W�®�_ → 0?©� → +∞.                                                                                       (67) 

           and                       � ^B¦W�¢⋆�, B¦W�®�_ → 0?©� → +∞.                                                                                      (68) 

 

By the triangle inequality, we get  

 

                                 ��¢, ¢⋆� = � ^B¦W�¢�, B¦W�¢⋆�_ 

                                                 ≤ � ^B¦W�¢⋆�, B¦W�®�_ + A ^B¦W�®�, B¦W�¢⋆�_ → 0	?©	� → +∞. 

 

This implies that ¢ = ¢⋆.	 
 

Corollary17 In addition to the hypotheses of Theorem 17, assume that for all	�<), <*, <., …… , <��, ��), �*, �., …… , ��� ∈ �, there exists �¡) , ¡*, ¡. , …… ,¡�� ∈  �. such that  

                              �B�¡), ¡* , ¡., . . , ¡��, B�¡*, ¡., … , ¡� , ¡)�, … … , B�¡� , ¡), ¡* , … ,¡��)� 

is comparable to 

                               �B�<), <*, <., …… , <��, B�<*, <., …… , <� , <)�, …… , B�<�, <) , <*, …… , <��)��   
and                        �B��), �*, �., …… , ���, B��*, �., …… , ��, �)�, …… , B���, �), �*, … … , ���)��. 
 

Then F has a unique n-tuplet fixed point. 

 

Remark: 18 In view of theorem 16, the mapping F, in examples 12, 13, has a unique k-tuplet fixed point, a unique 5-tuplet 

fixed point, respectively. 
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Theorem 19 Let  � , «, ≤� be a partially ordered complete metric space and B: � →   be a given mapping having the mixed 

monotone property on X. If the condition  

 «CB�@), @*, …	, @��, B�=), =*, …	, =��D ≤ ?)«�@), =)� + ?*«�@*, =*� + ⋯… . . +?�«�@�, =�� 
 

is satisfied, where ?¯ ∈ [0,1�	¡¥°ℎ∑ ?¯�̄³) = ℎ < 1. Then F is a generalized Meir-Keeler type contraction. 

 

Proof: Assume that  

 «CB�@), @*, …	, @��, B�=), =*, …	, =��D ≤ ?)«�@), =)� + ?*«�@*, =*� + ⋯… . . +?�«�@�, =�� 
 

is satisfied, where	?¯ ∈ [0,1�	¡¥°ℎ	 ∑ ?¯�̄³) = ℎ < 1. For all 7 > 0, one can check that (8) is satisfied with 9�7� = ^ )´�) − 1_ 7. 

 

8. APPLICATIONS  

 

Motivated by Suzuki [16] and on the same lines of theorem 3.11 of [8], one can prove the following result. 

 

Theorem: 20Let  � , «, ≤� be a partially ordered complete metric space and B: � →  be a given mapping. Assume that there 

exists a function µ from [µ, +∞� into itself satisfying the following: 

 

1. θ�0� = 0 and θ�t� > 0	for	every	t > 0, 

2. µ is a non decreasing and right continuous, 

3. For every 7 > 0, there exists 9�7� > 0 such that ε	 ≤ θ�max(d�x) , y)�, d�x*, y*�,…… d�x�, y��+� < ε + δ�ε� 

                                                                              ⟹ θ^dCF�x), x*, x., , …	, x��, F�y), y*, y., , …	 , y��D_ < ε                  (69) 

 

for all @), @*, @., @A, … . . . , @�, =), =*, =., =A, … . . . , =� ∈    with @) 	 =), @* ≤ =*, … . , @� 	 =�  (if n is odd),@� ≤ =�   (if n is 

even) or @) < =), @* 	 =*, … . , @� < =� (if n is odd),@� 	 =�   (if n is even). Then F is a generalized Meir-Keeler type 

contraction. 

 

The following result is an immediate consequence of Theorems 10, 16 and 20. 

 

Corollary:21 Let  � , «, ≤� be a partially ordered complete metric space and B:  � →  be a given mapping satisfying the 

following hypotheses: 

 

1. F has the mixed strict monotone property. 

2. For every 7 > 0, there exists 9�7� > 0 such that  

                       7	 ≤ · ¸�°�«°¹º»(¼�»V,½V�,¼�»�,½��,……¼�»¾,½¾�+I < 7 + 9�7� 

                                             ⟹	· ¸�°�«° < 7¼C¿�»V,»�,»�,,…	,»¾�,¿�½V,½�,½�,,…	,½¾�DI                                                        (70) 

 

for all @) , @*, @., @A, … . . . , @� , =), =*, =., =A, … . . . , =� ∈   with @) 	 =), @* ≤ =*, … . , @� 	 =�(if n is odd),@� ≤ =�  (if n is 

even), where ¸: [0, +∞� → [0,+∞� is a locally integrable function satisfying 

 

                                                        · ¸�°�«° > 0ÀI for all © > 0.                                                                               (71) 

 

3. There exist @I), @I* , @I., …… , @I� ∈   be as in (11). 

 

Assume, either F is continuous or � , «, ≤� is regular. Then F has an n-tuplet fixed point. 

 

To end this paper, we give the following corollary. 

Corollary:22 Let  � , «, ≤� be a partially ordered complete metric space and B:  � →  	be a given mapping satisfying the 

following hypotheses: 

 

1. F has the mixed strict monotone property, 

2. For all x) , x*, x., xA, …… , x�, y), y*, y., yA, …… , y� ∈ X with x) 	 y), x* ≤ y*, … . , x� 	 y�, (if n is odd),	x� ≤ y�(if 

n is even), 
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                      · φ�t�dtÂCT��V,��,��,,……,���,T��V,��,��,,……,���DI  

                                                             ≤ c· φ�t�dt�Ä�(Â��V,�V�,Â���,���,……Â���,���+I                                                     (72) 

where	c ∈ �0,1� and φ: [0, +∞� → [0,+∞� is a locally integrable function satisfying 

                                             · φ�t�dt > 0�I forall	s > 0,                                                                                    (73) 

 

3. There exist xI) , xI*, xI., … … , xI� ∈ X be as in (11). 

 

Assume, either F is continuous or � , «, ≤� is regular. Then F has an n-tuplet fixed point. 

 

Proof: For all	ε > 0, we take δ�ε� = ^)J − 1_ ε and we apply Corollary 21. 

 

 

 

 

 

9. CONCLUSION 
 

In this paper, we introduced the concept of mixed strict 

monotone property, generalized Meir-Keeler type 

contraction and established an n-tuplet fixed point 

theorem for continuous mapping B: � →    under a 

generalized Meir-Keeler contraction in the context of 

partially ordered complete metric spaces. Also established 

these results are still valid for		B:  � →  , not necessarily 

continuous, assuming � , «, ≤�  is regular. We proved the 

uniqueness of an n-tuplet fixed point for such mappings in 

this setup. These results are extensions of results in [8, 15] 

to the case n-tuplet fixed points. Our results may be the 

motivation to other authors for extending and improving 

these results to be suitable tools for their applications. 
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