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ABSTRACT
In this paper, we study Mittag-Leffler operators. We establish moments of these operators and estimate
convergence results with the help of classical modulus of continuity. Also we give their A-statistical
convergence property.
2010 Mathematics Subject Classification. 41A25, 41A36.
Key words: Mittag-Leffler operators, A-statistical convergence, Gamma function, Beta function.
1 <~ kb, (n0)k
B n
LE(f0) = D FED e, ()
" EvgGr g’ n b=k +p)

In 1903, G.M. Mittag-Leffler [1] defined the Mittag-
Leffler function by
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In 1905, A. Wiman [2] gave the definition of two-index
Mittag-Leffler function by
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Eqp(z) = kzzom; (z, BeC, R(a) > 0).

Note that E, ; (z) = E,(2).

M.A. Ozarslan [12] investigated properties of the
following Mittag-Leffler operators

Where b,,is a sequence of positive real numbers, § > 0
is fixed, neN, C[0, o) denotes the space of continuous
functions defined on [0, ), and

feE:= {feC[O, ©): }1_1)1010 llf_i(_x;l is finite}.

Recall that the Banach lattice E has the norm
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It is obvious that operators LEF) given by (1.1) are linear

and positive. Furthermore, Lgll)(f; x) = S,(f; x), which
are modified Szasz-Mirakjan operators, can be easily
seen.
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Ozarslan [12] gave the following inequalities:

1O (1;%) = 1 (12)
660 =] < 2, a2
T
1Pt -x)%0 < wx
+(z|1—ﬁ|2+|1—ﬁ|nz+|1—ﬂllﬂ—2')b”2. (1.5)

Now, we define the operators D,(f ) by
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Where feC[0, ), xe[0,), b, is a sequence of
positive real numbers, g >0 is fixed, n € N and
B(.,.).is the Beta function.

Lemma 1. Foreach x > 0 and n € N, we have
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(1 =81+ Db,

|D,(,B)(t; x) — x| < fx, (1.8)
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Proof From definition of the two-index Mittag-Leffler
function, we see that

DB (1;x) =1.

From the operators Dr(f) given by (1.6), for n>1 we get
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Using (1.2) and (1.3), we have
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From (1.6), for n > 2 we get
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Using (1.2)-(1.4), we have
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If we simplify the above inequality, then we obtain
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On the other hand, we can give the second moment as

D ((t - 0% < |pP (% x) - 2|
+ 2x |D,(IB)(t; x) — x|
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2. RATE OF CONVERGENCE

We start with the following lemma, which proves that
D,(f" ) maps E into itself.

Lemma 2. Let ( ) be a bounded sequence of positive

numbers and S >0 be fixed. Then there exists a
constant M () such that, for w(x) = —, we have

WP (2:x) < M)

holds for all x € [0, ) and n € N. Furthermore, for all
f € E, we have

[P < M@l
Proof. From (1.7) and (1.9), we have

(u(x)D,(lﬁ) (%,x) = [D(m(l x) + D([")(t2 x)]
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On the other hand, we obtain
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Taking supremum on both sides of above inequality, we
easily prove the results.

Recall that the usual modulus of continuity of f on the
closed interval [0, B] is defined by

wp(f,8) = sup{lf (&) — f(x)|:x,t € [0,B], [t — x|
<8}

It is well known that, for a function f € C[0,B], we
have limg_, wg(f,8) = 0.

Now, we acquire the rate of convergence of the
operators D,(f”)f to f, for all f € C[0, B].

Theorem 1. Let 8 > 0 be fixed, ( ) be a bounded

sequence of positive numbers with 225 0 as n - 0,

f eclo,B], and wg.1(f,8) (B> O) be modulus of
continuity of f on the finite interval [0,B +1] c
[0, ). Then
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and Mg(B,B) is an absolute constant depending on
f, Band B.

Proof. Let B > 0 be fixed. For x € [0,B] and t < B +
1, we have

If () = ()] < wpr (f, |1t — x|)
< (1 + |t;—96|> wp41(f,8)

where § > 0. On the other hand, for x € [0,B] and
t>B+1,wegett—x > 1, we can write

If () = fFOl < Ap(1 + x% +t?)
< Ap(243x2+2(t —x)?)
< 64:(1+ B?)(t — 1)

By the above two inequlities, for x € [0, B] and t = 0,
we get

If(®) = ()] < 64;(1 + BA(t — x)?
+ (1 L ; xl) wp+1(f, 8).

Using Cauchy-Schwarz inequality and (1.10), we have

pP(f;2) - F )
< 64,1 +BHDP ((t — 0% x)

+ wp41(f, 6) (1
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< M(B, B)SZ(B, B) + 2wp41(f, 6,(B, B)),

where
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and M¢(B, B) = 6(1 4+ B®)A;. So, we have the desired
results.

3. A-STATISTICAL CONVERGENCE

Recently, some authors deal with A-statistically
convergence of linear positive operators [8,10, 11].

We recall concepts of A-statistical convergence. Let
A = (aj) be a non-negative regular summability
matrix. The A-density of a subset K of N is given by

S4(K) = lim Z aj k.,
J

kEK

provided that limit exists (see[5]). A sequence
x = (x,) is said to be A-statistically convergent to [ and
denoted by st, — limx = L if for every € > 0,

lim Z agn =0
k—oo
n:|xp—lze|

or §u{n € Ni |x; — ] = €} = 0 (see [4,9]).

In the special case of A = C{, Cesaro matrix of order
one, the A-statistically convergence reduces to statistical
convergence [3,7]. If we choose A =1, the identity
matrix, then A-statistically convergence reduces to
ordinary convergence. Kolk [6] proved that in the case
of lim; max,|a;,| =0, A-statistical convergence is
stronger than ordinary convergence.

Assuming that (b,) ey is @ sequence satisfying

—lim— = 0.
StA m- 0

Then we see

b,>
—lim—=0.
StA ln n2 0

For an example, take A = C; and define

= m?2
bn:{n.ln—m (mEN). 3.1)

n3: otherwise

. . b
Then we easily see that stA—hmnf=stA—

2
lim,, 2 = 0 (see [12]).

Theorem 2. Let A = (aj) be a non-negative regular

summability matrix and 8 >0 be fixed. If st, —

lim,, b;" = 0, then

sta— || (£ 2 ‘f(x)“c[o.BJ -°

holds for every f € E.

Proof. Given r > 0 choose € > 0 such that € < r. For
fixed g > 0, define the following sets:

U:= {n:6,(B,B) =1},
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b, n—1
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1
U3:={n: (Z—Z) [2(1-p)* + 41— Bl
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Then U c U; U U, U U can be seen. So, we can get

Yous Yous T P on

keu kEU, KkEU, k€U,

For j — oo in the above inequality and st, — limnb;" =
0, we have llm] ZkEU ajk =0.

So this shows that st, —lim, §,(8,B) =0 which
implies

Sty — li1r1n ‘UB+1(ff 5n(ﬁ/3)) =0

due to the right continuity of wg,1(f,.) at zero. Using
the previous theorem, we get the desired result.

Remark 1. Note that choosing the sequence (b,)nen @S
in (3.1), the statistical approximation results in the last
theorem works, but its classical case does not work

R b. R . .
since (;") is not convergent in the ordinary sense.
neN
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