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ABSTRACT 

 

In this paper, we study Mittag-Leffler operators. We establish moments of these operators and estimate 

convergence results with the help of classical modulus of continuity. Also we give their 𝐴-statistical 
convergence property. 
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1. INTRODUCTION 

In 1903, G.M. Mittag-Leffler [1] defined the Mittag-

Leffler function by 

𝐸𝛼(𝑧) = ∑
𝑧𝑘

(𝛼𝑘 + 1)
; (𝑧𝜖ℂ, 𝑅(𝛼) > 0

∞

𝑘=0

). 

In 1905, A. Wiman [2] gave the definition of two-index 
Mittag-Leffler function by 

𝐸𝛼,𝛽(𝑧) = ∑
𝑧𝑘

(𝛼𝑘 + 𝛽)
; (𝑧, 𝛽𝜖ℂ, 𝑅(𝛼) > 0

∞

𝑘=0

). 

Note that 𝐸𝛼,1(𝑧) = 𝐸𝛼(𝑧). 

M.A. Özarslan [12] investigated properties of the 

following Mittag-Leffler operators 

𝐿𝑛
(𝛽)

(𝑓; 𝑥) =
1

𝐸1,𝛽(
𝑛𝑥

𝑏𝑛
)

∑ 𝑓(
𝑘𝑏𝑛

𝑛
)

(𝑛𝑥)𝑘

𝑏𝑛
𝑘(𝑘 + 𝛽)

∞

𝑘=0

,     (1.1) 

Where 𝑏𝑛is a sequence of positive real numbers, 𝛽 > 0 

is fixed, 𝑛𝜖ℕ, 𝐶[0, ∞) denotes the space of continuous 

functions defined on [0, ∞), and 

𝑓𝜖𝐸: = {𝑓𝜖𝐶[0, ∞): lim
𝑥→∞

|𝑓(𝑥)|

1 + 𝑥2 𝑖𝑠 𝑓𝑖𝑛𝑖𝑡𝑒}. 

Recall that the Banach lattice 𝐸 has the norm 

‖𝑓‖∗ = 𝑠𝑢𝑝𝑥∈[0,∞)

|𝑓(𝑥)|

1 + 𝑥2
. 

It is obvious that operators 𝐿𝑛
(𝛽)

 given by (1.1) are linear 

and positive. Furthermore, 𝐿𝑛
(1)(𝑓; 𝑥) = 𝑆𝑛(𝑓; 𝑥), which 

are modified Szász-Mirakjan operators, can be easily 

seen. 
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Ozarslan [12] gave the following inequalities: 

𝐿𝑛
(𝛽)

(1; 𝑥) = 1, (1.2)

|𝐿𝑛
(𝛽)

(𝑡; 𝑥) − 𝑥| ≤
|1 − 𝛽|𝑏𝑛

𝑛
, (1.3)

|𝐿𝑛
(𝛽)

(𝑡2; 𝑥) − 𝑥2| ≤
(2 + |1 − 𝛽|)𝑏𝑛

𝑛
𝑥

+
(2|1 − 𝛽|2 + |1 − 𝛽| + |1 − 𝛽||𝛽 − 2|)𝑏𝑛

2

𝑛2 , (1.4)

𝐿𝑛
(𝛽)

((𝑡 − 𝑥)2; 𝑥) ≤
(4|1 − 𝛽| + 1)𝑏𝑛

𝑛
𝑥

+
(2|1 − 𝛽|2 + |1 − 𝛽| + |1 − 𝛽||𝛽 − 2|)𝑏𝑛

2

𝑛2 . (1.5)

 

Now, we define the operators 𝐷𝑛
(𝛽)

 by 

𝐷𝑛
(𝛽)

(𝑓; 𝑥) = ∑
(𝑛𝑥)𝑘

𝐸1,𝛽 (
𝑛𝑥

𝑏𝑛
) 𝑏𝑛

𝑘(𝑘 + 𝛽)

∞

𝑘=0

 

        × ∫
𝑡𝑘

(1 + 𝑡)𝑛+𝑘+1

∞

0

𝑓(
(𝑛−1)𝑏𝑛𝑡

𝑛
)

𝐵(𝑛, 𝑘 + 1)
𝑑𝑡,     (1.6) 

Where 𝑓𝜖𝐶[0, ∞), 𝑥𝜖[0, ∞),  𝑏𝑛 is a sequence of 

positive real numbers, 𝛽 > 0 is fixed, 𝑛 ∈ ℕ and 

𝐵(. , . ).is the Beta function. 

Lemma 1. For each 𝑥 ≥ 0 and  𝑛 ∈ ℕ, we have 

𝐷𝑛
(𝛽)

(1; 𝑥) = 1, (1.7)

|𝐷𝑛
(𝛽)

(𝑡; 𝑥) − 𝑥| ≤
(|1 − 𝛽| + 1)𝑏𝑛

𝑛
𝑥, (1.8)

|𝐷𝑛
(𝛽)

(𝑡2; 𝑥) − 𝑥2| ≤
𝑥2

𝑛 − 2
+ (

𝑛 − 1

𝑛 − 2
)

2(2 + |1 − 𝛽|)𝑏𝑛

𝑛
𝑥

+(
𝑛 − 1

𝑛 − 2
)

(2|1 − 𝛽|2 + |1 − 𝛽| + |1 − 𝛽||𝛽 − 2|)𝑏𝑛
2

𝑛2
, (1.9)

𝐷𝑛
(𝛽)

((𝑡 − 𝑥)2; 𝑥) ≤
𝑥2

𝑛 − 2

+
2𝑏𝑛

𝑛
[(

𝑛 − 1

𝑛 − 2
) (2 + |1 − 𝛽|) + |1 − 𝛽| + 1] 𝑥

+ (
𝑛 − 1

𝑛 − 2
)

(2|1 − 𝛽|2 + |1 − 𝛽| + |1 − 𝛽||𝛽 − 2|)𝑏𝑛
2

𝑛2
(1.10)

 

Proof From definition of the two-index Mittag-Leffler 
function, we see that 

𝐷𝑛
(𝛽)

(1; 𝑥) = 1. 

From the operators 𝐷𝑛
(𝛽)

 given by (1.6), for n>1 we get 

𝐷𝑛
(𝛽)

(𝑡; 𝑥) = ∑
(𝑛𝑥)𝑘

𝐸1,𝛽 (
𝑛𝑥

𝑏𝑛
) 𝑏𝑛

𝑘(𝑘 + 𝛽)

∞

𝑘=0

 

×
(𝑛 − 1)𝑏𝑛

𝑛

𝐵(𝑛 − 1, 𝑘 + 2)

𝐵(𝑛, 𝑘 + 1)
 

= ∑
(𝑛𝑥)𝑘

𝐸1,𝛽 (
𝑛𝑥

𝑏𝑛
) 𝑏𝑛

𝑘(𝑘 + 𝛽)

∞

𝑘=0

(
𝑘 + 1

𝑛
𝑏𝑛) 

= 𝐿𝑛
(𝛽)

(𝑡; 𝑥) +
𝑏𝑛

𝑛
𝐿𝑛

(𝛽)
(1; 𝑥). 

Using (1.2) and (1.3), we have 

|𝐷𝑛
(𝛽)

(𝑡; 𝑥) − 𝑥| ≤ |𝐿𝑛
(𝛽)

(𝑡; 𝑥) − 𝑥| +
𝑏𝑛

𝑛
 

≤
(|1 − 𝛽| + 1)𝑏𝑛

𝑛
. 

From (1.6), for 𝑛 > 2 we get 

𝐷𝑛
(𝛽)

(𝑡2; 𝑥) = ∑
(𝑛𝑥)𝑘

𝐸1,𝛽 (
𝑛𝑥

𝑏𝑛
) 𝑏𝑛

𝑘(𝑘 + 𝛽)

∞

𝑘=0

 

× [
(𝑛 − 1)𝑏𝑛

𝑛
]

2
𝐵(𝑛 − 2, 𝑘 + 3)

𝐵(𝑛, 𝑘 + 1)
 

= ∑
(𝑛𝑥)𝑘

𝐸1,𝛽 (
𝑛𝑥

𝑏𝑛
) 𝑏𝑛

𝑘(𝑘 + 𝛽)

∞

𝑘=0

𝑛 − 1

𝑛 − 2
(

𝑏𝑛

𝑛
)

2

(𝑘2 + 3𝑘

+ 2) 

= (
𝑛 − 1

𝑛 − 2
) [𝐿𝑛

(𝛽)
(𝑡2; 𝑥) +

3𝑏𝑛

𝑛
𝐿𝑛

(𝛽)
(𝑡; 𝑥)

+
2𝑏𝑛

2

𝑛2 𝐿𝑛
(𝛽)

(1; 𝑥)]. 

Using (1.2)-(1.4), we have 

|𝐷𝑛
(𝛽)

(𝑡2; 𝑥) − 𝑥2| ≤ (
𝑛 − 1

𝑛 − 2
) |𝐿𝑛

(𝛽)
(𝑡2; 𝑥) − 𝑥2|

+
3𝑏𝑛

𝑛
(

𝑛 − 1

𝑛 − 2
) |𝐿𝑛

(𝛽)
(𝑡; 𝑥) − 𝑥|

+
𝑥2

𝑛 − 2
+

3𝑏𝑛

𝑛
(

𝑛 − 1

𝑛 − 2
) 𝑥

+
2𝑏𝑛

2

𝑛2 (
𝑛 − 1

𝑛 − 2
) 

≤ (
𝑛 − 1

𝑛 − 2
) [

(2|1 − 𝛽| + 1)𝑏𝑛

𝑛
𝑥

+
(2(1 − 𝛽)2 + |1 − 𝛽| + |1 − 𝛽||𝛽 − 2|)𝑏𝑛

2

𝑛2 ]

+
3𝑏𝑛

𝑛
(

𝑛 − 1

𝑛 − 2
)

|1 − 𝛽|𝑏𝑛

𝑛
+

𝑥2

𝑛 − 2
+

3𝑏𝑛

𝑛
(

𝑛 − 1

𝑛 − 2
) 𝑥

+
2𝑏𝑛

2

𝑛2 (
𝑛 − 1

𝑛 − 2
). 

If we simplify the above inequality, then we obtain 
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|𝐷𝑛
(𝛽)

(𝑡2; 𝑥) − 𝑥2| ≤
𝑥2

𝑛 − 2

+ (
𝑛 − 1

𝑛 − 2
)

(2|1 − 𝛽| + 4)𝑏𝑛

𝑛
𝑥

+
𝑏𝑛

2

𝑛2 (
𝑛 − 1

𝑛 − 2
) (2(1 − 𝛽)2

+ 4|1 − 𝛽| + |1 − 𝛽||𝛽 − 2| + 2) . 

On the other hand, we can give the second moment as 

𝐷𝑛
(𝛽)

((𝑡 − 𝑥)2; 𝑥) ≤ |𝐷𝑛
(𝛽)

(𝑡2; 𝑥) − 𝑥2|

+ 2𝑥 |𝐷𝑛
(𝛽)

(𝑡; 𝑥) − 𝑥| 

≤
2𝑏𝑛

𝑛
[(

𝑛 − 1

𝑛 − 2
) (|1 − 𝛽| + 2) + |1 − 𝛽| + 1] 𝑥 

+
𝑥2

𝑛 − 2
+

𝑏𝑛
2

𝑛2
(

𝑛 − 1

𝑛 − 2
) (2(1 − 𝛽)2 + 4|1 − 𝛽|

+ |1 − 𝛽||𝛽 − 2| + 2). 

2. RATE OF CONVERGENCE 

We start with the following lemma, which proves that 

𝐷𝑛
(𝛽)

 maps 𝐸 into itself. 

Lemma 2. Let (
𝑏𝑛

𝑛
) be a bounded sequence of positive 

numbers and 𝛽 > 0 be fixed. Then there exists a 

constant 𝑀(𝛽) such that, for 𝜔(𝑥) =
1

1+𝑥2, we have 

𝜔(𝑥)𝐷𝑛
(𝛽)

(
1

𝜔
; 𝑥) ≤ 𝑀(𝛽) 

holds for all 𝑥 ∈ [0, ∞) and 𝑛 ∈ ℕ. Furthermore, for all 

𝑓 ∈ 𝐸, we have 

‖𝐷𝑛
(𝛽)

(𝑓)‖
∗

≤ 𝑀(𝛽)‖𝑓‖∗. 

Proof. From (1.7) and (1.9), we have 

𝜔(𝑥)𝐷𝑛
(𝛽)

(
1

𝜔
; 𝑥) =

1

1 + 𝑥2
[𝐷𝑛

(𝛽)
(1; 𝑥) + 𝐷𝑛

(𝛽)
(𝑡2; 𝑥)] 

≤
1

1 + 𝑥2 {1

+
𝑛 − 1

𝑛 − 2
[
(2|1 − 𝛽| + 1)𝑏𝑛

𝑛
𝑥 +

3𝑏𝑛
2

𝑛2
|1 − 𝛽| + 𝑥2

+
3𝑏𝑛

𝑛
𝑥 +

2𝑏𝑛
2

𝑛2

+
(2|1 − 𝛽|2 + |1 − 𝛽| + |1 − 𝛽||𝛽 − 2|)𝑏𝑛

2

𝑛2 ]} 

≤ 1 +
𝑛 − 1

𝑛 − 2
[
(2|1 − 𝛽| + 1)𝑏𝑛

2𝑛
+

3𝑏𝑛
2

𝑛2
|1 − 𝛽| + 1

+
3𝑏𝑛

2𝑛
+

2𝑏𝑛
2

𝑛2

+
(2|1 − 𝛽|2 + |1 − 𝛽| + |1 − 𝛽||𝛽 − 2|)𝑏𝑛

2

𝑛2 ] 

=
2𝑛 − 3

𝑛 − 2
+

𝑛 − 1

𝑛 − 2

𝑏𝑛

𝑛
(|1 − 𝛽| + 2)

+
𝑛 − 1

𝑛 − 2

𝑏𝑛
2

𝑛2
(2|1 − 𝛽|2 + 4|1 − 𝛽|

+ |1 − 𝛽||𝛽 − 2| + 2) = 𝑀(𝛽). 

On the other hand, we obtain 

𝜔(𝑥) |𝐷𝑛
(𝛽)

(𝑓; 𝑥)| ≤ 𝜔(𝑥) |𝐷𝑛
(𝛽)

(𝜔
𝑓

𝜔
; 𝑥)|

≤ ‖𝑓‖∗𝜔(𝑥)𝐷𝑛
(𝛽)

(
1

𝜔
; 𝑥)

≤ 𝑀(𝛽)‖𝑓‖∗. 

Taking supremum on both sides of above inequality, we 
easily prove the results. 

Recall that the usual modulus of continuity of 𝑓 on the 

closed interval [0, 𝐵] is defined by 

𝜔𝐵(𝑓, 𝛿) = 𝑠𝑢𝑝{|𝑓(𝑡) − 𝑓(𝑥)|: 𝑥, 𝑡 ∈ [0, 𝐵], |𝑡 − 𝑥|
≤ 𝛿}. 

It is well known that, for a function 𝑓 ∈ 𝐶[0, 𝐵], we 

have lim𝛿→0 𝜔𝐵(𝑓, 𝛿) = 0. 

Now, we acquire the rate of convergence of the 

operators 𝐷𝑛
(𝛽)

𝑓 to 𝑓, for all 𝑓 ∈ 𝐶[0, 𝐵]. 

Theorem 1. Let 𝛽 > 0 be fixed, (
𝑏𝑛

𝑛
) be a bounded 

sequence of positive numbers with 
𝑏𝑛

𝑛
→ 0 as 𝑛 → ∞, 

𝑓 ∈ 𝐶[0, 𝐵], and 𝜔𝐵+1(𝑓, 𝛿)  (𝐵 > 0) be modulus of 

continuity of 𝑓 on the finite interval [0, 𝐵 + 1] ⊂
[0, ∞). Then 

‖𝐷𝑛
(𝛽)

(𝑓; 𝑥) − 𝑓(𝑥)‖
𝐶[0,𝐵]

≤ 𝑀𝑓(𝛽, 𝐵)𝛿𝑛
2(𝛽, 𝐵)

+ 2𝜔𝐵+1(𝑓, 𝛿𝑛(𝛽, 𝐵)) 

where 

𝛿𝑛(𝛽, 𝐵) = {
𝐵2

𝑛 − 2
+

2𝑏𝑛

𝑛
[(

𝑛 − 1

𝑛 − 2
) (|1 − 𝛽|

+ 2)+|1 − 𝛽| + 1]𝐵

+
𝑏𝑛

2

𝑛2 (
𝑛 − 1

𝑛 − 2
) [2|1 − 𝛽|2+4|1

− 𝛽| + |1 − 𝛽||𝛽 − 2|]+2}1/2 
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and 𝑀𝑓(𝛽, 𝐵) is an absolute constant depending on 

𝑓, 𝛽 and 𝐵. 

Proof. Let 𝛽 > 0 be fixed. For 𝑥 ∈ [0, 𝐵] and 𝑡 ≤ 𝐵 +
1, we have 

|𝑓(𝑡) − 𝑓(𝑥)| ≤ 𝜔𝐵+1(𝑓, |𝑡 − 𝑥|)

≤ (1 +
|𝑡 − 𝑥|

𝛿
) 𝜔𝐵+1(𝑓, 𝛿) 

where 𝛿 > 0. On the other hand, for 𝑥 ∈ [0, 𝐵] and 

𝑡 > 𝐵 + 1, we get 𝑡 − 𝑥 > 1, we can write 

|𝑓(𝑡) − 𝑓(𝑥)| ≤ 𝐴𝑓(1 + 𝑥2 + 𝑡2)

≤  𝐴𝑓(2 + 3𝑥2 + 2(𝑡 − 𝑥)2)

≤ 6𝐴𝑓(1 + 𝐵2)(𝑡 − 𝑥)2. 

By the above two inequlities, for 𝑥 ∈ [0, 𝐵] and 𝑡 ≥ 0, 

we get 

|𝑓(𝑡) − 𝑓(𝑥)| ≤ 6𝐴𝑓(1 + 𝐵2)(𝑡 − 𝑥)2

+ (1 +
|𝑡 − 𝑥|

𝛿
) 𝜔𝐵+1(𝑓, 𝛿). 

Using Cauchy-Schwarz inequality and (1.10), we have 

|𝐷𝑛
(𝛽)

(𝑓; 𝑥) − 𝑓(𝑥)|

≤ 6𝐴𝑓(1 + 𝐵2)𝐷𝑛
(𝛽)

((𝑡 − 𝑥)2; 𝑥)

+ 𝜔𝐵+1(𝑓, 𝛿) (1

+
1

𝛿
√𝐷𝑛

(𝛽)
((𝑡 − 𝑥)2; 𝑥)) 

≤ 𝑀𝑓(𝛽, 𝐵)𝛿𝑛
2(𝛽, 𝐵) + 2𝜔𝐵+1(𝑓, 𝛿𝑛(𝛽, 𝐵)), 

where 

𝛿𝑛(𝛽, 𝐵) = {
𝐵2

𝑛 − 2
+

2𝑏𝑛

𝑛
[(

𝑛 − 1

𝑛 − 2
) (|1 − 𝛽|

+ 2)+|1 − 𝛽| + 1]𝐵

+
𝑏𝑛

2

𝑛2 (
𝑛 − 1

𝑛 − 2
) [2|1 − 𝛽|2+4|1

− 𝛽| + |1 − 𝛽||𝛽 − 2|]+2}1/2 

and 𝑀𝑓(𝛽, 𝐵) = 6(1 + 𝐵2)𝐴𝑓. So, we have the desired 

results. 

3. 𝐴-STATISTICAL CONVERGENCE 

Recently, some authors deal with 𝐴-statistically 

convergence of linear positive operators [8, 10, 11]. 

We recall concepts of 𝐴-statistical convergence. Let 

𝐴 = (𝑎𝑗𝑘) be a non-negative regular summability 

matrix. The 𝐴-density of a subset 𝐾 of ℕ is given by 

𝛿𝐴(𝐾) = lim
𝑗

∑ 𝑎𝑗,𝑘

𝑘∈𝐾

, 

provided that limit exists (𝑠𝑒𝑒 [5]). A sequence 

𝑥 = (𝑥𝑛) is said to be 𝐴-statistically convergent to 𝑙 and 

denoted by 𝑠𝑡𝐴 − 𝑙𝑖𝑚𝑥 = 𝑙 if for every 𝜀 > 0, 

lim
𝑘→∞

∑ 𝑎𝑘,𝑛

𝑛:|𝑥𝑘−𝑙≥𝜀|

= 0 

or 𝛿𝐴{𝑛 ∈ ℕ: |𝑥𝑘 − 𝑙| ≥ 𝜀} = 0 (𝑠𝑒𝑒 [4,9]). 

In the special case of 𝐴 = 𝐶1, Cesáro matrix of order 

one, the 𝐴-statistically convergence reduces to statistical 

convergence [3, 7]. If we choose 𝐴 = 𝐼, the identity 

matrix, then 𝐴-statistically convergence reduces to 

ordinary convergence. Kolk [6] proved that in the case 

of lim𝑗 max𝑛|𝑎𝑗,𝑛| = 0, 𝐴-statistical convergence is 

stronger than ordinary convergence. 

Assuming that (𝑏𝑛)𝑛∈ℕ is a sequence satisfying 

𝑠𝑡𝐴 − lim
𝑛

𝑏𝑛

𝑛
= 0. 

Then we see 

𝑠𝑡𝐴 − lim
𝑛

𝑏𝑛
2

𝑛2
= 0. 

For an example, take 𝐴 = 𝐶1 and define 

𝑏𝑛 ≔ {
𝑛:  𝑛 = 𝑚2  (𝑚 ∈ ℕ)

𝑛
1

3:  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒         
.     (3.1) 

Then we easily see that 𝑠𝑡𝐴 − lim𝑛
𝑏𝑛

𝑛
= 𝑠𝑡𝐴 −

lim𝑛
𝑏𝑛

2

𝑛2 = 0 (see [12]). 

Theorem 2. Let 𝐴 = (𝑎𝑗𝑘) be a non-negative regular 

summability matrix and 𝛽 > 0 be fixed. If 𝑠𝑡𝐴 −

lim𝑛
𝑏𝑛

𝑛
= 0, then 

𝑠𝑡𝐴 − ‖𝐷𝑛
(𝛽)

(𝑓; 𝑥) − 𝑓(𝑥)‖
𝐶[0,𝐵]

= 0 

holds for every 𝑓 ∈ 𝐸. 

Proof. Given 𝑟 > 0 choose 𝜀 > 0 such that 𝜀 < 𝑟. For 

fixed 𝛽 > 0, define the following sets: 

U: = {n: 𝛿𝑛(𝛽, 𝐵) ≥ r}, 

𝑈1: = {n:
𝛽2

𝑛 − 2
≥

r − ε

3
}, 
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𝑈2: = {n: 2B
𝑏𝑛

𝑛
[(|1 − 𝛽| + 2)

n − 1

n − 2
+ |1 − 𝛽| + 1]

≥
r − ε

3
}, 

𝑈3: = {n: (
𝑛 − 1

𝑛 − 2
) [2(1 − 𝛽)2 + 4|1 − 𝛽|

+ |1 − 𝛽||𝛽 − 2| + 2]
𝑏𝑛

2

𝑛2

≥
r − ε

3
}. 

Then 𝑈 ⊂ 𝑈1 ∪ 𝑈2 ∪ 𝑈3 can be seen. So, we can get 

∑ 𝑎𝑗𝑘

𝑘∈𝑈

≤ ∑ 𝑎𝑗𝑘

𝑘∈𝑈1

+ ∑ 𝑎𝑗𝑘

𝑘∈𝑈2

+ ∑ 𝑎𝑗𝑘

𝑘∈𝑈3

. 

For 𝑗 → ∞ in the above inequality and 𝑠𝑡𝐴 − lim𝑛
𝑏𝑛

𝑛
=

0, we have lim𝑗 ∑ 𝑎𝑗𝑘𝑘∈𝑈 = 0. 

So this shows that 𝑠𝑡𝐴 − lim𝑛 𝛿𝑛(𝛽, 𝐵) = 0 which 

implies 

𝑠𝑡𝐴 − lim
𝑛

𝜔𝐵+1(𝑓, 𝛿𝑛(𝛽, 𝐵)) = 0 

due to the right continuity of 𝜔𝐵+1(𝑓, . ) at zero. Using 

the previous theorem, we get the desired result. 

Remark 1. Note that choosing the sequence (𝑏𝑛)𝑛∈ℕ as 

in (3.1), the statistical approximation results in the last 

theorem works, but its classical case does not work 

since (
𝑏𝑛

𝑛
)

𝑛∈ℕ
 is not convergent in the ordinary sense. 
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