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LIGHTLIKE HYPERSURFACES AND LIGHTLIKE FOCAL SETS
WITH RESPECT TO BISHOP FRAME IN 4-DIMENSIONAL

MINKOWSKI SPACE E41

ZEHRA OZDEMIR

Abstract. In this article, light-like hypersurfaces which are derived by null
Cartan curves are examined and discussed. The singularities of lightlike hy-
persurfaces and light-like focal sets are investigated by using the Bishop frame
on the Null Cartan curves. We obtain that the types of these singularities
and the order of contact between the null Cartan curves are closely related
to the Bishop curvatures of the null Cartan curves. Moreover, two examples
of light-like hypersurfaces and light-like focal sets are given to illustrate our
theoretical results.

1. Introduction

In 4-dimensional Minkowski space, due to the causal character there are three
categories of vectors, namely, space-like, time-like and light-like (null) ones. There-
fore, hypersurfaces of a Lorentzian manifold (M, g) can be of three types(see [16]):
Space-like, time-like and light-like (null) hypersurfaces. Especially, the geometry of
light-like hypersurfaces becomes more diffi cult and is completely different from that
of the space-like and time-like hypersurfaces. In the case of light-like (degenerate,
null) hypersurfaces, the situation is totally different. The normal bundle TM⊥ is
a rank-one distribution on M : TM⊥ ⊂ TM . It is also coincides with the radical
distribution RadTM = TM ∩TM⊥. Therefore, the induced metric g is degenerate
on M and it has a constant rank n. Therefore, these hypersurfaces are usually
used in modeling objects that are diffi cult to understand. In particular, light-like
hypersurfaces are of interest to physicists because Kerr black holes, and various
horizons can be modeled with these hypersurfaces [2, 4, 10, 11, 13, 17, 18, 20, 24].
Moreover, these hypersurfaces are used in the electromagnetism theory [19, 21].
Nersessian and Ramos have shown that there is a geometric particle-model based
on the geometry of null curves in Minkowski 4-space [14]. Moreover, they studied
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the geometric particle model related to the null curves in Minkowski 3-space [15].
Duggal et.al. gave various fundamental works for the differential geometry theory
of light-like submanifolds [5, 6, 7, 8].
On the other hand, the use of differential geometry in the singularity theory was

first demonstrated by Thom in 1965. This study provides a connection between
physics and geometry. Then, in 1998, Akivis et al. investigate the singular points of
light-like hypersurfaces of the de Sitter space Sn+1 [1]. The singularities of light-like
surface and hypersurfaces have been studied in [22, 23].
In this study, the singularities of the hypersurfaces are defined by using the

Bishop frame of the null Cartan curve in Minkowski 4−space. We will classify
singular points of light-like hypersurfaces and light-like focal sets. We have also
shown that the types of these singularities are closely related to the curvatures of
the Bishop Cartan curvatures. Finally, we visualized light-like hypersurfaces and
light-like focal set to demonstrate our theoretical results.

2. Preliminaries

The 4-dimensional Minkowski space-time is a real vector space E41 furnished with
a symmetric non-degenerate (0,2) tensor field g with constant index. The metric
tensor g on E41 with the signature (-,+,+,+) has the form

g(x, y) = −x1y1 + x2y2 + x3y3 + x4y4
for any two x = (x1, x2, x3, x4) and y = (y1, y2, y3, y4) in E41.
A non-zero vector x of E41 is called space-like if g(x, x) > 0, time-like if g(x, x) < 0

and null if g(x, x) = 0. Any two vectors x, y ∈ E41 are called orthogonal if g(x, y) =
0. Any two null vectors are called orthogonal on the condition that they are linearly
dependent.
Let α : I → E41; w → α(w) be a smooth curve in E41. Then the tangent vector

of the curve denoted by

t =
dα

dw
.

The curve α is said to be a null (isotropic or light-like ) curve iff locally at each
point it satisfies

g(
dα

dw
,
dα

dw
) = 0.

The null curve parameterized by the pseudo-arc parameter s denoted by

s(w) =

w∫
0

g(α′′(w), α′′(w))dw.

is called as a null Cartan Curve. The Cartan frame {t, n, b1, b2} along the non-
geodesic null Cartan curve α satisfies the following Cartan frame equations

t′ = k1n

n′ = −k2t+ k1b1
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b′1 = −k2n+ k3b2
b′2 = k3t

here k1(s), k2(s) and k3(s) are Cartan curvature functions and the first Cartan
curvature k1(s) = 1 in pseudo-arc parameter s. The null Cartan curve is called
a null Cartan cubic on the condition that the second Cartan curvature satisfies
k2(s) = 0. Moreover, we have the following relations

g(t, t) = g(b1, b1) = 0, g(n, n) = g(b2, b2) = 1,

g(t, n) = g(t, b2) = g(n, b1) = g(b1, b2) = 0, g(t, b1) = −1

[9].

Definition 1. The Bishop frame {t1, n1, n2, n3} of a null Cartan curve in E41 is
positively oriented pseudo-orthonormal frame. It contains a tangential vector field
t1, two relatively parallel space-like normal vector fields n1 and n3, and a relatively
parallel light-like transversal vector field n2. These vectors have satisfy the following
conditions

g(t1, t1) = g(n2, n2) = 0, g(n1, n1) = g(n3, n3) = 1,

g(t1, n1) = g(n1, n2) = g(n1, n3) = g(n2, n3) = 0, g(t1, n2) = −1

[12].

Theorem 2. Let α be a null Cartan curve in E41 with the Cartan curvatures k1(s) =
1, k2(s) and k3(s) = 0. Then the Bishop frame {t1, n1, n2, n3} and the Cartan frame
{t, n, b1, b2} of α have the following relation

t1
n1
n2
n3

 =


1 0 0 0
−σ2 1 0 0
σ22
2 −σ2 1 0
0 0 0 1




t
n
b1
b2

 (2.1)

and the Bishop frame derivative formulas are given as
t′1
n′1
n′2
n′3

 =

σ2 σ1 0 0
0 0 σ1 0
0 0 −σ2 0
0 0 0 0



t1
n1
n2
n3

 .
where the first Bishop curvature σ1(s) = 1, the third Bishop curvature σ3(s) = 0
and the second Bishop curvature satisfies the following differential equation

σ′2(s) = −
1

2
σ22(s)− k2(s)

[12].
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Particularly, the relation for cross products of the Bishop frame vector fields are

t1 × n1 × n2 = −n3; t1 × n1 × n3 = −t1;
t1 × n3 × n2 = n1; n1 × n2 × n3 = −n2

[12].

Theorem 3. Let α be a null Cartan curve in E41 with the Cartan curvatures k1(s) =
1, k2(s) and k3(s) 6= 0. Then the Bishop frame vectors {t1, n1, n2, n3} and the
Cartan frame vectors {t, n, b1, b2} of α are given by the following relation

t1
n1
n2
n3

 =


1 0 0 0

−σ1σ2 − σ3
√
σ′21 + σ

′2
3 σ1 0 σ3

σ22+σ
′2
1 +σ

′2
3

2 −σ2 1 −
√
σ′21 + σ

′2
3

σ2σ3 − σ1
√
σ′21 + σ

′2
3 −σ3 0 σ1




t
n
b1
b2

 (2.2)

where the Bishop frame derivative formulas are presented as
t′1
n′1
n′2
n′3

 =

σ2 σ1 0 −σ3
0 0 σ1 0
0 0 −σ2 0
0 0 −σ3 0



t1
n1
n2
n3

 .
where the first Bishop curvature σ1(s) = sinφ(s), the second Bishop curvature
satisfies the differential equation

σ2(s) =
k3(s)− φ′′(s)

φ′(s)
, φ′(s) 6= 0

the third Bishop curvature σ3(s) = cosφ(s) and the function φ(s) satisfies the
differential equation

2φ′(φ′′′ − k′3) + 2φ′′(k3 − φ′′) + φ′4 − (k3 − φ′′)2 − 2k2φ′2 = 0

where φ(s) /∈ {π2 + kπ, kπ}, k ∈ Z [12].

Definition 4. The map DG±C(u, θ) is called as de Sitter Gauss image of C = α(I)
with respect to Bishop frame in E41 and defined as

DGC = U × R→ S31; DGC(s, η, θ) = ηt1(s) + cos θn1(s) + sin θn3(s).

Definition 5. The light-like hypersurfaces along C with respect to Bishop frame in
E41 defined by

LHC : U × R→E41; LHα(s, η, θ) = α(s) + DGC(s, η, θ).

In the following section we derive the light-like hypersurfaces along C and inves-
tigate the singularities of the light-like hypersurfaces.
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3. Lightlike Hypersurfaces and Singularities

Let α : I → E41 be a null Cartan curve with the Bishop frame apparatus
{t1, n1, n2, n3} . Then the light-like distance squared function is defined as

d(p, ξ) = g(ξ − α(s), ξ − α(s))− 1
here p = α(s) for any fixed ξ0 ∈ E41, we have

ζ(p) = ζξ0(p) = d(p, ξ0).

If we take derivative of the last equation we get

ζ ′(p) = −2g(t1(s), ξ0 − α(s)).
Then, we calculate the discriminant set of the light-like squared function d as follows

Dd = {ξ = α(s) + ηt1(s) + cos θn1(s) + sin θn3(s) : θ ∈ [0, 2π), s ∈ I, η ∈ R} .
It is called as image of the light-like hypersurface along C. The second derivative
of the function ζ(p) calculated

ζ ′′(p) = −2g(T ′1(s), ξ0 − α(s)))
= −2g((σ2(s)t1(s) + σ1(s)n1(s)− σ3(s)n3(s)), cos θn1(s) + sin θn3(s)))
= −2σ1(s) cos θ + 2σ3(s) sin θ

from the Bishop frame equation which give following two case
Case 1. σ3(s) = 0,

ζ(p) = ζ ′(p) = ζ ′′(p) = 0

iff
cos θ = 0.

Case 2. σ3(s) 6= 0,
ζ(p) = ζ ′(p) = ζ ′′(p) = 0

iff

tan θ =
σ1(s)

σ3(s)
.

Using the Bishop curvature equation we obtain

θ = φ(s) + kπ, k ∈ Z.
Therefore, singular points of the light-like hypersurfaces are points satisfy
(i) If cos θ = 0 then the singular point of the light-like hypersurface is ξ0 =

α(s0) + η0t1(s)∓ n3(s) for η0 ∈ R. Then we obtain the light-like focal sets as

LFS±C =
{
ξ = α(s) + DGC(s, η, π ±

π

2
) : s ∈ I, η ∈ R

}
(ii) If θ = φ+ kπ, k ∈ Z then the singular points of the light-like hypersurfaces

are points ξ0 = α(s0) + η0t1(s) + cos θn1(s) + sin θn3(s).
Then we obtain the light-like focal sets as

{LFSC = ξ = α(s) + DGC(s, η, φ(s) + kπ, ) : k ∈ Z, s ∈ I, η ∈ R}
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Using the above characterizations we obtain the following proposition.

Proposition 6. Let α be a curve null Cartan curve with the Bishop frame {t1, n1, n2, n3} .
Then we have following three condition
1. h(p) = ζ ′(p) = 0 iff there exist θ0 ∈ [0, 2π) and η0 ∈ R such that

ξ0 − p0 = ηt1(s0) + cos θn1(s0) + sin θn3(s0).

2. i. If σ3(s) = 0, then we have,
ζ(p) = ζ ′(p) = ζ ′′(p) = 0 iff there exist θ0 = π ± π

2 and η0 ∈ R such that
ξ0 − p0 = η0t1(s0)± n3(s0).

ii. If σ3(s) 6= 0, then we have,
ζ(p) = ζ ′(p) = ζ ′′(p) = 0 iff there exist θ0 = φ(s) + kπ, k ∈ Z and η0 ∈ R such that

ξ0 − p0 = ηt1(s) + cos(φ(s) + kπ)n1(s) + sin(φ(s) + kπ)n3(s).

3.i. If σ3(s) = 0, then we have,
ζ(p) = ζ ′(p) = ζ ′′(p) = ζ ′′′(p) = 0 iff there exist θ0 = π ± π

2 and η0 = 0 such that

ξ0 − p0 = ±n3(s0).

ii. If σ3(s) 6= 0, then we have,
ζ(p) = ζ ′(p) = ζ ′′(p) = ζ ′′′(p) = 0 iff there exist θ0 = φ0 =

π
4 + 2kπ, k ∈ Z and

η0 = 0 such that

ξ0 − p0 = ηt1(s) + cos(
π

4
+ 2kπ)n1(s) + sin(

π

4
+ 2kπ)n3(s).

4. If ζ(p) = ζ ′(p) = ζ ′′(p) = ζ ′′′(p) then we have ζ(4)(p) 6= 0.

Definition 7. Let α : I → E41 be a null Bishop Cartan curve in E41. Then, the
pseudo-sphere that have five-point contact with α is said to be the osculating pseudo-
sphere of α [3].

Corollary 8. Let α : I → E41 be a null Bishop Cartan curve in E41. Then the curve
α has not fife-point contact with osculating pseudo-sphere.

Proposition 9. If ζξ0(s0) has Ak−singularity at s0 (k = 1, 2, 3, 4) then it is a
versal unfolding of ζξ0(s0).

Proof. Let we give

α(s) = (x1(s), x2(s), x3(s), x4(s)), ξ(s) = (ξ1, ξ2, ξ3, ξ4)

in E41. Then we know that if h(s) has A1 singularity at s0 then we have

δ1 = (−2(ξ1 − x1(s0)),−2(ξ2 − x2(s0)),−2(ξ3 − x3(s0)),−2(ξ4 − x4(s0)))
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Since ξ − α(s) ∈ S31,ξwe calculate that rankδ1 = 1
Let we assume that hξ0(s0) has Ak−singularity at s0 (k = 2, 3, 4) then we have the
following matrix form

δ2 =


(ξ1 − x1(s0) ξ2 − x2(s0) ξ3 − x3(s0) ξ4 − x4(s0)
x′1(s0) x′2(s0) x′3(s0) x′4(s0)
x′′1(s0) x′′2(s0) x′′3(s0) x′′4(s0)
x′′′1 (s0) x′′′2 (s0) x′′′3 (s0) x′′′4 (s0)


this give following two condition
i. If σ(3) 6= 0 then we have

ξ − α(s) = ηt1(s) + cos(φ(s) + kπ)n1(s) + sin(φ(s) + 2π)n3(s).

The determinant of the matrix δ2 calculated as

det δ2 = g((ξ − α(s))× α′(s)× α′′(s), α′′′(s))
= g(ηt1(s) + cos(φ(s) + kπ)n1(s)

+ sin(φ(s) + kπ)n3(s))× t1(s)× (σ2(s)t1(s) + σ1(s)n1(s)− σ3(s)n3(s))
, (σ′2(s) + σ

2
2(s))t1(s) + (σ

′
1(s) + σ1(s)σ2(s))n1(s)

+(σ21(s) + σ
2
3(s))n2(s)− (σ′3(s) + σ3(s)σ2(s))n3(s))

= g(−σ3 cos(φ(s) + kπ)n1(s)× T1(s)× n3(s)
+σ1 sin(φ(s) + kπ)n3(s)× t1(s)× n1(s),
, (σ′2(s) + σ

2
2(s))t1(s) + (σ

′
1(s) + σ1(s)σ2(s))n1(s)

+(σ21(s) + σ
2
3(s))n2(s)− (σ′3(s) + σ3(s)σ2(s))n3(s))

= g(−σ3 cos(φ(s) + kπ)t1(s)− σ1 sin(φ(s) + kπ)t1(s)
, (σ′2(s) + σ

2
2(s))t1(s) + (σ

′
1(s) + σ1(s)σ2(s))n1(s)

+(σ21(s) + σ
2
3(s))n2(s)− (σ′3(s) + σ3(s)σ2(s))n3(s))

from the Bishop curvature equation we calculated as

det δ2 = cos(kπ) = ±1.

ii. If σ(3) = 0 then we have

ξ − α(s) = ηt1(s)± n3(s).
The determinant of the matrix δ2 calculated as

det δ2 = g((ξ − α(s))× α′(s)× α′′(s), α′′′(s))
= g((ηt1(s)± n3(s))× t1 × (σ2t1 + σ1N1)

, (σ′2 + σ
2
2)t1 + (σ

′
1 + σ1σ2)n1 + σ

2
1n2)

from the Bishop curvature equation we calculated as

det δ2 = ±1.
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This gives det δ2 6= 0. These complete the proof. �

Now we may give the following main theorem.
Let α : I → E41 be a null Cartan curve with the Cartan Bishop frame {t1, n1, n2, n3}

in E41. Then the lightlike hypersurfaces LHC(s, µ, θ) = α(s) + µt(s) + cos θ n1(s) +
sin θ n3(s), satisfy the following assertions:
1.The pseudosphere S31,ξ0 and the null Bishop Cartan curve α have at least a two-
point contact.
2. i. The pseudosphere S31,ξ0 and the null Bishop Cartan curve α have a three-point
contact iff there exist θ0 = π ± π

2 and η0 ∈ R such that

ξ0 − p0 = η0t1(s0)± n3(s0).

where the third Bishop curvature σ3(s) = 0.
ii. the pseudosphere S31,ξ0 and the null Bishop Cartan curve α have a three-point
contact iff there exist θ0 = φ(s) + kπ, k ∈ Z and η0 ∈ R such that

ξ0 − p0 = ηt1(s) + cos(φ(s) + kπ)n1(s) + sin(φ(s) + kπ)n3(s)

where the third Bishop curvature σ3(s) 6= 0.
Remark 1.Under this condition the light-like focal set LFS±C is non-singular. In
addition, the light-like hypersurfaces is locally diffeomorphic to C(2, 3)×R2 at ξ0.
3. i. The pseudosphere S31,ξ0 and the null Bishop Cartan curve α have a four-point
contact on the condition that there exist θ0 = π ± π

2 and η0 = 0 such that

ξ0 − p0 = ±n3(s0).

where the third Bishop curvature σ3(s) = 0.
ii. The pseudosphere S31,ξ0 and the null Bishop Cartan curve α have a four-point
contact on the condition that there exist θ0 = φ0 =

π
4 + 2kπ, k ∈ Z and η0 = 0

such that

ξ0 − p0 = ηt1(s) + cos(
π

4
+ 2kπ)n1(s) + sin(

π

4
+ 2kπ)n3(s)

where the third Bishop curvature σ3(s) 6= 0.
Remark 2.Under this condition the critical value set of the LFSC is a regular
curve and the focal set LFSC is locally diffeomorphic to C(2, 3, 4)× R2. Also, the
light-like hypersurfaces is locally diffeomorphic to SW × R at ξ0.
4. The null Bishop Cartan curve α and pseudosphere S31,ξ0 not have five-point
contact.
In this section we provide two examples in E41. The first example is given for the

case of σ3(s) 6= 0 and the second example is for the case of σ3(s) = 0, to verify the
given theory.
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4. Applications

Example 10. Let α be a following parameterized curve in E41

α(s) = (sinh
s√
2
,
1√
3
sin

√
3s√
2
, cosh

s√
2
,− 1√

3
cos

√
3s√
2
)

[12]. Then the parallel transport frame of the curve α calculated as follows:

t1 = (
1√
2
cosh

s√
2
,
1√
2
cos

√
3s√
2
,
1√
2
sinh

s√
2
,
1√
2
sin

√
3s√
2
)

n1 =



(− 12 sin
√
3s√
2
−
√
3
2 cos

√
3s√
2
) cosh s√

2
+ 1

2 sin
√
3s√
2
sinh s√

2

+ 3
2
√
3
cos

√
3s√
2
sinh s√

2
,

(− 12 sin
√
3s√
2
−
√
3
2 cos

√
3s√
2
) cos

√
3s√
2
−
√
3
2 sin

√
3s√
2
sin
√
3s√
2

+ 1
2 cos

√
3s√
2
sin
√
3s√
2
,

(− 12 sin
√
3s√
2
−
√
3
2 cos

√
3s√
2
) sinh s√

2
+ 1√

2
sin
√
3s√
2
cosh s√

2

+ 3
2
√
3
cos

√
3s√
2
cosh s√

2
,

(− 12 sin
√
3s√
2
−
√
3
2 cos

√
3s√
2
) sin

√
3s√
2
+
√
3
2 sin

√
3s√
2
cos

√
3s√
2

− 12 cos
√
3s√
2
cos

√
3s√
2


n2 = (

√
2 cosh

s√
2
−
√
2 sinh

s√
2
, 0,
√
2 sinh

s√
2
−
√
2 cosh

s√
2
)

n3 =



( 12 cos
√
3s√
2
−
√
3
2 sin

√
3s√
2
) cosh s√

2
− 1

2 cos
√
3s√
2
sinh s√

2

+ 3
2
√
3
sin
√
3s√
2
sinh s√

2
,

( 12 cos
√
3s√
2
−
√
3
2 sin

√
3s√
2
) cos

√
3s√
2
+
√
3
2 cos

√
3s√
2
sin
√
3s√
2

+ 1
2 sin

√
3s√
2
sin
√
3s√
2
,

( 12 cos
√
3s√
2
−
√
3
2 sin

√
3s√
2
) sinh s√

2
− 1√

2
cos

√
3s√
2
cosh s√

2

+ 3
2
√
3
sin
√
3s√
2
cosh s√

2
,

( 12 cos
√
3s√
2
−
√
3
2 sin

√
3s√
2
) sin

√
3s√
2
−
√
3
2 cos

√
3s√
2
cos

√
3s√
2

− 12 sin
√
3s√
2
cos

√
3s√
2


We can give the light-like hypersurface as the form LHC(s, µ, θ) = α(s) +µT1(s) +
cos θ n1(s)+sin θ n3(s). When µ = 0, it is a ruled hypersurface derived by using the
null parallel transport frame. We draw the projections of surface LHC(s, 0, θ) on
3-dimensional space. Also, we plotted the projections of the critical value focal set
LFC(s, 0, π4 ) on 3 dimensional space illustrated in Figure 2. Thus, we may provide
the clue for the image of the light-like hypersurface LHC(s, 0, θ) with view of the
null parallel transport frame via these projections.

Remark 2. The yellow-orange parts correspond to the Focal set LFSC(s, η, π4 ),
s ∈ I, η ∈ R, the red parts correspond to the critical value set LFC(s, 0, π4 ).
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Figure 1. Projections of surface LHC(s, 0, θ) on 3-dimensional space.

Figure 2. Projections of critical value set LFC(s, 0, π4 ) on 3-
dimensional space.

Example 11. Let α be a following parameterized curve in E41

α(s) =


1
6s
3 + 1

2s,
1
6s
3 − 1

2s,
− 1
5 s

2+ 4
5 s

2 tan( 12 ln s)+
1
5 tan

2( 12 ln s)

1+tan2( 12 ln s)
,

2
5 s

2+ 2
5 s

2 tan( 12 ln s)−
2
5 tan

2( 12 ln s)

1+tan2( 12 ln s)


[23]. Then the parallel transport frame of the curve α calculated as follows:

t =

√
2

2
(
1

2
s2 +

1

2
,
1

2
s2 − 1

2
, s sin(ln s), s cos(ln s))
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n1 =


(
√
6s
√
3−1

c+s
√
3
)( 12s

2 + 1
2 ) +

√
2
2 s,

(
√
6s
√
3−1

c+s
√
3
)( 12s

2 − 1
2 ) +

√
2
2 s,

(
√
6s
√
3−1

c+s
√
3
)s sin(ln s) +

√
2
2 (cos(ln s) + sin(ln s)),

(
√
6s
√
3−1

c+s
√
3
)s cos(ln s) +

√
2
2 (cos(ln s)− sin(ln s)



n2 =



(
√
6s
√
3−1

c+s
√
3
)2( 14s

2 + 1
4 )− (

√
6s
√
3−1

c+s
√
3
)
√
2
2 s−

5
√
2

8 −
√
2

8s2 ,

(
√
6s
√
3−1

c+s
√
3
)2( 14s

2 − 1
4 )− (

√
6s
√
3−1

c+s
√
3
)
√
2
2 s−

5
√
2

8 +
√
2

8s2 ,

(
√
6s
√
3−1

c+s
√
3
)2 s sin(ln s)2 − (

√
6s
√
3−1

c+s
√
3
)
√
2
2 (cos(ln s) + sin(ln(s)))

−
√
2
4s (2 cos(ln s)− sin(ln s)),

(
√
6s
√
3−1

c+s
√
3
)2 s cos(ln s)2 − (

√
6s
√
3−1

c+s
√
3
)
√
2
2 (cos(ln s)− sin(ln(s))

+
√
2
4s (2 sin(ln s) + cos(ln s))


n3 =

√
2

4
(s− 1

s
, s+

1

s
,−2 cos(ln s)), 2 sin(ln s)

We can give the light-like hypersurface as the form LHC(s, µ, θ) = α(s) +µT1(s) +
cos θ N1(s)+sin θ N3(s), when µ = 0,is a ruled hypersurface generated by using the
null parallel transport frame. We draw the projections of surface LHC(s, 0, θ) on
3-dimensional space. Also, we illustrated the projections of the critical value Focal
set LFC÷(s, 0, π ± π

2 ) on 3 dimensional space illustrated in Figure 3 and Figure 4.
Thus, we can obtain the information for the image of the hypersurface LHC(s, 0, θ)
with view of the null parallel transport frame via these projections.

Figure 3. Projections of the hypersurface LHC(s, 0, θ) on 3-
dimensional space.
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Figure 4. Projections of focal Set LFS+C(s, η, π +
π
2 ) on 3-

dimensional space.

Figure 5. Projection of LFS−C(s, η, π − π
2 ) on 3-dimensional space.

Remark 4.The yellow-orange parts correspond to the focal set LFS±C(s, η, π±π
2 ),

s ∈ I, η ∈ R, the red parts correspond to the critical value focal set LFS±C(s, η, π±
π
2 ).
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