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Abstract: In this study, we introduce the Euler Totient sequence spaces in generalized Orlicz space and we examine some topo-
logical properties of these spaces by using the Luxemburg norm.
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1 Introduction and background

Lindenstrauss and Tzafriri [1] used the idea of Orlicz function M to construct the sequence space £ of all sequences of scalars (x) such that
Sope M( L3 ) < oo for some p > 0. The space £;; with the norm

P
= ||
||x||—inf{p>o:§:M(:’)g1}

k=1

is a Banach space and it is called as Orlicz sequence space. The space £, is closely related to the space £, = {(zx) : D peq |2k [P < o0}
which is an Orlicz space with M (z) = 2P, for 1 < p < co.

Definition 1. [2] A function M : [0, 00) — [0, 00) is called an Orlicz function if it is continuous, non-decreasing and convex with M (0) = 0,
M(z) > 0 forall x > 0 and M(z) — oo as x — oo.

An Orlicz function M is said to satisfy the Ax-condition if there exists a constant X > 0 such that M (2z) < KM (z) for all z > 0. It is
easy to see that always K > 2.

Equivalently, an Orlicz function M is said to satisfy the Ay-condition if M (lz) < K ()M (z) forall z > 0, where [ > 1.

A simple example of an Orlicz function which satisfies the Ay-condition is given by M (z) = a|z|® (o > 1), since we have M (2z) =
a2%|z]® = 2°M (z).

Definition 2. [2] Let X be a linear space over R. A function p : X — [0, 00| is called a modular if the following conditions hold:
(1) p(z) = 0 < x = 0 (zero vector of X),
(2)p(z) = p(—z) forall x € X,
(3)plax + By) < p(x) + p(y) forall z,y € X and o, 8 > Owitha + B = 1.
If the condition
(3")p(ax + By) < ap(x) + Bply) forallz,y € X and o, > Owitha + =1
holds instead of (3), then p is called a convex modular.
If p is a modular on X, then the linear space

Xp ={z € X : lim p(dz) = 0}
6—0
is called a modular space.

Definition 3. [2] A sequence (xx) in X, is called p-convergent to xo € X, if p(6(xn — x0)) — 0 as n — oo for some § > 0.
A sequence (xn) in X, is called p-Cauchy if p(6(xn — xm)) — 0 as n,m — oo for some § > 0.
The space X is called p-complete if every p-Cauchy sequence in this space is p-convergent.
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Definition 4. Let E be a Lebesgue measurable subset of R. The generalized Orlicz space is defined as follows:
Ly = {f:E —R: fisLebesgue measurable andJ M6 |f(z)|)dx < oo for some § > 0}.
E

The function pyy = Ly — [0, 00) defined by
pu(h) = | M@)o
E

is a modular on L y; and the space Ly is ppr-complete.

The generalized Orlicz space L s is a Banach space with the Luxemburg norm given by

Ifllar = inf{y > 0: pas (%) <1}

Throughout the study, by w(L ), we denote the space of all sequences in L.
Let ¢ denote the Euler function. For every m € N with m > 1, ¢(m) is the number of positive integers less than m which are coprime with
mand ¢(1) = 1. If p* p32...py" is the prime factorization of a natural number m > 1, then

1 1 1
plm) =m(1 = )1~ )= ).

Also, the equality

m=Y (k)

k|lm

holds for every m € N and ¢(m1m2) = ¢(m1)p(m2), where m1,mo € N are coprime [4]. One can consult to [5] for more details related
to these functions.

The ®-summability was introduced by Schoenberg [3] for the purpose of studying the Riemann integrability of a generalized Dirichlet
function in the range [0, 1]. This method is called (-convergence which is a weaker form of usual convergence. The infinite matrix ® = (¢;;)
is defined as

oy=f{ 5 o Wl
0 , ifjti

The matrix @ satisfies the following conditions:

L. sup;en(3521 1945]) < oo,
lim; o ¢;; = O for each fixed j € N,

3. limj o0 >0y dij =1

and so it is a regular matrix.
By using this matrix, Ilkhan and Kara [6] have introduced the sequence spaces £, (®) and {0 (P) as

P
Lp(®) = u:(un)EW:Z%ng(k)uk < 0 (1<p<o0)

n k|n
and

1
loo(D) = u:(un)Ew:st:lp E%:go(k‘)uk < o0
k2

In the literature, there are many papers on sequence spaces using Orlicz function. Later these spaces are generalized by using the Lebesgue
integral with Orlicz function. In [7], the authors have generalized the Cesaro sequence spaces in the classical Banach space Ly to the generalized
Orlicz space L. In this paper, we generalize Euler sequence spaces to the generalized Orlicz space and obtain a modular space. Also, we
examine some topological properties of these spaces by using the Luxemburg norm.

2 Main results

Now, we introduce the Euler Totient sequence spaces in generalized Orlicz space as follows:

W(M,®) = {(fx) €w(Lyy): nli_)moo % Zga(k)pM()\\fk — fol) = 0 forsome A > 0, fo € Lps},
k|n
WXOL®) = {(fi) € L)t sup S ekpar(Alfil) = 0 for some A > 0},
n k|n
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Theorem 1. [f the Orlicz function M satisfies the Aa-condition, then the following equalities hold:

W(M, @) = {(fr) € w(Lp) : lim — th )em (Ife = fol) =0, fo € L},
k|n

W (M, ®) = {(fr) € w(Ln) sup LS Gmonr(f]) = 0}
n k|n

Proof: Denote the right hand side of the first equality by Wo(par, D). It is clear that Wy (pas, @) C W(M, ).
Now, choose (f;) € W (M, ®).If A > 1, we have (fi) € Wo(pas, ®) since M is a non-decreasing function. If A < 1, there exists K (\) >
0 such that M (§) < K (A\)M () for all = > 0 since M satisfies Az-condition. Hence, we deduce that

i%wﬂ)j M (3150 - fo(@)l) da

= th Jom (| fie — fol)

k\n
KA
< BT o0 [ MOl - fo@l) s -0
k|n E
as n — oo. This proves that (fi) € Wo(pas, ®). Hence, we conclude that W (M, ®) = Wy (ppr, ). O

Remark 1. Note that if the Orlicz function M is defined by M (z) = |z|P for 1 < p < oo, then the space is reduced to the following space

W(p.®) = {() €lly): Jim ©570(h) | fife) = fol@)"de = 0. fo € Ly},

k|n
where Ly = {f : E = R : [ |f(x)[Pdz < oo}
Using the fact that pj; is a convex modular on L j;, we obtain the following results.

Theorem 2. The function p : w(Ljps) — [0, 00) given by

p(f) = sup — ZPM fi)

neN 1 kln

is a convex modular, where f = (fi) € w(Lyy).

Theorem 3. The space
W(M, @) = {f € w(Ln) : p(Af) < 00, A > 0}

is a modular space.

Proof: Clearly, the space W (M, ®) is linear. Also, (w(Las))p = {f € w(Lar) : limy_,0 p(Af) = 0} C W (M, ®) holds. To prove the
inverse inclusion, choose f € W (M, ®) which means p(Af) < oo for some A > 0. By convexity of p, for | {| < 1, we have

. o Q _
lim p(af) = lim +p(Af) = 0.
This implies that f € (w(Lar))p. O

Since p is a modular, we can define the Luxemburg norm ||.||, on W (M, ®) as

1y = inf{y > 05 p (g) <1 fe WM, B},

Definition 5. Let (™) be a sequence in W (M, ®).
It is said to be p-convergent or modular convergent to f € W (M, ®) if there exists X > 0 such that limp—s00 p(A(f™ — f)) = 0.
It is said to be p-Cauchy if there exists A > 0 such that limn m—co p(A(f™ — f™)) =0

Theorem 4. The space W (M, ®) is p-complete.

Theorem 5. The space W (M, ®) is complete with the Luxemburg norm ||.| p.

Theorem 6. If the Orlicz function M satisfies Ao-condition, then the norm convergence and modular convergence are equivalent.
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Theorem 7. The space W (M, ®) is a closed subspace of W (M, ®).

Proof: 1t is clear that W (M, ®) is a linear subspace of W (M, ®). Now, let (f™) be a convergent sequence in W (M, ®). Since f™ €
W (M, ®) for each m € N, then there exists f’" € Ljs and A > 0 such that limy, * > kin (K)o (A" = f5")) = 0. Also, since (f™) is
convergent, then p(A(f™ — f)) — 0as m — oo for some f = (f,) € W (M, ). Hence, we have

S B A = fi) = 0

k|n

. It follows that

S B (A — f) = 0

k|n
as n — oo which implies that f = (f) € W (M, ®). Thus the space W (M, @) is closed. O
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