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Abstract

Various families of octonion number sequences (such as Fibonacci octonion, Pell octonion and Jacobsthal octonion) have been established by
a number of authors in many different ways. In addition, formulas and identities involving these number sequences have been presented. In
this paper, we aim to establishing new classes of octonion numbers associated with the generalized Tribonacci numbers. In this sense, we
introduce the Tribonacci and generalized Tribonacci octonions (such as Narayana octonion, Padovan octonion and third-order Jacobsthal
octonion) and give some of their properties. We derive the relations between generalized Tribonacci numbers and Tribonacci octonions.
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1. Introduction

Recently, the topic of number sequences in real normed division algebras has attracted the attention of several researchers. It is worth
noticing that there are exactly four real normed division algebras: real numbers (R), complex numbers (C), quaternions (H) and octonions
(0). In [4] Baez gives a comprehensive discussion of these algebras.

The real quaternion algebra

H={q=qr+aqi+qjj+ak: q,q cR, I =ijk}

is a 4-dimensional R-vector space with basis {1 ~ eg,i~ e],j ~ e,k ~ e3} satisfying multiplication rules ¢,1 = g, ejey = —eze; = e3,
eye3 = —ezep = e and eze) = —eje3 = ey. Furthermore, the real octonion algebra denoted by O is an 8-dimensional real linear space with
basis

{eo =1,e1 =i,e2 = j,e3 =Kk,eq = e,e5 = ie, e = je,e7 = ke}, (1.1)

where eg-¢; =¢; (I =1,...,7) and g,e9 = ¢, (¢, € R). The space O becomes an algebra via multiplication rules listed in the table 1, see [29].

Table 1: The multiplication table for the basis of Q.

X eq ey es (] es €q e7
er -1 e3 —ey e5 —eq —e7 e
(%) —e3 —1 eq €6 e7 —ey —es
e3 e -1 —1 e7 —eq €5 —ey
ey4 —es —e€q —e7 —1 €] ey es3
es ey —e7  eg —e1  —1 —e3 e
€q e7 ey4 —es —e) e3 —1 —e]
e7 —eg e5 e4 —e3 —epy e -1

A variety of new results on Fibonacci-like quaternion and octonion numbers can be found in several papers [7, 10, 11, 16, 17, 18, 19, 20, 21,
28]. The origin of the topic of number sequences in division algebra can be traced back to the works by Horadam in [18] and Iyer in [20]. In
this sense, A. F. Horadam [18] defined the quaternions with the classic Fibonacci and Lucas number components as

OF, = Fy+ Fyi+ Foj+ Fyysk
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and
OLy =Ly + Ly 1i+ Lyy2j + Loy 3K,

respectively, where F,, and L, are the n-th classic Fibonacci and Lucas numbers, respectively, and the author studied the properties of
these quaternions. Several interesting and useful extensions of many of the familiar quaternion numbers (such as the Fibonacci and Lucas
quaternions [3, 16, 18], Pell quaternion [6, 10], Jacobsthal quaternions [28] and third order Jacobsthal quaternion [7]) have been considered
by several authors. For example, in [8, 9] a new type of quaternion whose coefficients are generalized Tribonacci and fourth-order Jacobthal
numbers are defined.

There has been an increasing interest on quaternions and octonions that play an important role in various areas such as computer sciences,
physics, differential geometry, quantum physics, signal, color image processing and geostatics (for more, see [1, 5, 14, 15, 22, 23]).

In this paper, we define a family of the octonions, where the coefficients in the terms of the octonions are determined by the generalized
Tribonacci numbers. These family of the octonions are called as the generalized Tribonacci octonions. Furthermore, we mention some of
their properties, and apply them to the study of some identities and formulas of the generalized Tribonacci octonions.

Here, our approach for obtaining some fundamental properties and characteristics of generalized Tribonacci octonions is to apply the
properties of the generalized numbers introduced by Shannon and Horadam [27], Yalavigi [30] and Pethe [26]. This approach was originally
proposed by Horadam and Iyer in the articles [18, 20] for Fibonacci quaternions. The methods used by Horadam and Iyer in that papers have
been recently applied to the other familiar octonion numbers by several authors [2, 6, 8, 11, 21, 24, 25].

This paper has three main sections. In Section 2, we provide the basic definitions of the octonions and the generalized Tribonacci numbers.
Section 3 is devoted to introducing generalized Tribonacci octonions, and then obtain some fundamental properties and characteristics of
these numbers.

2. Preliminaries

We consider the generalized Tribonacci sequence {V,,(Vo,V1,Va;1,s,t)}, or briefly {V,}, defined as
Vo =rVao_1+sVy2+1tV,_3, (”23)7 2.1

where Vj, V|, V; are arbitrary integers and r, s, ¢, are real numbers. This sequence has been studied by Shannon and Horadam [27], Yalavigi
[30] and Pethe [26]. If weset r=s=1¢=1and Vy =0, V| =V, = 1, then {V, } is the well-known Tribonacci sequence which has been
considered extensively (see, for example, [12]).

As the elements of this Tribonacci-type number sequence provide third order iterative relation, its characteristic equation is x
0, whose roots are o = a(r,s5,t) = § +Ay + By, 0 = § + €Ay +€2By and @y = z +€2Ay + By, where

r3 rs t 3}"3 rs t
Ay ={| =4+ =4 -+VA By=1{/—+—+-—VA
v 27+6+2+\f’ v 27762 va,

. 3 2.2 3 2 .
withA=A(rs,t) =5 — e+ -5 +5% and&‘:f%Jr#.

In this paper, A(r,s,t) > 0, then the cubic equation x> — rx? —sx —t = 0 has one real and two nonreal solutions, the latter being conjugate

complex. Thus, the Binet formula for the generalized Tribonacci numbers can be expressed as:

3—FX2—S)C—t:

_ Po” _ o R}
V= (a—o)(o—) (a—o) (o —a) + (a— ) (w — )’ (2.2)

where P =V, — ((J)] -+ (Dz)V] +omVy, 0=V, — (OC+ (Dz)V] +amVyand R=V, — ((X+ [0)] )Vl +aw V.

In fact, the generalized Tribonacci sequence is the generalization of the well-known sequences like Tribonacci, Padovan, Narayana and
third-order Jacobsthal. For example, {V;,(0,1,1;1,1,1)},>0, {V4(0,1,0;0,1,1)},>0, are Tribonacci and Padovan sequences, respectively.
The Binet formula for the generalized Tribonacci sequence is expressed as follows:

Lemma 2.1. The Binet formula for the generalized Tribonacci sequence {Vy}n>0 is:

Vn+1 =WU,+ (SVI +IV0)U,1,1 +tViUy—2,

and | )
anJrl e e
Un = - 1 + 2 )
(a—o)(a—a) (a—o)(o-w) (a-—w)(o-aw)
where @, ®; and @, are the roots of the cubic equation x> — rx*> —sx —t = 0.
Proof. The validity of this formula can be confirmed using the recurrence relation. Furthermore, {U, },>0 = {V,.(0, 1,7;1,5,1) },>0. O

In the following we will study the important properties of the octonions. We refer to [4] for a detailed analysis of the properties of the next
octonions p = 27:0 ajey and g = 27:0 bje; where the coefficients a;,b; € R. We recall here only the following facts

¢ The sum and subtract of p and ¢ is defined as
7
pEq=) (aEb)e, 23)
1=0

where p € O can be written as p = R, +1,, and R, = a¢ and 27:1 aye are called the real and imaginary parts, respectively.
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* The conjugate of p is defined by
7
ﬁ:Rpflp:aofzalel 2.4)
=1

and this operation satisfies p=p, p+g=p-+gand p-g=q-p, forall p,q € O.
* The norm of an octonion, which agrees with the standard Euclidean norm on R® is defined as

(2.5)

1__p
T NP(p)”

e The inverse of p # 0 is given by p~ From the above two definitions it is deduced that

2 2 2 -1 -1 -1
Nro(p-q) =Nr"(p)Nr*(q) and (p-q) =q  -p .
¢ (O is non-commutative and non-associative but it is alternative, in other words

p-(p-a)=p*aq,
(p-9)-a=p-q*
(p-g9)-p=p-(q-p)=p-q-p,

where - denotes the product in the octonion algebra Q.

3. The Generalized Tribonacci Octonions

In this section, we define new kinds of sequences of octonion number called as generalized Tribonacci octonions. We study some properties
of these octonions. We obtain various results for these classes of octonion numbers included recurrence relations, summation formulas,
Binet’s formulas and generating functions.

In [8], the author introduced the so-called generalized Tribonacci quaternions, which are a new class of quaternion sequences. They are
defined by

3 3
Ovn =Y Varier =Vo+ Y, Varier, (Val = Vo), (3.1
1=0 =1
where V,, is the n-th generalized Tribonacci number, e% = e% = e% = —1and ejeye; = —1.

We now consider the usual generalized Tribonacci numbers, and similarly based on the definition (3.1) we give definition of a new kind of
octonion numbers, which we called the generalized Tribonacci octonions. In this paper, we define the n-th generalized Tribonacci octonion
number by the following recurrence relation

7
Oyn=Vp+ Z Vitie;, n>0
=1

=Vi+Vis1e1 +Vigoer +Vyi3es
+Viraea +Vyises +Voreee + Vairer,

3.2)

where V,, is the n-th generalized Tribonacci number. Here {e; : [ =1,...,7} satisfies the multiplication rule given in the Table 1. Furthermore,
the sequence {U, } is the special case of {V,,} where Vo =0, V; =1 and V, = r. Then, we can write O, , = U, +):,7:] Uytier, (n>0).
The equalities in (2.3) gives

7
Ouvnt0vm =Y (Va1 £ Vinsr)er (n,m > 0). (3.3)
=0

From (2.4), (2.5) and (3.2) an easy computation gives

7 7
O =V, — Z Vagier, and Nr(Oy,,) = Z Vnz+l € R(J)r‘
=1 =0

By some elementary calculations we find the following recurrence relation for the generalized Tribonacci octonions from (3.2), (3.3) and
2.1):
7
rOypi1+5Ony, +10y, 1 = Z (rvn+l+l + Vot +Vari-1)e
1=0

7
=Vis2+ Y Viisoa
=1

= 0v¢n+2 (I’l > 1)'
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Now, we will state Binet’s formula for the generalized Tribonacci octonions. Repeated use of (2.2) in (3.2) enables one to write for

—v7 o v ol —v7 oler
a=Y g0e, 0 =Y o0je and @ =Y, Wrer:

7
Ovn = Z Varier

. a”“e, _ Q(Dn+l ng*le, (3.4)
Z ( (@—o)(a—m) (@—o)@—0)  (a—o)(o —(02)>

— Paa” B 0w, of Ron

C(a-o)(a-m) (a—o)(o—m) (a—m)(o—w)

where o, @ and @, are the roots of the cubic equation > —rx2 —sx—t =0, and P, Q and R as before. The formula in (3.4) is called as
Binet’s formula for the generalized Tribonacci octonions.
In the following theorem we present the generating function for generalized Tribonacci octonions.

Theorem 3.1. The generating function for the generalized Tribonacci octonion O, is

OV,O + (Ov,l - rOv,O)x + (0\42 - rOv,l - SOV,O)X2
1 —rx—sx2 —tx3

gx) =

(3.5)

Proof. Assuming that the generating function of the generalized Tribonacci octonion sequence {Oy,, },>0 has the form g(x) = ¥,,>0 Oynx",
we obtain that

(1—rx—sx® —1x%) Z Oy X"
n>0
=0,0+0,1x+ 0‘772x2 + 0v73x3 +
—r0y0x— VOV,UC2 - r0‘7,2x3 - r0v,3x4 ...
- SOV-,OX2 - SOv,lx3 — 50,26 —50,3%° —
10408 — 10413 — 10,28 — 10,35 — -
=00+ (0\41 - VOV,())X—Q— (OV-,Z —r0,| — SOV,O)xz,

since Oy, = 10y, —1 +50,,,_2 +10, ,_3, n > 3 and the coefficients of x" for n > 3 are equal with zero. Then, we get

OV,O + (Ov,l - rOv,O)x + (OV,Z - rOv,l - SOV,O)X2
1—rx—sx2—tx3

8lx) =
The theorem is proved. O
In Table 2, we examine some special cases of generating functions given in Eq. (3.5).

Table 2: Generating functions according to initial values.

xter+(1+x)ey+ (1+x+x7)e3
+2+x+x)es + (3+x+2x%)es
+(4+2x+3x2)e6+(6+3x+4x2)e7
—x—x
x+e +(1+x+x )ez+(2+2x+x )es
+(4+3x+2x2)eq + (7 +6x+4x)es
(13+11x+7x2)66+(24+20x+13x2)e7
—x —x2—x3
x+e +(x+x )ez+(1+x)e3
+(1+x+x2)es + (1+2x+x%)es
+(2+2x+x%)eg + (2+3x+2x%)er
1—x2—x3
x+ep+(1+x+x2)ey + (24 3x42x%)e3
+(5+4x+4x%)es + (9 +9x+ 10x?)es
+(18 4+ 19x + 18x?)eg + (37 +36x + 36x%) ey

[—x—x2—2x3

Narayana

Tribonacci

Padovan

Third-Order Jacobsthal

Now, let us write the formula which gives the summation of the first n generalized Tribonacci numbers and then octonions.

Lemma 3.2 ([8]). For every integer n > 0, we have:

Vn+2+(1*r)vn+l+tvn
ZVI )vt{ +(r—s—1)V0+(r—1)V1—V2 ’ (36)

where 0 = 0.5y = r+s—+1t— 1 and V, denote the n-th term of the generalized Tribonacci numbers.
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Theorem 3.3. The summation formula for generalized Tribonacci octonions is as follows:

n

1
Z Ov,l = 5 (Ov,n+2 + (] - r) 0v,n+1 + tOv,n + w}’,S,t)7 (37)
1=0

st
where Wy5; = A +e1(Arss — Vo) +--+e7(Arsy —6(Vo+---+ Vo)), Arsy = (r+s—1D)Vo+(r—1)Vi —Voand 6 = 8,5y =r+s+t—1.

Proof. Using Eq. (3.2), we have

n n n n n
You=YVita Y Vii+e) Vin+-+er) Viy
1=0 1=0 1=0 1=0 1=0
=W+ +Vo)+er(Vi+--+Vup1)

te(Vat- 4 Vapa) +-der(Vit oo+ Vi),

Since from Eq. (3.6) and using the notation A,.s; = (r+s—1)Vy+ (r— 1)V} — V2, we can write
n

5n,s.t Z Ov,l = Vn+2 + (1 - V)Vn-H +tVp+ ln,s,t
=0

+ep (Vn+3 + (] - r)Vn+2 + Vo1 + 2rr,s,z - 6V0)

+e7 (Vn+9 + (1 - r)Vn+8 +an+7 + 2fr,s,l - 6(‘/0 +ee +V6))
= 0v,n+2 + (1 - r) 0v,n+1 + tOv,n + Orsts

where Wy = Ans,l +e (Ar,s,l — SVO) +--tey (AM‘J — 5(V0 + 4 V6)). Finally,

1

0=
S
2
I
(7]

(Oppi2+ (1 =1)0y i1 +10v, + 0y ).

The theorem is proved. O

The summation formula in Eq. (3.7) gives the sum of the elements in the octonion sequences which have not been found in the studies
conducted so far. This can be seen in Table 3.

Table 3: Summation formulas according to initial values.

1+e;+2er+3e3
Narayana O3~ { ey + 6es+9eq + 13¢7 }
1+e1+3e
Tribonacci % Ovni2+0vn— +5e3+9eq + 17e5
+3leg+57¢e7
14¢e; +2€2+2€3
Padovan Oves = { +3eq +4es5 +Sec +Te7 }
14+e1+ 462
Third-order Jacobsthal % Oy12+20,, — +7e3+13e4+28es
+55e6+ 109¢7

Now, we present the formula which gives the norms for generalized Tribonacci octonions.

Theorem 3.4. The norm value for generalized Tribonacci octonions is given with the following formula:

Wi(0y) = L [ (0P PE - mrgEol | o

g +(o0— o))’ R w3 — 2K
where K = (01 — @)( — @) PQa@y (0101 )" + (01 — @2)(e — 1) PRotax (01002)" + (0t — oy ) (0t — 02) QRy a0 (07 )"
Proof. 1f we use the definition norm, then we obtain N rz(Ovﬁn) = 217:0 Vn%r ;- Moreover, by the Binet formula (3.4) we have

OVo = (01 — ) Pa" — (@ — @) Q0 + (¢ — 01 )RS,
where ¢ = ¢(a, @1, @) = (0t — @) (&t — @)(@) — @,). Then,
Vi = (01— )’ PPo™ + (a— )’ Q0" + (o0 — )’ R 03"

—2(a — @) (o — ) PO(awy )" +2(@ — wp)(a — @) PR(0tan)"
—2(o— o) (. — @) OR(wy a;)"
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and
O°Nr(Oun) = 02 (Vi +Vi +- 4 Vi)
= (01 — @) Pao™ + (¢ — »)*Q*orof"
+(a— )’ R @ 07" —2(0) — y)(0t — 0y) POy (cry )"
+2(0; — o) (0 — o) PRoay (0 )"
—2(a—or)(a—w)QRw i (0 @)",

where @ = 1+ 02+ ot + -+ ol By =1+ 0f, + 0fy + + 0}, aoip = 1+ 0015+ (202)* + -+ + (2w 2)” and 00, =

1+ 010 + (@1 @) + -+ (0 )7 =
Theorem 3.5. Forn >0, m > 3 we have
Ov,n+m = Umflov,n+2 + (SUm72 + tUm73)0v‘n+1 + tUm720v,n7 3.9
where U, = V,,(0,1,r;1,5,1).
Proof. For m =3, we have
0v,n+3 = rOv,n+2 + SOV,IH-I +tov,n
= U20v,n+2 + (SUI +lUO)0v,n+l +1tUp Ov,n~
Suppose the equality holds for m < [. For m = [+ 1, we have
Oy i1 =70y 11 +50y 14110y 2
=7 (Ui-10vps2 4 (sUj—2 +1U;_3) Oy i1 +1U; 20y
+s (U1720v‘n+2 + (SU173 +tU174)0v,n+1 +tU1730v,n)
+1(U130un12+ (SUi—4 +1U;_5) Oy i1 +1U;_40y)
= (rUj—1 +sUj_2 +1U;_3) Oy 2
+ (s(rUj—2 +5U;—3 +tU;_4) +1(rU;_3 + sU;_4 +tU;_5)) Oy i1
+1(rUj—p +sU;_3+1tU;_4) Oy,
= Ulov,n+2 + (SUl—l JFl‘Ul—2)0v.n+1 +tU—1Oyp.
By induction on m, we get the result. O
Table 4: Convolution formulas O, ,,+,, according to initial values.
Nin—10N 12+ Nip—30N n+1
Narayana " ) ’
Y { +Nm720N‘n
. . T, 710Tn+2+(Tm72+Tm73)0Tn+l
Tribonacci " ’ ’
+Tm720T.n
Pn—10pn+2+ PnOput1
Padovan " o M
{ +Pm720v,r17
Third-order Jacobsthal In-107n42+ (In—2+20n—3)O07 nt1
+2Jm—2 OJ,I‘M
Now, we give the quadratic approximation of {0, }.
Theorem 3.6. Let {0, },>0, O, @) and @, be as above. Then, we have for all integer n > 0
Poo"t? = 20 o(sO 10 10
Quadratic o ) vn+2 + (s w1+ vA,n) +10yn+1,
Qﬂwl = W] 0v,n+2 + 0 (SOv,n+1 + lOv,n) + tOv,nJrh (3.10)

app. of {Ovn} - n+2

Rapw; ™~ = w220V7n+2 + a)z(SOV,ﬂ+l + ZOV,VL) +10y 41,

where P =V, — (01 + @)V] + 010V, Q = Vo — (0t + @) V) + eV and R =V, — (ot + @)V} + oy Vy. Furthermore, o = 217:0 ale
and @ p = 217:0 a){gel.

Proof. Using the Binet’s formula Eq. (3.4), we have

00y pi2+ (s+ 01@2)0, 11 +10y 5
_ Pad’ (0P + (st @ymm)o+1) Q007 (o] + (s+ o) @) o +1)
a (o —o)(a— ) - (00— ) (o — )
Ran 0 (0103 + (s + @1 0)n +1)
(00— ) (0 — @)
= (Va— (01 + 0)V) + 0 Vp)aa™t!,
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the latter given that Oca)12 +(s+ o )o +t=0and aa)22 + (s+ o)y +¢ = 0. Then, we get
00y 2+ (s+ @1 @) 0y i1 +10y, = (Vo — (@1 + )V} + 0y Vo) aa . (3.11)
Multiplying Eq. (3.11) by « and using a®; @, = t, we have
Paa"™? = 020,10 + (s + ©1@)0, 511 + L0y,
= 0620v,n+2 +a(sOypt1+10y,) +10y 541,
where P =V, — (01 + @) V] + 01, V). If we change o, @; and ®; role above process, we obtain the desired result Eq. (3.10). O
The next theorem gives an alternative proof of the Binet’s formula for the generalized Tribonacci octonions (see Eq. (3.4)).
Theorem 3.7. For any integer n > 0, the n-th generalized Tribonacci octonion is
Poo 0w 0} R

O = la—o(a—m) (@a—on(o—o)  (@—o)(o o)’

where P, Q and R as in Eq. (2.2), o = 217:0 alel and @ = 217:0 a){ ser. IfVo=V1 =0, Va =1landr=s=t=1, we get the classic
Tribonacci octonion.

Proof. For the Eq. (3.10), we have

OCzQV,n+2 + & (sQv 1 +1Qvn) +10v i1

=& (Vg + Vigzer +-- + Vigser)
+ ot (Vi1 + 1V + (Va2 + Vg1 )er + -+ (sVira + 1V i3)e7)
+1 (Vag1 +Vagaer +- -+ Vigaer)

= aZVn+2 +a(sVyp1 +tVy) + 1V + (azv,,H +a(sVarr +tVurr) + tV,,+2> e

n (azv,,M 0 (Vs +1Van) + tV,,+3) e

+ <‘X2Vn+5 + 0 (Vs +1Voy3) + tvn+4> e7.
From the identity Pa+2 = annJrz + ot(sV,41 +1Vi) + V41 for n-th generalized Tribonacci number V,,, we obtain
020,12+ 0 (5Oy i1 +10yy) +10y 11 = Paa" 2. (3.12)

Similarly, we have

wlzov‘n—O—Z + @y (30v7n+l +tOv,n) +t0v,n+l = Qﬂw?+27 (3.13)
20 _ n+2
50y 42+ (SOv,n+l +[0v,n) +10yp11 = R0, (3.14)

Subtracting Eq. (3.13) from Eq. (3.12) gives

PganJrZ — 0w, wi’l+2

(a+ wl)ov,nJrZ + (Sov,n+1 +t0v~n) = — (3.15)

o —

Similarly, subtracting Eq. (3.14) from Eq. (3.12) gives
Poo't2 — R(Dz(l)ngZ

(a+w2)0v,n+2+ (SOVJH-I +t0v,n) =— OC—(D; (3.16)

Finally, subtracting Eq. (3.16) from Eq. (3.15), we obtain

o B 1 PQOC'“LZ _ Qﬂw;’H»z PgarH»Z _ R&wEH*Z

V’n+27(1)17w2 o—w - o—
_ Pao"? Qoopt? Ropo
(a—o)(a—m) (a-o)(o—w) (a-o)(o-aw)
So, the theorem is proved. O

4. Conclusions

Octonions have great importance as they are used in quantum physics, applied mathematics, graph theory. In this work, we introduce
the generalized Tribonacci octonion numbers and formulate the Binet-style formula, the generating function and some identities of the
generalized Tribonacci octonion sequence. Thus, in our future studies we plan to examine different quaternion and octonion polynomials and
their key features.
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