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Abstract

In this paper, we study a singular fractional 2D nonlinear system. We investigate the existence and uniqueness of solutions in addition to the
existence of at least one solution by means of Schauder fixed point theorem, and the contraction mapping principle. Moreover, we define and
study the Ulam-Hyers stability and the generalized Ulam-Hyers stability of solutions for such systems. Some applications are presented to
illustrate our main results.
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1. Introduction and Preliminaries

The arbitrary order of the derivatives provides an additional degree of freedom to fit a specific behavior. It provides several potentially useful
tools for solving differential and integral equations, and various other problems involving special functions of mathematical physics as well
as their extensions and generalizations in one and more variables. For more details, we refer the reader to the monographs of K.S. Miller and
B. Ross in [11], R. Hilfer in [7], A.A. Kilbas et al. in [9].

On the other hand, Ulam-Hyers stability is one of the important issues in the thory of differential equations and their applications. Considerable
work have been done in this field of research, for instance, see the papers of J. Wang in [25], S. Abbas et al. in [1], S. Harikrishnan et al. in
[8], E.C. de Oliveira et al. in [12] and J.V.C. Sousa et al in [13, 14, 15] . In [10], R. Li studied the existence of solutions for nonlinear singular
fractional differential equations. Furthermore, A. Taieb and Z. Dahmani have established the existence and uniqueness of solutions in addition
to some types of Ulam stability for some fractional systems. The reader may refer to the following papers [2, 3,4, 5, 6, 16, 17, 18, 19, 20, 21]
and the recent contributions of A. Taieb in [22, 23, 24].

In this paper, we are concerned with the following singular fractional 2D nonlinear system:

D% (t) = f (1,0(6) v (1), D (e) oo, DBt (6)) - DPw(e) = g (1,0(1) v (1) DB (1), DO (1)
0<t<lk—l<ogBi<k, k=12,..n, u(0)=a;, v (0)=b;, j=0,1,..,n-2, (1.1)

w1 (0)=D"u(1), v (0)=D*v(1), n—2<n,k<n—1,

where n € N—{0,1}, £, g: (0,1] x R"+! — R are continuous functions, singular at £ = 0, and lir(r)1+f(t) = oo, lir('%g (t) = oo. The operators
11— —

D% DPc D" D¥ are the derivatives in the sense of Caputo, defined by:

1 t
Du(t) = 7/ =) U (5)ds = 7" " (1), m—1<y<m, meN-{0}. (1.2)
I'(m—7v) Jo
We recall that: The Riemann-Liouville fractional integral J* of order o > 0 for a continuous function f on [0, +eo) is defined by:
1 d o
JEf(t =7/ t—5)% 1 f(s)ds, a>0,t>0, T(a ::/ e x% dy. 1.3
FO=Fwy Jy C=97 /O > (@)= | (1.3)

Also, we list some well known properties of the fractional calculus theory which can be found in [7, 9, 11].

(i) : For o, >0;n—1 < o0 < n, we have DB~ = %tﬁ’a”, B>n,and D%/ =0, j=0,1,....,n— 1.
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(ii) : DPJAf(t) = J9P f(t), where ¢ > p > O and f € L' ([a,b]).

n—1 . j

(iii): Letn e N={0},n— 1 < & <n,and D%u(r) = 0. Then, u(r) = ¥, c;¢/, and J*D%u(t) = u(t) + ): cjt, (cj)j
Jj=0 j=0

The following Lemma is fundamental to prove our existence results

Lemma 1.1. [7, 9, 11] (Shauder fixed point theorem) Let (E,d) be a complete metric space, let X be a closed convex subset of E, and let

A : E — E be a mapping such that the set Y := {Ax: x € X } is relatively compact in E. Then, A has at least one fixed point.
Now, we will import the solution of system (1.1) by proving the following auxiliary result.

Lemma 1.2. Let givenn € N—{0,1},n—1 < oy, B, <n, and (U,V) € C([0,1],R). Then, the unique solution of
D%u(t) =U(t), DPw(r)=V(r), 0<t<l,uld)(0)=a;, VW) (0)=b;, j=0,1,...,n-2,
w1 (0) =DM (1), vV (0)=D*v(1), n—2<n,k<n—1,

is given by (u,v) (t);

. B [(t_s)an*] s 1172ﬂ' F(n—n)t"*l 1 _S(Xn*nfl s

0 = e VO L G D b (e
and

W) = /t7(t_s)ﬁﬂv(s)ds+"fﬁﬂ+ L) /]<1fs)’*“*"”V<s)ds

= Jo TG AT TR - DT (B —x) Jo .

Proof. By the property (iii) , we can write system (1.4) to an equivalent integral equations:

! au 1 n—1 L ! I—S Ba— n—1 5
_ L ,j — 1]
/ (o U (s)ds Z cit!, vt / (B V (s)ds Z it
0 j=0 0 Jj=0
RS T
where, 9 1 5=l ) € M, (R). Then, we observe that
g ] .. Chy

W) (0) = —jtef, VI(0)=—jtd, j=0,1,..,n=2, uD(0)=—(n—1)tc} |, VD ©0)=—(n—1)c_|,

AN T'(n) K (1) =
D"u(l)_./0 WU(S)dS_F(n—n)C}’_]’ Dv(])_./o Wv(s)ds—r(n_’()c

From the conditions

WD (0)=a;, VW (0)=b;, j=0,1,...,n—2, u"V(©0)=DMNu(1), "V (0)=D (1),

_%7 j:O7l> ,l’l—2 7%7].:0717""”727
l—s)ﬁ”_x_]

cl = -n-1 2= 1
J c J I'(n—x) (
e [, gy U s J=a=t T T Y O

Substituting Eq. (1.9) in Eq. (1.7), we get Eq. (1.5) and Eq. (1.6). This completes the proof.

(1.4)

(1.5)

(1.6)

(1.7)

(1.8)

j=n—1.

(1.9)

O

We introduce the Banach space: B := {(mv) cu,v e C([0,1,R), D%u,DPveC(0,1],R), k=1,2,....n— 1} ,wheren € N—{0,1},

endowed with the norm:

laenllp = max (lela. ¥l D%l D

max ‘Dﬁkv .
1€(0,1]

s ulle, = max |u(f)|,||v||. = max |[v(t)], ||D%ul|., = max |D%u(r ,HDﬁkv
) = e [ vl = ma [v0)] D%l = max 1Dt

‘ oo
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2. Existence and Uniqueness

In this section, we will establish sufficient conditions for the existence and uniqueness of solutions to system (1.1). Moreover, we will give

some illustrative applications.

We list the following hypotheses:

(H)):Letk—1 <oy, By <k,k=1,2,...n,ncN—{0,1},and f,g: (0,1] x R""! — R be continuous, tliI(I)lJrf(l‘, ...)=ocoand tlir51+g (t,...)=
— —

oo, Assume that there exist constants 0 < &, 1 < 1, such that t% f (z,...) and t*g (¢, ...) are continuous on [0, 1] x R**1,

. . ; 1 2 _ s ofyi
(H3) : There exist nonnegative constants <wj)j:l,...,n+l and (wj)jzl,...,n+l ,neN—{0,1}, satisfying
s il el
t ‘f(t7x17“'7xn+1)_f(t7y17“'7yn+1)‘ S Z wj ’xj_yj‘JlJ' ‘g(trxlw"aer*l)_g(lvy17"~7yn+1)| S Z CO] ‘xj_y]’7
j=1 j=1
Vte [O7 l] s V(xlv-“:anrl)v (y17...7yn+1) S R
o n+1 | n+1 2 [k ok
(H):0:= 1§1]1<1§a;c71 j)::] o; (Yo, Yx) 7j§,] o; (Y5, Y5) | <1, where
Yo o = Ir'(1-9) F'(n—n)T(1-9)
O T T(op+1-8)  (n—DIC(n—m)—1T(0p—m+1-38)
. I'(l1-9) n I'(n—n)T'(1-9)
ke T T (- +1-8) Tn—o)T(n—n)— 1T (tg—m+1-35)
N N €t D) Fn—x)(1—p)
O T TButl-p) (=D C(n—k) =1L (B —Kk+1-p)’
- r(1-p) L(n—x)T(1—p)
k

TTB Bt i) T BT ) [T (B~ K1 i)

First, we define the nonlinear operator 7 : B — B by

T (u,v) (1) := (T (u,v) (1), T2 (,v) (1)),

such that
o ,(t_s)oc,,l 1 - "720‘- F(n—n)t'Hl
Ty () (1) —/0Wf(s,u(s),v(s),Dﬁv(s),...,Dﬁ v(s))ds+j§)7]!t/+(n_l)!(r(n_n)_l)r(an_n)
X /Ol (1 fs)a”fnflf(s7u(s)7v(s),Dﬁlv(s),...,Dﬁ"*‘v(s)> ds, 2.1
and
u,v = ti(t_s)ﬁrl s,u(s),v(s iy (s -1y (s)) ds nizﬁA F(n_K)trHl
Bn©) 5 = [ 6y () D) oD s+ T o S
! 1
></0 (l—s)ﬁ”f'(f g(s,u(s),v(s),DMu(s),...D%'u(s))ds. 2.2)

forallr €[0,1],andn € N—{0,1}.

Lemma 2.1. Letn—1< a,,B, <n,neN—{0,1}. Assume that F, G : (0,1] — R are continuous, 1iI(§1+F () = oo, lir(r)1+G(t) = oo, and
1= 1=

there exist constants 0 < 8,1 < 1, such that t3F (t) and t*G (t) are continuous for all t € [0,1]. Then,

I GED SN ~ ST L(n—n)"! L et
u(t)—/0 NCH F(s)d +];)j!t]+(n—l)!(F(n—n)—l)F(an—n)/()(1 ) F(s)ds,
and

P s b L(n—r)"! L e s
V(’)_/o () ° +J§)j!ﬂ+(n—l)!(l"(n—l()—l)l"([}n_x)/o(1 Yk G (s) ds,

are continuous on [0,1].
Proof. By the continuity of t°F (1), "G (1),

C(n—mn)r!
(=!I (n=n) =T (o —n)

t(f — o, —1 —§ n=2 ..
u(t) :/ (s)isng (s)ds+Y af{ﬂ +
0 j=0 J:

1
T (o) /0 (1 fs)a"fnfls_‘ss‘SF (s)ds,

I Lt b Ll L gpet
V(’)*/o WS”G(S)dS+,;JTJ!N+(nfl)!(r(nfx)fl)r(ﬁnfx)/o (1= MG () ds,
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it is clear that u(0) = ag and v(0) = bg. Now, let us divide the proof into three cases.

Case 1: For 1) = 0 and V¢ € (0,1], since t9F (¢) and t*G (t) are continuous, there exist Aj,Ay > 0 : ’t‘SF (t)‘ <Aj and |*G(1)| < Ay,

Vt € [0,1]. Then,

o1 s n-=2 . n—1
u(0) () = |5 gy F (s LS4+ e Jo (1= 901 s O F (5)ds
=
A /’ w1 -5, "Flail AL (n—n)"! a-n-1 8
< t—)*" s %ds+ Yy =)+ / [ —s)%T ds
NCAN RN L e - ey o
Ayr®—o /1 o1 -8 "2 aj] AL (n—n)"! 1.-6
< = L—w)™" w %dw+ Y ——t/+ / [—s)% " ds
o) Jo 17 L e m - e b Y
- ABe (0,1 —8) %9 "—zmtj AT (n—mn)Be (0 —n,1—8)" !
- L (ay) =l (=1 T(n—n)-1T(am—n)’
such that Be denotes the Beta function. Therefore,
AT (1—8)1%8 2a \ AT (n—m)T(1—8)!
_ < i S A,
) —u(O)] = < (o +1-0) Z DT =) — 1T (-1 +1-9)

— 0, ast — 0.

Analogously, we get

(2.3)

(@) =v(0)] < (Azr(ltﬁ i| } AT (n—K)T(1—p)e!

— 0, ast—0.

Case 2: For 1 € (0,1) and Vt € (19,1],

FB+i-p & nl)YIF(nK)llF(BnK+1u))

2.4)

(n—m) (=)

(1) = (1o)|
fa—s)* s s [ l=5)*"s0 5 =g
/0 (o) SOF(s)ds /0 T(an) FF)ds +j—1

1
></ (1 —s)‘x”fnfls*‘ssaF(s)ds
JO

A ! -1 -8 0 o1 —5 N lal
T (o) (/0 (t—s) s ds—/o (to—s) s %ds +g i (t —t0>

Ail'(n—n) (t”_]—t(’)’*l) | o
+(n—1)!\F(n—n)—1|r(ocn_n)/0 (1-3) ds.

v (=) + (n—D)!T(n—n)— 1| T (@ —1)

Thus,
AT(1-8) (rarﬁ_tgn*a) 2 |a| (tf—zo) AT(n—n)T(1- ) (t”*l—zg”)
— <
lu(t) —ulto)] < (0, +1-8) ; T 1T (a-—n+1-0)
— 0, ast—1. 2.5)
Analogously,
AT (1—p) <rﬁrﬂ—z§"*“) 2 |b; |<r/—z0) AL (=T (1= p) (i =)
t)— v < +
PO -viol < (- ; (1= D)1= k)~ 1T (B — K+ 1 p0)
— 0,ast— 1. 2.6)
Case 3: For 1 (0,1] and V¢ € [0,19), the proof is similar to that of case 2, we leave it. This ends the proof. O
Lemma 2.2. If the the hypothesis (H}) is satisfied, then, D%Tj (u,v) and DAty (u,v) are continuous on [0, 1] x R™ such that:
" (t_s)an*lxkfl .
DTy (u,v) :/ 2 f(su(s),v(s),DPv(s),....DP1v(s)) d =%
1 (u,v) (1) b T(an—a) f(su(S) v(s),DPv(s) ) s+Z j+1_ak)
C(n—m)m =% /1 11
+ X 1—s)% "N s,u(s),v(s ,Dﬁ‘v s 7.4.,Dﬁ"*‘v s) | ds, 2.7
Mo e (i DT o (1) £ (5:(5),v(5), DPrv () (5)) 27
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fork=1,2,...n—2,

I . ] SO Vi
DTy (u,v) (1) = /0 m/’(&,u(s),v(s),Dﬁv(s),...,D[3 v(s)>ds+F(nfa,,_l)(l"(nfn)fI)F((x,,fn)
x/ol (=)0 (s5.(),v(5) . DPv (s), o DP 0 (s) ) ds, 2.8)
and
t _sﬁn*ﬁlﬁl
DBy (uv) (1) = /0 (lr(ﬁ)ni_ﬁk)g(&u(s)7v(s)7Da‘u(s),...7D°‘”*‘u )ds+ Z +1—ﬁk) 1B

I'(n—x) =15
F(n—P) (C(n—x) =T (B —x).

! 1
/()(1—S)B"7K7 g(s,u(s),v(s),DMu(s),...D%'u(s))ds, (2.9)

fork=1,2,...n—2,

1 (¢ —s)ﬁ”fﬁ”’lf1 I'(n—x) 1= 1B
L (Bn—Bu-1) L(n—Bp-1)(T(n—K) =1 (Br—x)

X /1 (1 —s)ﬁ”_x_] g(s,u(s),v(s),D%u(s),...D%'u(s))ds. (2.10)
0

DP-1 B (u,v) (1) = g(s,u(s),v(s),D%u(s),...D% 'u(s))ds+
0

Proof. Let (u,v) € B, then u(t),v () € C([0,1]), and D%u(r) ,DPev (1) € C((0,1]), k= 1,2,...,n— 1. So, there exist [y, [, > 0 |u(r)| < Iy,
v ()] < Iy, |D%u(r)] < I, )Dﬁkv(t)‘ <L, k=1,2,..,n—1,Vr €[0,1]. Since 1% (¢,...) and t*g z,...) are continuous on [0, 1] x R"*1,
there exist M,M > 0:

My = [ (1o v (6, DBy (), DP v )| M = g (1, (), (), D% (0), .. D% (1)),
for —lp <u < I, flo <v<l07 —I < D%y < I, fl <Dﬁkv<l Then, we have
ID%Ty (u,v) (1))

ak—ls,a l—\(nin)tn—l—ak

I Lsaf s,u(s),v(s),DPv(s),....DPr1y (s) ds+ni2 &%
0" T(o,—0n) ’ ’ ’ 2 TUH—a) T(n—04)(T(n—n)—1I (e, —7)

X fol (1—g)% M- 1g-8s0p (s7u(s) ,v(s) 7Dﬁ‘v(s),...,Dﬁ"*‘v(s)) ds,

Ml /Z([ S)(xn o —1 _6d5+22 | J‘ tj—ak
T (o — o) Jo T(+1—-0)

IN

['(n—n)Mt"~ 10 /1 a—n—1 _—&8
+ L—s)™ ds
o) Tn—m 1T —m o '~
er(lfg)tan—ak—é n—2 |aj} M1F(nfn)r(175)t”_l_ak

J—0 2.11
= T(a-o+1-8)  ETG+1-a)  Ta—oa)mn—n)-1T(a-n+1-8) @10
and
MT (1= 8) % 0-1-8 MT(n—n)T(1—8) -0
Olp—1 < . .
T ) O R (g, g +T=8) ' Tln—ap ) [Fn—n)— 1T (@ —n +1-5) @1
Similarly, we obtain:
MoT (1 — ) BB n2 |bj| 5 MyT (n— )T (1 — ) 1B
DTy (u,v) (1)] < + : =B 4 , (2.13)
‘ 2 )()‘ CBn—Bct+1-—n) S TG+1-B F(n—P)|C(n—K)— 1T (B —x+1—p)
where k =1,2,...,n—2, and
) BB _ ) 1B
‘DB”"Tz(u,v)(t)‘<M2F(l ﬂ)t MZF(n K)F(] ”)l (2.14)

< + .
FBp=Bo-1+1-p) Tm—Pur)T(n—x) =1 (B —x+1-p)
From the inequalities (2.11), (2.12), (2.13) and (2.14), we see that: PO 08 pj =0 =10k O =1 =8 yn—1—0ty BBt piB

"1 =B tBr=Br1—1 and 7~ 1-Pr-1 are continuous on [0, 1]. Hence, we can show that D%T (u,v) and DP+T5 (u,v) are continuous on [0,1],
forall k =1,2,...,n — 1, by the same method as in Lemma 2.1. O

Lemma 2.3. Let (H) holds. Then, the operator T : B — B is completely continuous.



Konuralp Journal of Mathematics 305

Proof. Let (u,v) € B, then T (u,v) (t) = (T1 (u,v) (t), T (u,v) (¢)), where Ty (u,v) (t) and T» (u,v), are defining in Eq. (2.1) and Eq. (2.2).
It follows Lemma 2.1 and Lemma 2.2, that T : B — B.

Now, we devide the proof into three steps.

(1) : We show that T : B — B is continuous.

Let (ug,vo) € B : ||(ug,v0)||g = wo, and let (u,v) € B: ||(u,v) — (uo,v0)l||5 < 1, which implies that ||(u,v)||z < 1 +wo = w. Then, by the

continuity of 8 £ (¢,...) and t#g (¢, ...), we see that 1% £ (¢,...) and * g (z,...) are uniformly continuous on [0, 1] x [—w,w]" 1.
Therefore, V1 € [0,1],V € > 0, there exist y > 0 (y < 1) :
‘téf (t,u(t),v(t),Dﬁ‘v(t),...,DB" 1v(t)> ey (t,uo (1) ,vo (1), DPrvg (t).,.... DPr1vg (1 ))‘ < & 2.15)
[t*g (t,u(t),v(t), D" u(t),... D% u(t)) —t* g (t,up (t) ,vo (t) , D% ug (t) ..., D% 'up (1)) < &, (2.16)

where (u,v) € B, with || (u,v) — (ug,v0)||g < 7-
Using inequality (2.15), we get

(71 (u,v) = Ti (u0,v0) |l

=9)* 50 B B 5 B B
< trer}g.)%]./o W s (s,u(s)w(s),D v(s),....,D v(s))—s f<s7u0(s),v0(s),D vo (8) ... DP"~'vg (s )‘ds
F(”_Tl) n—1
T = D= )~ 11T (o — ) o]
1
></ (lfs)a”fnfls_‘s‘sﬁf(s,u(s),v(s),Dﬁ‘v(s),...,DB"*‘v(s))fs‘sf(s,uo(s),vo(s),Dﬁ‘vo(s) ., DB~ "o (s )‘ds
0
el'(1-9) -5 el(n—m)T'(1-9)
= T+ -0y DI n—n)— T (-0 +1-3)°
Thus,
(71 (u,v) = T1 (uo,v0) || < €Yo. (2.17)

Andforall k=1,2,...,.n—1, we get

D% (T (u,v) = T (10, v0))

t(l‘—S)a” [o 7 lsf(s 8 B, 5 B Ba_
< tggﬁ]/()w‘Sf(su() V() PPV (s) s DPw(s) ) =52 f (5,0 (5) w0 (5), DP1 v 5) s DP v (5) ) | s
r(nin) n—oy—1
T ) IC— )~ 1T (o — ) 2lo]
1
></O (1—s)a”fnflsf‘s‘saf(s,u(s),v(s),DB‘v(s),...,DB" ‘v(s))—séf(s,uo(s),m(s),Dﬁ‘vo(s) DBty (s )‘ds,
el'(1-6) PR el (n—n)I'(1-96)
< = .
= T(a— o 1-8)eon] ") L)~ 1T (o0 +1-3)
Then,
D% (T1 (u,v) = Ti (u0,v0)) [l < €Yk (2.18)

Similarly by inequality (2.16), we get

72 (u,v) = T (uo,v0) || < €Y (2.19)
and
PP (73 1,9) = T (0, v0) | _ < e (220

Thanks to inequalities (2.17), (2.18), (2.19) and (2.20), we get || T (u,v) — T (ug,vo)||g < €1<II'£1<aX | (Yo, Y&, Y5, X5) -
<k<n—

Therefore, ||T (u,v) — T (uo,vo)||z — 0 as ||(u,v) — (up,vo0)||g — 0. Hence, T : B — B is continuous.
(2):Let F:={(u,v) € B:||(u,v)||p < &}; & > 0. We show that T (F) is bounded.
Since 3£ (t,...) and t* g (¢, ...) are continuous on [0,1] x [—&,&]" ™!, there exist L;,Ly > 0:Vt € [0,1], ¥ (u,v) € F,

‘z(sf(z,u(z),v(r),Dﬁlv(z),...,pﬁn—lv(z))‘ < Ly, 2.21)
thg (t,u(t),v(t),D%u(r),..D% u(t)| < Ly, (2.22)
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Using inequality (2.21), we get

171 (24, 9) [l
t-9)%" 516 By B 2 aj] j
< tggﬁ]/() Ws ‘s f(s7u(s)7v(s)7D v(s),....DP=1y( )‘ds—&—;) 7 tren(z)i)it
I'(n—mn) n_1 /1 o1 =8 Bi Bu-1
+(n71)‘| Tn—n )71|r(anin)tr€rig.)§]t I (I—y) ‘s f<s u(s),v(s),D”'v(s),...,D v(s))‘ds
n=2
< LYo+ Z | (2.23)
D% Ty (u,v)]].
L) T 5 5 5 _lai] -
< - DP! s eeny DPPI J=%
< tren[(t)lﬁ]./o (o — 0 ‘s f(s u(s),v(s),D”'v(s),..., v( )’ds—i-z J+17ak)tr€n[g7i]t
F(nfn)ln_l_ak n—l—oy /1 o,—n—-1 _—-6|.6 Bi Bu1
+l"(n7(xk)\l"(nfn)fI\F((xnfn)trer%gﬁ]t X A (1—y) s ‘s f(s,u(s),v(s),D v(s),...,D v(s))’ds
o lajl
< Li+yY — 1 k=1,2,...n-2, 2.24
1T Z TG+1-a) (2.24)
and
||Da”’lT1 (M7V)H°o < LlYn—l- (2.25)
Similarly using inequality (2.22), we get
17 ()]l < LYo+ Z | | (2.26)
= !
-2
HDﬁsz(u,v)H < LZYZ+Z il — 1,2, -2, (2.27)
o L(j+1-B)’
HDﬁHT2 (um)H < LY, (2.28)
It follows from inequalities (2.23), (2.24), (2.25), (2.26), (2.27), and (2.28), that
la| a)l > b, .
IIT(W)IIBSIST;[;gl( LYo+ ); LY+ Z FJH ey L1 ln- 17L2T0+§ Bl Loy + Z r(,+1 g L2 ) (2.29)
So, T (F) is bounded.
(3) : We shall show that T (F) is equicontinuous.
Let (u,v) € F,and t1,t; € [0,1] : t; < tp. Then,
1T (u,v) (22) = Tt (u,v) (11) ||
_ Lra-9) (52 =) 2l (=)  LTa-mra-8) (s -a) -
: o [N ) B e 230
Analogously, we have
D% (T1 (u,v) (2) = T1 (,v) (11)) oo
) LiT(1-8) (zg‘n—“k—%rf‘"—“k—é) n— z|a,|(f % z{*“k) LiT(n—n)T(1-9) (z;—‘—“utf—‘—ak) -
- T(oy—o0y+1-9) = F(j+1—oy) Fn—og)|C(n—nm)—1|T (0 —+1-95)’ (2.
D% (T (u,v) (82) = T (u,v) (1)) ]
L1F(1—6) (tgn_an—l_s_lf‘n_a)x—]_5> Llr(n_rl)r(l_s)(; -0y 1_lﬂ—1—05n71)
< 2.32
: (-0 1 +1-5) T ) T—m) - 1T (@ -n+1-3) (232
(72 (u,v) (12) = T2 (u,v) (11)]
LT (1—p) <t§"7“ —tf”f“) n=2 |bj] <t§ —t{) LT (n—x)T(1—p) <t§’1 —t{'”)
+) (2.33)

<
N C(But1—n) j=0 J!

T =K — 1T (B, —

K+1-p)’
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PP (7 (u,v) (12) = 75 () (1)

LT(1—p) (l‘f"—ﬁk—“ _tlﬂn—ﬂk—ﬂ) | | < } B« tj_ﬁk) LT (n—x)T(1—p) <t;1—1—ﬂk _l;’l—l—ﬁk)

< + , (234
LBy —Be+1—n) ; C(j+1-B) C(n—P)T(n—x) =1 (B —k+1—p)
and
PP (7 (0,9) (12) = T2 () () |
LI (1-p) (tf”_ﬁ””_” - flﬁ"_ﬁ""‘”) LT (n—x)T(1—p) (z;"l‘ﬁ"* 4?—‘—5"71)
< + . (2.35)
T(By—Bu1+1—1) L(n—PBp-1)T(n—K) =1 (Bp—Kk+1-n)
The right-hand sides of inequalities (2.30), (2.31), (2.32), (2.33), (2.34),and (2.35), are independent of (u,v) and tend to zero as t; — 1,
we state that T (F) is equicontinuous. Then, by Arzela-Ascoli theorem, we deduce that 7 is completely continuous. O

Theorem 2.4. Let (H,) and (Hz) hold. Then, system (1.1) has a unique solution on [0, 1].

Proof. We will prove that T is contractive on B. Let (u;,v), (u2,v2) € Band ¢ € [0,1].
Thanks to (Hj), we get

71 (ur,v1) = Ti (u2,v2) ||

1 N1 6
< trert(zi)i]./() (I;)T)Ssa‘f(s,ul(s),vl(s)7Dﬁ‘v1(s)7...,Dﬁ"*‘v1(s))—f<s7u2(s),v2(s)7Dﬁ‘v2(s) DBy, (s )’ds
F(”_TI) n—1
o= D (=)~ 1T (o — ) 0
1
></ (1—g)% 1508 ‘f(s,u](s),vl (s),DPrvy (s),...,DP1y, (s)>ff<s,u] (s),v2 (), DPrvy (s) ..., DPr1vy (s )‘ds
0
t(t—g)% g0

(ol o~ ot o] b [0 o) [

+ (@f i =2l + 0 vy =v2 o+ 0 [ D (v *Vz)Hm+-~~+wrl+1 PP 1 =va) )

I'(n—n) /1 - n-1 —8

G - m e my o 77

n+1
< Za) max(”u]fqum,Hvlfvsz, HDB" (vi—w) H )

j=1

r(1-96) _5 C(n—m)T(1-29) >
“(Faris A e e v 1))
Thus,
n+l
IT1 (1, v1) = T (2, 2) | < Zw Yo || (ur =z, v1 =2) |- (2.36)

Also by (Hj), we get
ID% (T3 (uy,v1) = T (u2,v2)) s

=0 —1 —§
< max /Ot %55 ‘f (s,ul (s),m (s),D'B‘vl (s),...,DB"*'vl (s)> —f(s,uz (8),v2 (s),Dﬁ' vy (8),.. DB" vy (s >‘ds

1€[0,1]. I'(a,—oy)

F("—n) axt”_]_ak

+
(n—ag) [T (n—1) — 1T ( — 1) rel0]

X /Ol (1—g)0N-1g00 ’f (s,m (s),v1 (s),DPrvy (s),...,DPr1y, (s)) ff(s,ul (s),v2(s),DPrvy (s) ..., DPr1vy (s )‘ds

n+1
< Y ofmax (llu — w91 = vl [ PP (v = v2)| )
j=1
" ( r{-9) max 1% %8 C(n—n)[(1-8) )
Lo — o +1—8)elo,1] (n—oy)[C(n—n) = 1T (0 —n+1-9)
Therefore,
n+1 |

1D (T (w1,v1) = T (2,92l < ), @)Vl (r =2, vi =w2)lg, k=1,2,0m— 1. (2.37)

=
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Similarly for the other hand, we get

n+1

I3 (u1,v1) = T (2,0l < ) 07X )| (w1 — uz,vi = v2) I, (2.38)
j=1
n+1 )
PP (T wrv) = T )| < Y @0 Nt =1 = v2) - (2:39)
- S L

It follows inequalities (2.36), (2.37), (2.38), and (2.39), that | T (u1,v1) — T (u2,v2)||p < O||(u; —uz,vi —v2)|lp-
Using (H3), we deduce that T is contractive. By Banach fixed point theorem, we state that 7" has a fixed point which is the unique solution
of system (1.1). O

Example 2.5. Consider the following system:

u(t)+v(t)+D%v(t)+D§v(t)+D%v(t)’ DYy = sinu (t) —cosv(t) +sinDiu(t) +sinD3u (t) +sin D3 u (r)

60725 (1+ ‘u(t)+v(t)+1)%v(z)+p%v(t)+D%v(z)]) 12574

D7u(t)=

0<t<,

w(0)=v2, W 0)=1, u'(0)=2v3, " (0)=D5u(l), v(0)=+3, vV (0)=1, v (0)=5v2, V' (0)=D5v(l).

Here,wehave:n:4, a4:%7 ﬁ1:%7 BZZ%a B?):%v a():\/iv 01:17 02_2\/7 Tl:l? ﬁ4:%7al:%7 aZZ%a
a3:%7 b():\/ga b1:l7 b2:5\/§7 K:1574'
Forallt € 0,1] and (x1,...,x5), (y1,-..,y5) € R>, we get:

2 5 s
4 to 3 t2 4 3

to|f (¢ — ft,y1,... < — i— il t% g (t,xq,... —g(t,yr,... < — i — Vi 6=~ =-.
|f( 7x17 7x5) f( 7y11 7y5)|— 607[2;‘XZ yl|7 ‘g( /xlv 7x5) g( 7y11 7y5)|_ lzsni:ZIIXZ yl|7 97 lJ' 4

So, we can take

o= L =L 15 ia)lf Y of=

P eom2 T asn T Y &N T g &% T sy

On the other hand, we obtain

Yo =3.6314, Y| =8.5776, Y, = 16.5292, Y3 = 24.0831, Y} = 7.8493, Y} = 14.1526, Y} = 31.1912, Y} = 51.7577.

Indeed,
: 1 : 1
Y Yo = 00307, ) oY =0.0724, Z ®} Y, = 0.1396, Z ®} Y3 =0.1902,
j=1 j=! /‘—l ./—1
5 S
Y ojY; = 00999, ¥ ojY]=0.1802, Z ®} Y5 =0.3971, Z ®] Y5 = 0.6590.
= = = =

So, we get ® < 1. Then, system (2.40) has a unique solution on [0,1].

Theorem 2.6. Let (Hy) holds. Then, system (1.1) has at least one solution on [0,1].

Proof. Let Q:={(u,v) € B:||(u,v)||g < r}, where

— ﬂl ﬁn—l
Ar = ma )f(tu v(t),DPY(t),....D v(t))), 2.41)
Ay = maxt!|g(t,u(t),v(t),D¥u(t),...D%'u(t))|, (2.42)
1€(0,1]
r= max AT+Z‘1}AT+Z2¢AT AY+Z’ ‘Ar+§2¢Azr (2.43)
1<k 110 k 1 ) 11n—1,4219 k +1_B) n—1 B

We show that T : Q — Q. Let (u,v) € Qandt € [0,1].
Considering Eq. (2.41) and Eq. (2.42), we can state by inequality (2.29) that

] > b, v bl
(7 (u,v)llg < Jpax ( A1T0+j): LAY+ Z F]+l]—a) A1, ],A2T0+E Sis 7A2Yk+ Z Gr1-p A2 a1 ) (2.44)
Thus, ||T (u,v)||p < r. It is clear that for (u,v) € Q, we get T (u,v) € Q. Moreover, it follows Lemma 2.1. and Lemma 2.2. that
Ty (u,v), Ts (u,v) € C([0,1]) and D%Ty (u,v) € C([0,1]), DPT; (u,v) € C([0,1]). Hence, T : Q — Q.
By Lemma 2.3. we have T is completely continuous. As a consequence of Lemma 1.1. system (1.1) has at least one solution on [0,1]. [



Konuralp Journal of Mathematics 309

Example 2.7. Consider the following system:

. i (cosu(t)cosv(t)+sinD%v(t)sinD%v(t)> -1
D2u(t) = 5 m D3v(t) =
2me! + ‘cosDZv(t) - sinD?v(t)‘

0<r<Lu(0)=1, u(0)=—V3, u (0)=V5 u (0)=1L u®(©0)=D5u(1),

’

v(0)=v2, v(0)=—1, v (0)=3v2, v (0)=m, v (0)=D3v(1).

. _ 9 1 3 9 _ 19 _ _ _ 1 _ 10 _
We have: n=35, as=5, Bi=3, P=3, B=7, ﬁ47?, ap=1, a;=-V3, a=+5, aa=z, N=3%, Bs=
14 2 5 8 15 11

3 a1:§7 a2_47a3_37a4_47 bO—\fblz b2:3\/§1 b3:7r7b3:7 K_3

For 6 = % and L = %, all the assumptios of Theorem 2.6 will be salisﬁed . Therefore, (2.45) has at least one solution on [0,1].

3. Generalized Ulam-Hyers Stability

In this section, we study the Ulam-Hyers stability and the generalized Ulam-Hyers stability for system (1.1).

Definition 3.1. System (1.1) is Ulam-Hyers stable if there exists a constant Ay g > 0, such that for all (&1,&) > 0, and for all solution
(x,y) EBof

[D%x (1) = £ (1,x(0),3 (), PPy (6),, DBy () | S 1, [DPry(6) = (1,600, 3(1) DO (1) ., D%-1x(1) | < 5,
3.1)
0<t<1, k—l<oy,Br<k, k=172, ...,n,

where xU) (0) = aj, yU)(0)=bj, j=0,1,...n—2, x"=D(0)=D"x(1), y"D(0)=Dy(1), n—-2<mn,x<n-—1,
there exists (u,v) € B of system (1.1), with  ||(x—u,y—v)|lp < Apge, €>0.

Definition 3.2. System (1.1) is generalized Ulam-Hyers stable if there exist ¢y 4 € C (R7L ]R*)

f, 0, such that for all € > 0, and
for each solution (x,y) € B of system (3.1), there exists (u,v) € B of system (1.1) with ||(x — u,y —v)

) =
g < orq(€), €>0.

¢ (0
B
Theorem 3.3. Let (H,) and (Hz) hold. Then, system (1.1) is generalized Ulam-Hyers stable in B.

Proof. Let (x,y) € B be a solution of inequalities (3.1). Then, by integrating inequalities (3.1), we obtain

-1 -2

(W(S) y(s),DPry(s), ...,Dﬁn—ly(s)> ds — Z Ui

j=0

i (1) i Yol

n— n—1 n_
— e e Jo (1= 9% 1 f (5505 ,9(5),DPy (5) oo, Dty (5) ) s

< J%g
1%
S o) o
and
¢ (1—s)Pr! n2y,
)~ s ik 8 56(9) 9(6). DO (5) oD% () ds = . Y
=
T J (1= 5P g (5,x(5) 3 (), DO (5) ., D% () s
< Jhg
Bx
< tisz. (3.3)
C(Bu+1)
Using (H,) and (H3), there exists a solution (u,v) € B of system (1.1) :
)] 5 ; =y C(n—n)!
H = u(s),v(s),DPry(s), ..., D1 ds+ Y Lol
) = gy (9.0 ) dst B S )~ @ =)
1
></ (1 —s)a"_n_lf(s,u(s),v(s),Dﬁ‘v(s),‘..,DB"*‘v(s)> ds, (3.4)
0
and
I o j L (n—x)m!
MO = [y ) (9. D) D s d”Z AR TN FE s

1
X /0 (1 —s)ﬁrk*l g(s,u(s),v(s),D*u(s),...D%'u(s))ds. (3.5)
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Then, we get
(1) —u (t)l
an—1g-5

n— )=
xm_k Gt — i a5 (559 ,3(9), Dy (5) s DP13 (5) ) ds = oo

X fol (1 —s)‘)"’_n_1 S*‘Ss‘sf (s,x(s) ,y(s) ,Dﬁly(s) , ...,Dﬁ”*ly(s)) ds

— llnl 1)

+f0 7>55 (f (s,x(s),y(s),DB‘y(s),A..,Dﬁ"*‘y(s)) —f(s,u(s),v(s),Dﬁ‘v(s),...,Dﬁ"*lv(s)))ds

C(n—n)" !
T DN —n)— D (e—1)

><f01 (1—s)% M 1588 (f (s,x(s),y(s),Dﬁly(s),...,Dﬁ'ﬂy(s)> dsff<s u(s),v(s),DPrv(s), ...,Dﬁ"*lv(s))>ds
Using inequality (3.2), we get

tren[gf] [x (1) —u(t)]

F(ail—i— 0 /t (t_;)?;n)l s 50 ‘f <s,x(s) ,y(s) ,Dﬁly(s),...,Dﬁ"*‘y(s)> —f (s,u(s) ,v(s) 7DB'v(s),...,Dﬁ“*‘v(s)>’ds

C(n—n)"!
(=T (n—n)—1T (0 —7)

X/(;l (1—g)% =100 ’f (s,x(s),y(s),DB‘y(s),...,DB"*] (s ))d?—f(S u(s),v(s),DPrv(s),...,DPr1y (s ))ds7

+

(3.6)
which implies that,
€ n+1
_ < S T, — .
bl < gty + X 0l Tyl 67
Similarly, we get
& n+l
_— T, - .
y=vle < s+ Zw o=y =)l (3.8)
By differentiating inequality (3.2), we get
) 7 - n—2 a; . r( 71])[”7]70%
Dk (1)~ wf(m ):3(5) DRy s DBy (5)) ds = £ ity ¥ = Mt D
X3 (1=9)% 71707 (5,00, 3(5) . DPy (s) .. DB 13 (5) ) ds
< JET%e
1% — Ok
< =& k=1,2,...n-2 39
and
- ) - D(n—n)" %1
D%=1x; (1) — fO T(0t——1) f(s,x(s),y(s),DBly(s),.,.,Dﬁ 'y(s)) dsil"(nfotnfl)(F(nfn)fl)l"(awn)
% 3 (1=5)% 71707 (5,00, 3(5) . DPy (s) .. DB 1y (5) ) ds
S Jan_an—lgl
10— 01
< - 3.10
< F(ocn—a,,,l—t—l)gl’ (3.10)
Also, by differentiating inequality (3.3), we have
(t— Y‘B” Br—1 - n—2 b - r(nfk')t”’l’ﬁk
D3 (1)~ gy (500 0 (0), D) DU 9) s~ T iy~ eyt
X fol (1 —s)Bn*K*lg(&x(s) ,y(s),D%x(s),...,D%-1x(s))ds
S Jﬁn_ﬁkgz
B k=12 2 3.11
< - = ey — .
— r(ﬁn—ﬁk+l)€2 ) ) 7n b ( )
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and

s\ 1)1 B
D1y (1) = Ji gy 8 (5:6(5), 3 (5), DU (5) 00, DO x(5)) S = i N o =B

i (1=s)P %V g (5,x(5),y (), D% x(s) ..., D% 1 x(s5)) ds
Jﬁn*ﬁnqu

Bub,
< (3.12)
F(ﬁn _Bn—l + 1)

Similarly as before, we can show that

IN

£ n+1
D% (x—u)HWSerZw}YkH(x—u,y—V)lIB, (3.13)
n j=1
5 & n+1 )
HD*'(y—v)Hmém+ijTZ [(x—u,y=v)llp- (3.14)
=

Using inequalities (3.7), (3.8), (3.13) and (3.14), we get

£ £ & &
— Wy < ’ ) ) ) — )
||(x u,y V)HB = lrgl?gn(r(an+1) F(an*ak+1) F(ﬁn+l) F(anﬁk+1))+ ”(.X u,y V)HB
< ey+0O|(x—uy—v)g, (3.15)
— _ 1 1 1 1
where £ = max e,y = max (rEl g MR TEET)

Hence,

ey v
— — < — = = .
||(X u,y V)HBf (1_®) A’f-g£7 A’f-,g (1_@)

Thanks to (H3), we get Ar, > 0. That is system (1.1) is Ulam-Hyers stable. Taking ¢, (€) = Ar €, we receive the generalized
Ulam-Hyers stability for system (1.1). O
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