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Abstract

A weighted companion of Ostrowski—-Midpoint type inequality is established. Application to a composite quadrature rule is provided.
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1. Introduction

In 1938, A. Ostrowski [6], proved the following inequality for differentiable mappings with bounded derivatives, as follows:

Theorem 1.1. Let f: 1 C R — R be a differentiable mapping on I°, the interior of the interval I, such that f' € L]a,b), where a,b € I with
a <b. If|f' (x)| <M, then the following inequality,

1
b—a.

<M(b—a) i+(_a;b) (1.1)

b
[ wau o=

|f(x)

holds for all x € [a,b]. The constant % is the best possible in the sense that it cannot be replaced by a smaller constant.
In [7], Dragomir proved the following Ostrowski’s inequality for mappings of bounded variation:

Theorem 1.2. Let f : [a,b] — R be a mapping of bounded variation on [a,b]. Then we have the inequalities:

x— ok b
‘f(x)fbia/abf(r)dr < |5+ 5=2 ]-\a/(f)., (1.2)

for any x € [a,b] , where \/’(f) denotes the total variation of f on [a,b]. The constant % is best possible.
Motivated by [9], S.S. Dragomir in [8] has proved the following companion of the Ostrowski inequality for mappings of bounded variation:

Theorem 1.3. Let f : [a,b] — R be a mapping of bounded variation on [a,b]. Then we have the inequalities:

X a —X b
IS Ny

_ 3a+b
X 4

b—a

<1y
=14

b
} V), (1.3)

a

forany x € [a, #] , where \/%(f) denotes the total variation of f on [a,b]. The constant 1/4 is best possible.

In [10], Tseng et al. have proved the following weighted Ostrowski inequality for mappings of bounded variation:
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Theorem 1.4. Let0 < a <1, g: [a,b] — [0,0) continuous andposzlzve on (a,b (t)
onfa,b). Letc=h""((1—%)h(a)+ $h(b)) andd =h~" ($h(a)+ (1— %) h(

for all x € [c,d], we have

) and let h : [a,b] — R be differentiable such that I (t) =
h(b)). Suppose that f is of bounded variation on [a,b), th

~Ja-arw a0 o <M-€/(f) (14)
where,
15 [P g 1) dr+ [ (x) + MOS0 0<a<i
M= max{“T“jfg(t)dt+‘h(x)+h< hb)‘,%fabg(t)dt}, l<a<?
g [2g(r)dr, Z<a<i

and Vla’ (f) is the total variation of f over |a,b]. The constant FTO‘ for0<a< % and the constant 5 for % < a < 1 are the best possible.

for recent results concerning Ostrowski inequality for mappings of bounded variation see [4], [S] and [11]-[14].
In [1], Alomari and Dragomir have proved several inequalities for various Newton—Cotes formulae, among others they obtained the following
inequality:

Theorem 1.5. Let f : [a,b] — R be a mapping of bounded variation on [a,b). Then forall A € [0,1] and a < x < #, we have the inequality

'(b—a){lw—k(l—k) (“H’ﬂ /f ) dt

<;max{2(xa),l(ba)2(xa),(1l)(ba)}~\i/(f). (1.5)
For instance, if we choose x = a, then we get
‘(bfa){afi(“);f(b)ﬂum ("“’)} [ rwal < )B+‘;z'}\:’/(f) (1.6)
Remark 1.6. We note that the inequality (1.5) may be written as follows:
-0 [f L= oy (50)] - [ rwa
s;max{zoca),uba)z<xa>,<1m<ba>}-\z/<f>
SmaX{i(b a)+|(x— a)f“b{“) ,(1_“2(]’_”)}-\2/(f)- (17

In the recent work [2], Alomari has proved the following generalization of companion of Ostrowski’s inequality for mappings of bounded

variation (see also [3]):

Theorem 1.7. Under the assumptions of Theorem 1.4, we have

b
{awj%l—a)w}/ 1 di — /f fde| <M \/ (1) (1.8)
where,
{‘ "‘f g(t)di+|h(x) — [35%h () + S (1))

158 [P g (1) dr + [ (a+b—x) — [S5%h(a) + 25%h(b)] |} 0<a<!
M'=q max{15% [P g(r)d+|h(x) - [253%N(a) + SLR(B)] |, 152 [P g () dr

+|h(a+b—x)— [H2h(a) + 35%h (b)), & fg(t)dz}; lca<?

& (be(rydr Z<a<i

for all x € [c, 52], where, V2 (f) denotes the total variation of f on |a,b]. Furthermore, the constant 15%

%for % < a < 1 are the best possible.

for 0<a<i 5 and the constant

In this paper, a weighted version of Alomari’s result (1.5) is proved. Therefore, several weighted inequalities are deduced. Application to a

composite quadrature rule is pointed out.
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2. A weighted companion of Ostrowski-Midpoint inequality

Let us start with following result.

Theorem 2.1. Under the assumptions of Theorem 1.4, we have

[ (5] P sz o
where,

max { § 2 g (1) di + | (x) = [(1= §) h(a) + $h(0)]]

S s@d+|[$h@+(1-9hE)] ~harb-n]},  F<asi
K max{o‘fg dt+‘h —[(1=%)h(a) +?fh(b)”

& Pe(t)dr+|[Ch(a)+ (1— L) h(b)] —h(a+b—x)|,

L () h(b) h(T)‘} T<a<}?

—0) g(t)de+ T)" OSO‘S%

MO ) (32
)

foralla€[0,1]anda <x<h=' ((1—%)h(a)+ $h(b)), where V2 (f) denotes the total variation of f on [a,b). Furthermore, the constant
% for % < o < 1 is the best possible.

Proof. Define the mapping
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h(t)—h(b), te(a+b—ux,b

foralla € [0,1]anda <x<h~ ' ((1— %) h(a)+ Sh(b)).
Using integration by parts, we have the following identity:

b X
| si0aro = o -n@l-roi- [ ros
o

+ [n()- [(1—%)%1( )+ ()
+[n- [%h(a)—l—(l—%)h(b)” 510

/ 10

a+h —X a+b—x
Y IOIOL
2z

atb
2

FO -G£l [ F 0800
_ {aWﬂFay(“;b)} [h(b)fh(a)]f/bf(t)g(t)dt

:{apro@f(“*b)“ dt—/f

Now, we use the fact that for a continuous function p : [a,b] — R and a function Vv : [a,b] — R of bounded variation, one has the inequality

b
< sup [p()I\V/ (v). (2.2)
t€la,b)

b
| v

Applying the inequality (2.2) for p(t) = Sy, (¢), as above and v(r) = f(¢), ¢ € [a,b], we get

'[af(x)+_f(2a+bfx)+(1_a)f(a+b)}/ dt—/ 70
<|["siwarw ”

< sup IS0\ (f),

t€la,b) a
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where
up 150) —max{ 2 h(6) (@] + [ (0) - [ (1= F ) @)+ Th ()],
7[h(b)fh(a)]+)[%h(a)+(lf%)h(b)] ~h(a+bx)|
(2 o) - ha)+ MO (422 )
—ma{ S [ ewar it [(1- %) nia + S|
4/ Ndr+|[Sh@+ (1= F) )] ~na+b-x)|,

FE NI

and thus we obtain the desired result in (2.1).
To prove the sharpness of the constant %, for % < o < 1 assume that (2.1) holds with a constant C; > 0, i.e.,

Hanr(l—a)f(a;b)}/abg(t)dtf/abf(t)g(t)dt
gmax{Cl/;g(t)dt—i-‘h(x)—[(1—%>h(a)+%h(b)] , /b dt—i—H (1—%)h(b)]—h(u+b—x)‘}.

Without loss of generality, assume that the maximum of the right hand side is the first term i.e.,

'[af(x)+_f(2a+bfx)+(1_a)f(a42rb)}/ dt—/ 70

(f). @3

Q<b“

< [cl /{l”ga)dw\hw— (1= ) n@+ Shw)] H ~\i/(f) 24
Consider the mapping
0. refab\{K" ((1-§)h(@)+ §h (b))
3 t=h (1= §) hla)+ §h(b)

Then f is with bounded variation on [a,b], and [? f (1) g (t)dt = 0, V% (f) = 1, and for x = k=" ((1— %) h(a) + Lk (b)), making of use
(2.4), we get

<(y,

&R

which implies that the constant % is the best possible.
Now, assume that the maximum of the right hand side is the second term i.e.,

H(XWJF(Ifa)f(a;b)} /abg(t)dtf/abf(t)g(t)dt

< [Clébg(z)dw‘[%h(a)+(1—%)h(b)] —h(a+b—x)” -\b/(f) 2.5)

Consider the mapping

Then f is with bounded variation on [a, b], and fff(t)g(t)dt =0,Vi(f)=1,andforx=a+b—h"" ($h(a)+ (1— ) h(b)), making of
use (2.5), we get

SCM

IR

which implies that the constant % is the best possible. Therefore, % is the best possible for (2.3). Thus, the proof of (2.1) is completely
established. O

Remark 2.2. If we choose h(t) =t and g(t) = 1, then the inequality (2.1) reduces to (1.7).
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Corollary 1. In (2.1), choose x = a, then we get

Hawnt(lfa)f(a—i_b)}/ £)dr — /f
gmax{%/fg(r)dz,“;“) /abg(t)dw‘h(“);h(b)—h(“;bﬂ}i/(f), (2.6)

forall x € |a, } which is the “weighted version of (1.6)”.

Remark 2.3. In Corollary 1, choose

1. a =0, then we get

‘f(aer)./a (t)dt—/abf(t)g(t)dt < B/ﬂbg(z)dw‘h(a);h(b) —h(a;b)H -\z/(f% @7

which is the “weighted midpoint inequality”.

1
2. a= 3 then we get

1 +f(b +b b
S o (0] [Cera- [ rwsa
1 b 1 b h(a)+h(b +b b
SmaX{g/ag(l)dl,g/a g(t)dr+‘ @ ()—h(“z )’}YUL 28
which is the “weighted Simpson inequality”.
3. o =1, then we get
+f(b) [ b 1 b b
LI st [ rosoa] <5 [[swar\ ), 9
which is the “weighted trapezoid inequality”.
Corollary 2. Let0 <o < 1. Let f € ct [a b]. Then we have the inequality
Hawﬂl_aﬁ(“”ﬂ/ £)dt — /f | <K-| 7|, (2.10)

foralla<x<h™'((1—%)h(a)+ $h(b)), where ||-||, is the Ly norm, namely || f'|, := J21f ()] dr.

Corollary 3. Ler 0 < a < 1. Let f : [a,b] — R be a Lipschitzian mapping with the constant L > 0. Then we have the inequality

Haf(X)—i_f(za—i_b_X)+(1—a)f(a+b)}/ i~ /f Ot

foralla<x<h™'((1—%)h(a)+ $h(b)).

<KL(b—a), (2.11)

Corollary 4. Let 0 < a < 1. Let f : [a,b] — R be a monotonic mapping. Then we have the inequality

'{af(x)—i_f(za—i_b_x)+(17a)f(a+b)}/ dti/ £ ()t

foralla<x<h™'((1—%)h(a)+ %n(b)).

<K|f(b)-f(a)l, (2.12)

3. Application to a quadrature rule

Letl,:a=xp < x| < <x, =b be a partition of [a,b] and ¢; =h~1 (1= 5)h(x;)+ $h(xit1)), & € [xi,ci] (i=0,1,--- ,n—1). Put
Li = h(xiy1) —h(x;) = [;7*' g(t)dr, and define the sum

= {(1 _a)‘f(xz‘+xl'+1) v L@ it —&)] G.1)

Aa(fvgvhvlrhé): Z 2 2

i=0

for all a € [0, 1]. In the following we propose an approximation for the integral | f f(t)g(t)dr.
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Theorem 3.1. Let f,g,h be defined as in Theorem 2.1, then we have

b
| rg@di=Aa(f 00 1.8) +Ra(F.8: 1118 62)

where, Aq (f,8,h,1n,&) is given in (3.1) and the remainder Ry, (f,g,h,1,,&) satisfies the bounds

Xit1 b

Ra(f7g7h71n7 <ZI(1(X \/ <M1,a'\/(f)7

where,
maX{ 4Ll + ‘h(él) - (1 - %) h(xl) + %h(xurl)} ‘ ;
LLi+|[Gh(x)+ (1= %) h(xier)] —h(xi+xie —&)|}, 2<ac<l
max { $L;+ [ (&) — [(1—§) h(x) + Gh(xit1)]],
Kio = %Li-i—T[%h(x,)—l—(l—% h(x,+1)} —h(xi+xi1— &),
(170{) L1+ )h(xi)+2’l(x,+l) 7h (X1+x,+l ) ‘ } , % <a< %
UEa)Li + ’ h(x,)JrZh(XiJrl) —h (an;Hl ) ‘ 7 0<a< %
max{%v(L) +i:Orlnaxni1 |h(&)—[(1— %) h(xi)+ Fh(xis1)]|, % <<l
Fv(L)+  max [[§7Ga)+ (1= §) h(xiv)] =k +xip —51')’}7
My = max{%v(L)+i:OIPaXn—1|h(§i)_ [(1=%) h(xi)+ Gh(xie)] ], t<a<?
%V(L) +i:0,1}}.2.1.).(n71 ! [%h(x,') + (1 — %) h(xi-H)] 7h(x,<+x,-+1 - 5,)’ s 17705\/(L)} s
1-a h(xi)+h(xi) _ g ((xitx 1
2 V(L)Jrizo,rf.e.lfnfl) 7 h( 2+1>" O<as<

and v (L) :=max{L; :i=0,1,...,n—1}. In the last inequality the constant § for % < a < 1 is the best possible.

Proof. Applying Theorem 2.1 on the intervals [x;,x;11], we may state that

xi+X; +f (i +x .
H(l*a)'f<l 21+l)+a (gz) f(zz i+1— ] / f dt <Kig- \/(f)
Xi
foralli=0,1,---,n—1.
Using this and the generalized triangle inequality, we have
( g,h In,§)
. . . . . — . "X+
S (1*0{)~f(x1+xﬁl>+O¢~f(§l)+'f(XZ+XI+1 &i) L 7/ lf(l‘)g(l‘)dl
i=0 2 2 xi
k—1 Xit1 —1Xi+1 b
< Ki.tx'\/(f max {Kza} Z\/ <Mlﬁa'\/(f)
i=0 Xi i=0 x; a
O
Corollary 5. In Theorem 3.1, choose
1. o0 =0, then we get
b
a

where, Ay (f,8,h,1,,E) is given in (3.1) and the remainder Ry (f,g,h,1,,&) satisfies the bounds

-1 Xit1 b

Ro(f,8:h,1n,&) < ZK,O \/ (f) <Mio-\/(f),
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2. o =1, then we get

b
/a f(t)g(t)dt :Al (f7g5h71117§)+R1 (f7g7h71n7€)' (34)

where, A\ (f,8,h,1n,&) is given in (3.1) and the remainder R (f,g,h,I,,&) satisfies the bounds

Xit1 b

n—1
Ri(f,8:h10,6) < Y Kin- \/ (f) <My -\ (),
i=0

Xi a
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