Konuralp Journal of Mathematics, 7 (2) (2019) 352-358

Konuralp Journal of Mathematics

Journal Homepage: www.dergipark.gov.tr/konuralpjournalmath
S e-ISSN: 2147-625X

Convexity and Hermite-Hadamard Type Inequality via
Non-Newtonian Calculus

Erdal Unliiyol'" and Seren Salas’

' Department of Mathematics, Faculty of Science and Arts, Ordu University, Ordu, Turkey
2Department of Mathematics, Science Institute, Ordu University, Ordu, Turkey
* Corresponding author E-mail: eunluyol@yahoo.com

Abstract

In this paper, firstly we research basic definition of convexity in terms of non-Newtonian calculi, i.e. interval, convex set, convexity,
etc. Secondly, we deal with the different classes of convexity and generalizations via non-Newtonian calculi. Finally, we reveal the new
generalization of the definition of convexity that can reduce many order of convexity and constitute some new Hermite-Hadamard type
inequalities for this calculi.
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Isaac Newton and Gottfried Wilhelm Leibnitz obtained the differential and integral calculus, applied in mathematical theory, independently
in the second half of the 17" century. Afterwards Leonard Euler deflected calculus by giving a pivotal position and so founded analysis.
Differentiation and integration are basic operations of analysis. Indeed, they are many versions of the subtraction and addition operations on
numbers, respectively.

From 1967 till 1970 Michael Grossman and Robert Katz [1] gave definitions of a new kind of derivative and integral, converting the roles of
subtraction and addition into division and multiplication, respectively and thus establish a new calculus, called Non-Newtonian Calculus.
Non-Newtonian calculus has a limited area of applications than the classical calculus. But Non-Newtonian calculus can particulary be useful
for economics and finance [2].

In this area the reader can refer to a lot of authors, i.e. [1]-[9], and references therein. The reader can refer to the recent papers [10]-[17]
related to the multiplicative calculi and related topics

Kadak and Giirefe [9] introduced some characteristic features of weighted means and convex functions in term of the non-Newtonian calculus
which is a self-contained system independent of any other system of calculus, i.e. *-convex function.

Some new definitions, theorems and corollaries is obtained for Non-Newtonian Calculi by E. Unluyol et all. [18].

1. Preliminaries

Arithmetic is any system that satisfies the whole of the ordered field axiom whose domain is a subset of R. There are many types arithmetic,
all of which are isomorphic that is, structurally equivalent.

A generator o is a one-to-one function whose domain is R and whose range is a subset Ry of R where R = {@(x) : x € R}. Each generator
generates exactly one arithmetic, and conversely each arithmetic is generated by exactly one generator.The inverse of the identity function
defined by I(x) = x for all x € R is itself. In the special cases @ = I and ¢ = exp, o generates the classical and geometric arithmetic,
respectively. By a-arithmetic, we mean the arithmetic whose domain is R and whose operations are defined as follows: for x,y € Ry and
generator o,

a—addition, xty = af{a”'(x)+a'()}

o —subtraction, x—y = Ot{ail(x)—ail(Y)}:

o —multiplication, xXxy = OC{OFl (x) x o ! M3
o —division, x/y = a{ail(x)/ail(Y)}v

o —order, x<y <= Otil(x) < ail(yy
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As a generator, we choose exp function acting from R into the set Ry, = (0,0) as follows:

o: R— Ry
x — y=akx)=¢

It is obvious that ¢ arithmetic reduces to the geometric arithmetic as follows:

geometric addition, x+y = elnxtiny} —

geometric subtraction, x—y =  elm¥xIny =x/y,
geometric multiplication, xxy = el — oy _ yinx

geometric division, x/y = ¥/} :xﬁy,

geometric order, x<y <= In(x) <lIn(y).

Definition 1.1. [1] Let op) = p for all p € 7. If for y € Ry, y+0 =1y and yxi =y, then according to a-addition O(a — zero) and
i (o — one) numbers are called identity and unit elements, respectively.

Definition 1.2. [1] Let ~1 = 0" = o(—n) for all n € 7. The set Zg or Z(N) of a-integers is defined, as follows;
Zoq=7((N) = {...,-2,-1,0,i,2...}
= {...,a(=2),a(-1),a(0),a(1),a(2),...}.
Namely, Zy = Z(N) = {n n=a(n),ne Z}. Similarly we can define o-real numbers as follows,
R(N) =Ry = {f:n=a(n),n € R}
Definition 1.3. [1] Let p € R\ {0}. In this case, g, : R — R, C R and q;l are defined as follows,

1

xr, x>0
qp(x) = 0, x=0;
1
—(—x)r, x<0.
and
xP, x>0
q,' (x) = 0, x=0;
—(—x)?, x<0.

Specially, if we take p = 1 in qp-function, then q,, calculus is reduced to the classical calculus.
Definition 1.4. Let I be an interval in R, f:1 C R — R be a convex function. f:1 C R — R is said to be Hermite-Hadamard Type
Inequality, if

(50 S/abf(X)dxs [ 1) (L1

forallx €I andt € [0,1). If the above inequality is reversed, then f is said to be Hermite-Hadamard Type Inequality concave function.

Definition 1.5. [10] Let I be an interval, ¢ : I C R — R be a continuous and strictly monotonic function. f: 1 C R — R is said to be MpA
convex, if

Flo7 (o) + (1 =0)9(v) <1 (0)+(1-1)f ()

forallx,y € Iandt € [0,1]. If the above inequality is reversed, then f is said to be MpA-concave function.

2. Some New Definitions and Theorems About Inequalities via Non-Newtonian Calculus

In this section, we define the notions interval, convex set, convex function etc. in terms of Non-Newtonian Calculi.
Definition 2.1. Let « is a generator. Then Iy, C Ry, is said to an o-interval on Ry, if for all x,y € Iy,

(x,yj ={z€ly:x<2<y} Cly,
| :={z€lq:x<25y} C g,
7€l :x<z<y} Cly,
={z€lq:x<25y} C g,
(x,Fo0) := {z € Iy : x<z<Fo0} C g,
(—c0,y) :={z €Iy : —o<z<y} Clg,
[x,40) 1= {z € Iq : x<z&Fe0} C Iy,
(—o0,y] :={z € Iy : —0<z<y} Clg.

G0N RN W~

Remark 2.2. Alternatively, we can express these (1)-(8) a-intervals as follows respectively;

(x>y)067 (x>y}067 [xay)(17 [xvy]Oh (x7 +°°)067 (—w,y)a, [x, +°°)067 (_°°>y]06'
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Remark 2.3. Afterwards [x,Y]q, (X,y)q are said to be respectively a-closed interval, a-open interval.

Definition 2.4. Let Ly be an ot-linear space and A C L. A set is said to be an ¢-convex set, if for all x,y € A
Boy={z€Ly:z=01%xx+6,xy, 6;+6, =1, 0<6;,0,<i} CA.

It is immediate that 7 = 0) xx+6, Xy, 0116, =1, 01,0, € [0,1]¢ for x,y €A,z € B,

Lemma 2.5. Iy := [x,y]q interval on Ry is an a-convex set.

Proof. Foru e {6;xx+6,xy: 01,6, € [0, i], 0,+6; = 1} then u = 6, xx-+86, xy. In the circumstances, we can write the following,

v = afaO)aT 0 +a (B)a ()]
oy = o le)a@+a T (B)a ()
< minfa ' (x), e ()} = a7 () <max{a (0.0 ()} = a7 ()
= a'W<aw<a ()
= x<uly
= uc€xya-
So the proof is completed. O

Lemma 2.6. A C Ry is a—convex set if and only if '[x,y}' C Aforall x,y € A, such that x<y.

Theorem 2.7. A C Ry is o-convex set if and only if for all a,b € A, 01,6, € [0, 1] 0,+6, =1
6, xa+6,xb € A.

In other words, we can write the above condition, as follows:

Let A C Ry. Then, forall a,b € A and 6,+6, = 1, 6,6, € [0, 1]
O xa+6,xbcA

if and only if for all a,b € A and t € [0,1]
a(t)xa+o(l—1)xb € A.

Proof. By using 6,6, € [0, 1] such that 8;+6, = 1, we can write the below equality:
(e (01) +a'(62) = a(1).

From injectivity of o , we have
a”! (6]) + a”! (92) =1.

Thus, by choosing 0 = o/(t), 6, = (1 —¢), then 68, = ¢t(t), 6, = ot(1 —1¢),
o(t)xata(l—t)xb e A.
So we have proved the desired conclusion. O
Definition 2.8. Let Iy be an a—closed interval in Ry. Then the function f : Iqo — R is said to be Q..-convex if
Fixx+Aaxy) < 01 f(x)+62f(y) 2.1

(2.1) holds, where Ay = 1 and 6, + 6, = 1 for all A, 4> € [0,1]¢ and 61,6, € [0,1]. If we take 6; = o~ (A1) and 6, = a~'(A,) in
(2.1), then we obtain

FArxxdAyxy) <o L (A) x f(x)+a () x f(y). (2.2)
Therefore, by combining this with the generator o, we deduce that
flaf{a ) )+ a7 ().a” (1) }) < 01.1(3) + 6:./(v) 23)

If (2.1) is strict for all x # y, then f said to be strictly o.-convex. If the inequality in (2.1) is reversed, then fis said to be o.-concave.
Depending on the choice of generator functions, the definition of a..-convex in (2.1) can be interpreted as follows.

Theorem 2.9. The function f : Io, C Rg — R is an a-convex if and only if for o : R — Ry,
foa:a '(ly) cR—R

is a convex function.
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Proof. Firstly we assume that f is an o.-convex function, then we write for all 6,,6, € [O, i], such that 8,46, = 1 and for all a,b € Iy, we
have the following inequality

f(61%a+6,xb) < o™ (61)f(a) + o~ (62) £ (b). (2.4)
In (2.4), if we choose a,b € Iy, t € [0,1], ~'(8;) =t and &~ '(8;) = (1 —1), then we obtain following inequality
Fla()cata(l —1)xb) <1f(a)+(1-1)f(b)
Then, definition of a-addition and ¢-multiplication , we get the following inequality
f(ata @+ -na ' 6) < t(@)+(-1)f)
(fea)ta™ (@) +(1-nNa"' (b)) < t(foa)(a (@) +(1-1)(foa)(a'(b)).

Hence, (fo o) is convex in &~ !(I). Secondly vice versa. O

IN

A

Definition 2.10. If we choose B = I in definitions of *-differential and x-derivative in [1], then we say, these definitions, respectively,
a.-differential and o..-derivative.

Remark 2.11. Let f : I C Ry — R is a second order ou.-differentiable function and o : R — Ry, is a generator. Then f is 0.-convex if
and only if for all x € a~ ' (I,),
(foa)"(x) > 0.

Remark 2.12. [fwe take ai(x) = I(x) and o' (A1) =1, a~ ' (A2) = (1 —1) in (2.1), then we obtain the definition of usual convex function,
namely for all t € [0,1],

flex+(1=0)y) <tf(x)+ (1 =1)f ().
Remark 2.13. If we take ot(x) = I(x), R = Ry in (2.2), then we obtain ot-convex function [18], that is for all t € [0,1]
flx+(1=1)y) < 0% f(x)+6x f(y).

Remark 2.14. Let Iy C (0,%) be an a-interval. In this case, if we take a(x) = qp(x) and = (A1) =1, a1 () = (1 —1) in (2.2), then
we obtain p-convex function[19], so for all t € [0,1],

<=

()P +((1=0)p)P))7) <tf(x)+(1=1)f ().
Remark 2.15. If we take ai(x) = exp(x) and o= (A1) =1, o~ (A) = (1 —1) in (2.2), then we get

FEYMI0) <t f(0)+(1=0)£(), (1 € [1e]),
[+ Iexp — R is geometric convex function [20].
Remark 2.16. If we take ai(x) = ¢! (x) and a= ' (A1) =1, a1 (A2) = (1 —1) in (2.2), then we obtain

(07 (to(x) + (1 =)@ () <if(x)+(1—=1)f(), ( €[0,1]),

MgA convex function [21].
Remark 2.17. Let I, C (0,%) is an a-interval. Thus if we take a(x) = I(x) = 1, and a=' (A1) =1, a™' (&) = (1 —1) in (2.2), then we
obtain

f(ﬁ) <tf )+ (1 =0f0), (€ [0,1]),

Harmonically convex function [22].

3. Hermite-Hadamard Type Inequality in terms of Non-Newtonian Calculus and its Some Proper-
ties

Theorem 3.1. Let Iy be a closed interval in Ry, and f : 1o — R also be any o..-convex function. Then the following double inequality holds
forall a,b € Iy,

f(a(%) “ath) < [ o) catatt - sha < HOTIO .

Proof. Since f is an a.-convex function, we can write the following inequality
F(Axataaxb) < o L (A) fla)+a (A)f(b). (3.2)
If we take =1 (A1) =1, = 1(A;) = 1 —¢, then we have

Fletysata(l —1)xb) < tf(a) + (1—1)f(b). (33)



356 Konuralp Journal of Mathematics

and integrating with respect to # over - [0, 1], then we have the following inequality, for a,b € Iy

IN

/01 (tf(a)+(1—1)f(b))dt

fla)+/(b)
2

/O'lf(a(r)xaauau —()5b)dt

IN

1
/Of(a(z)xairau—z)xza)dt (3.4)
If we choose t = §, a = a(t) xa+a (1 —t)xb and b = a(t) xb+a(1 —t)xa in (3.3), then we get the followings,

.. . 1. .., .
f(a(i)xa—l—a(i)xb) = f(a(i)x(a—kb))

= f(a(i)k(a(z)ka—i—a(l—t)kb)—i—a(%)k(a(z)kb—i—a(l—t)>'<b))

L p(a(e) xata(1 —1)b) + fla(t) kb+a(l —1)xb)). (3.5)

< =
-2

If we apply integration to (3.5) over the interval [0, 1], taking into account that

/(;lf(a(z)>'<a+a(l —1)xb)dt = /lf(oc(l —t)xata(t)xb)dt,

0

and use (3.4), then we have the following inequality

fla)+ 1)

1 1 1 1
fla(z)%ata(y)%b) < /Of(a(t)>'<a—i—a(1—t)>'<b)dt:/0f(ll>'<a+12>'<b)dt§ -

Thus the proof is completed. O

Definition 3.2. Here and after, we call the inequality given by (3.1) inequality Hermite-Hadamard Type Inequality in terms of Non-Newtonian
Calculus or o, —Hermite-Hadamard Type Inequality.

Theorem 3.3. (a-partial integration) Let Iy, be an a—interval, v*,u* : Iy, — Ry, also be two functions whose first o.—derivatives are
a—continuous and a,b are a—points of 1. Then we get

/a () %0 (1) = () v ()P /bv(x) s () (3.6)

a

or (Due to u* (x)% = and, v* (x)®™* =)

/ud" = u>'<v4/vd” 3.7

Proof. Suppose that f,g: Iy —> Rq are any two functions with f(x) := u, g(x) := v. Since the functions f,g are o.—derivativable, we
obtain

f* (x)dx :du7 g* (x)dx _dv )

If we taking into account that

then we have

) xg(x) = [f(x) xg()]" =f(x) X" (x). 33)

Later, if we apply integration to (3.8)

[rwxee® = [resetara= [ kg "
then we have the following equality
[ 105" % = 1) 0] [ 17 (0 gl

Since f(x) = u, g(x) = v, £*(x)% =" and g * (x)™ =%, we obtain

/udv = u>'<v4/ ydu
Hence the proof is completed. O

Lemma 3.4. Let Iy, be an o-closed interval in Ry and f : 1o — Ry, be any function. Then the following equality holds for all a,b € 1y and
t€[0,1]q

b-a

. .'/01(1 S50y % £ (tat(i20)xpytt = LT/ (B) Larsl - —. ></ £x) (3.9)

2



Konuralp Journal of Mathematics 357

Proof. Forall a,b € I and t € [0, 1]¢, we get
i
J::/ (1225%0) % f(t%a- (1) xb)
JO
Now by applying a-partly integration to J, if we choose
u:=(1-2xt) and 9" := f*(rxa+(i-1)xb)%,
then we obtain .
du.— 54 and v = flexat(i=nxb)x—..
a—
Later on, we get by a-partly integration
/0 (12205 £ (rkat (I xb) = (1220 % f(tkak (120 5b) % — | (3.10)
1as >'</if(t>'< (i) by
a;b . b a .
We can easily see that
/if(zk L(inspy = /bf( yex
a - = —. X .
0 b—a a
and we get by straightforward calculations in (3.10), we can find the desired result. O

Remark 3.5. Let Iy be an interval in Ry, and f : Iy, — R be any ou.-convex function. Then for all a,b € I and t € [0,1]

1 <ato(l—1)xb)dt = - “ d 3.11
) retsatati—sb = oo [ () (3.11)

equality holds.

Proof. Let we denote for all a,b € Iy and t € [0, 1],

] . . .
K::/O Flet) ata(l—1)xb)d.

On the other hand we can write

k= [ 1(elo ! @wro @ +a @ -n)a 0)} o

If we choose ! ((1)) " (a)) + &~ (at(1 — 1))at~} (b)) = u, then
K= '/Olf(a(u))dt.

We can rewrite u =t~ (a) + (1 — )~ (b), in this case

du = [Olil(a) - (X*l(b)]dt =dt = md“
Thus we get
1 o l(b)
K= T e @ iy T
namely,

1

1
/O et et a1 =) %b) = oy s

Consequently, the proof is completed. O

Remark 3.6. Let Iy, C (0,5) be an a-interval. If we take ot(x) = g, and o (A1) =1, @~ (Ay) = (1 —1) in o, Hermite-Hadamard Type
Inequality (Definition 3.2), then we obtain

P4 P 1 14 P +f(b
p-convex function [19].
Remark 3.7. Ifwe take o(x) = exp(x) and o= (A1) =1, a1 (A2) = (1 — 1) in at.—Hermite-Hadamard Type Inequality (Definition 3.2),

then we obtain b 1 b
(%)) S/o FEm I ar < M (telte),

[ i Lexp — R geometric convex function [20].
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Remark 3.8. [fwe take ai(x) = ¢~ (x) and o= (M) =1, = (A) = (1 —1) in atx—Hermite-Hadamard Type Inequality (Definition 3.2),
then fort € [0, 1] we obtain

fla)+f(b)

#(o7! (PO < [ g1 o) +-(1 ) < 1

MyA convex function [21].

Remark 3.9. If we take a(x) = I(x) and o= (A1) =¢, a~'(A) = (1 — 1) in (3.1), then we obtain Hermite-Hadamard Type inequality
(Definition 1.4), namely

f(a;b> g/olf(taJr(lft)b)dtg w.

Remark 3.10. If we take o.(x) = 1(x) = % and o= (A1) =t, a7 (A) = (1 —t) in a.—Hermite-Hadamard Type Inequality (Definition 3.2),
then we obtain Harmonically convex function [22], that is,

()= s = o,
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