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Abstract

In this paper, we apply the notion of fuzzy sets with respect to a triangular norm to UP-algebras. We introduce the notions of T-fuzzy
UP-subalgebras, T-fuzzy near UP-filters, T-fuzzy UP-filters, T-fuzzy UP-ideals, and T-fuzzy strongly UP-ideals, their properties are
investigated and some useful examples are discussed. We discuss the relations between T-fuzzy UP-subalgebras (resp., T-fuzzy near
UP-filters, T-fuzzy UP-filters, T-fuzzy UP-ideals, and T-fuzzy strongly UP-ideals) and a notion of UP-subalgebras (resp., near UP-filters,
UP-filters, UP-ideals, strongly UP-ideals), and their level subsets and UP-homomorphisms are studied. Moreover, we have introduced the
notion of fuzzy sets with respect to a triangular norm of anti-type in UP-algebras, and studied the properties as well as previous notions.
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1. Introduction

The branch of the logical algebra, a UP-algebra was introduced by Iampan [5] in 2017, and it is known that the class of KU-algebras [17] is a
proper subclass of the class of UP-algebras. It have been examined by several researchers, for example, Somjanta et al. [31] introduced
the notion of fuzzy sets in UP-algebras, the notion of intuitionistic fuzzy sets in UP-algebras was introduced by Kesorn et al. [9], Kaijae
et al. [8] introduced the notions of anti-fuzzy UP-ideals and anti-fuzzy UP-subalgebras of UP-algebras, the notion of Q-fuzzy sets in
UP-algebras was introduced by Tanamoon et al. [34], Sripaeng et al. [33] introduced the notion anti-Q-fuzzy UP-ideals and anti Q-fuzzy
UP-subalgebras of UP-algebras, the notion of .4 -fuzzy sets in UP-algebras was introduced by Songsaeng and Iampan [32], Senapati et al.
[27, 28] applied cubic set and interval-valued intuitionistic fuzzy structure in UP-algebras, Mosrijai et al. [15] proved UP-isomorphism
theorems for UP-algebras in the meaning of the congruence determined by a UP-homomorphism. Romano [18, 19] studied UP-ideals and
proper UP-filters of UP-algebras, etc.

A fuzzy subset f of a set S is a function from S to a closed interval [0, 1]. The notion of a fuzzy subset of a set was first considered by
Zadeh [35] in 1965. The fuzzy set theories developed by Zadeh and others have found many applications in the domain of mathematics and
elsewhere.

A triangular norm (t-norm for short) was introduced by Schweizer and Sklar in [26, 24, 25, 23], following some ideas of Menger in the
context of probabilistic metric spaces [13] (as statistical metric spaces were called after 1964). With the development of t-norms in statistical
metric spaces, they also play an important role in decision making, in statistics as well as in the theories of cooperative games. In particular,
in fuzzy set theory, t-norms have been widely used for fuzzy operations, fuzzy logic and fuzzy relation equations [30]. In recent years, a
systematic study concerning the properties and related matters of t-norms have been made by Klement et al. [10, 11, 12]. In the present
paper, the fuzzy B-subalgebra of the B-algebras with respect to a t-norm 7 is redefined and hence generalize the notion in [1, 7] and obtained
some of their properties. Also the direct product and T-product of T-fuzzy subalgebra of B-algebra are introduced and discussed their
properties in detail. Senapati et al. [29] introduced the notion of T-fuzzy subalgebras of B-algebra with respect to t-norm.

In this paper, we apply the notion of fuzzy sets with respect to a triangular norm to UP-algebras. We introduce the notions of T-fuzzy
UP-subalgebras, T-fuzzy near UP-filters, T-fuzzy UP-filters, T-fuzzy UP-ideals, and T-fuzzy strongly UP-ideals, their properties are
investigated and some useful examples are discussed. We discuss the relations between T-fuzzy UP-subalgebras (resp., T-fuzzy near
UP-filters, T-fuzzy UP-filters, T-fuzzy UP-ideals, and T-fuzzy strongly UP-ideals) and a notion of UP-subalgebras (resp., near UP-filters,
UP-filters, UP-ideals, strongly UP-ideals), and their level subsets and UP-homomorphisms are studied. Moreover, we introduce the notion of
fuzzy sets with respect to a triangular norm of anti-type in UP-algebras, and study the properties as well as previous notions.

2. Basic results on UP-algebras

Before we begin our study, we will give the definition and useful properties of UP-algebras.
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Definition 2.1. [5] An algebra X = (X,-,0) of type (2,0) is called a UP-algebra where X is a nonempty set, - is a binary operation on X,
and 0 is a fixed element of X (i.e., a nullary operation) if it satisfies the following axioms:

(UP-1) (vx,y,z € X)((v-2)-((x-y)- (x-2)) =0),
(UP-2) (VxeX)(0-x=x),

(UP-3) (VxeX)(x-0=0), and

(UP4) (Vx,yeX)(x-y=0,y-x=0=x=y).

From [5], we know that the notion of UP-algebras is a generalization of KU-algebras (see [17]).

Example 2.2. [22] Let X be a universal set and let Q € &2 (X) where 27 (X) means the power set of X. Let ¢ (X) ={A € Z(X) | Q CA}.
Define a binary operation - on Pq(X) by putting A-B = BN (A€ U Q) for all A,B € P (X) where AC means the complement of a
subset A. Then (Pq(X),,Q) is a UP-algebra and we shall call it the generalized power UP-algebra of type 1 with respect to Q. Let
PLX) ={A € P(X) | A CQ}. Define a binary operation x on P(X) by putting AxB = BU (A NQ) for all A,B € P°%(X). Then
(P2(X),*,Q) is a UP-algebra and we shall call it the generalized power UP-algebra of type 2 with respect to Q. In particular, (P (X),-,0)
is a UP-algebra and we shall call it the power UP-algebra of type 1, and (2 (X),*,X) is a UP-algebra and we shall call it the power
UP-algebra of type 2.

Example 2.3. [3] Let N be the set of all natural numbers with two binary operations o and e defined by,

(Vx,yEN)(xoy:{g ifx<yz )

otherwise
and
_ [y ifx>yorx=0,
(Vx,y €N) <xoy = { 0 otherwise ) '

Then (N,0,0) and (N,e,0) are UP-algebras.
Example 2.4. [32] Let A ={0,1,2,3,4,5,6} be a set with a binary operation - defined by the following Cayley table:

10 1 2 3 4 5 6
00 1 2 3 4 5 6
110 0 2 3 2 3 6
2/0 1 0 3 1 5 3
3]0 1 2 0 4 1 2
410 0 0 3 0 3 3
50 0 2 0 2 0 2
6/0 1 0 0 1 1 O

Then (A,-,0) is a UP-algebra.

For more examples of UP-algebras, see [2, 6, 21, 22].
The following proposition is very important for the study of UP-algebras.

Proposition 2.5. [5, 6] In a UP-algebra X, the following properties hold:

(1) (VxeX)(x-x=0),

(2) (Vx,y,z€X)(x-y=0,y-z=0=x-2=0),

(3) (Myze€X)(x-y=0=(z-x)-(z-y) =0),

4) (Vx,y,z€X)(xy=0= (y-2)-(x-2) =0),

(5) (vx,y €X)(x-(y-x)=0),

6) (Vx,yeX)((y-x)-x=0x=y-x),

(7) (Vx,yeX)(x-(y-y)=0),

(8) (Va,x,y,z€X)((x-(y-2))- (x-((a-y)-(a-2))) =0),
(9) (Va,x,y,z€X)((((a-x)-(a-y))-z)-((x-y)-2) =0),
(10) (Vx,y,z€X)(((x-y)-2)-(v-2) =0),

(11) (Vx,y,z€X)(x-y=0=x-(z-y) =0),

(12) (Vx,y,z€ X)(((x-y)-2) - (x-(y-2)) =0), and

(13) (Va,x,y,z€ X)(((x y)-2)-(y-(a-z)) =0).

On a UP-algebra X = (X,-,0), we define a binary relation < on X [5] as follows:
(V,yeX)(x<yex-y=0).
Definition 2.6. [5, 31, 4] A nonempty subset S of a UP-algebra (X,-,0) is called

(1) a UP-subalgebra of X if (Vx,y € §)(x-y € S).
(2) anear UP-filter of X if

(i) the constant 0 of X is in S, and
(i) (Vx,yeX)(yeS=x-ye€S).

(3) a UP-filter of X if
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(i) the constant 0 of X is in S, and

(i) (Vx,yeX)(x-yeS,xeS=yel).
(4) a UP-ideal of X if

(i) the constant 0 of X is in S, and

(i) (Vx,y,z€X)(x-(y-2) €S, yeS=x-z€9).
(5) a strongly UP-ideal of X if

(i) the constant 0 of X is in S, and

(i) (Vx,y,z€X)((z-y) (z-x) €S, yeS=x€S).

Guntasow et al. [4] proved the generalization that the notion of UP-subalgebras is a generalization of UP-filters, the notion of UP-filters
is a generalization of UP-ideals, and the notion of UP-ideals is a generalization of strongly UP-ideals. Moreover, they also proved that a
UP-algebra A is the only one strongly UP-ideal of itself.

3. Fuzzy sets with respect to a t-norm in UP-algebras

Definition 3.1. [35] A fuzzy set A in a nonempty set X (or a fuzzy subset of X) is described by its membership function as. To every point
X € X, this function associates a real number 04 (x) in the unit interval [0,1]. The number o (x) is interpreted for the point as a degree of
belonging x to the fuzzy set A, that is, A := {(x, 04 (x)) | x € X}. We say that a fuzzy set A in X is constant if its membership function o is
constant.

Definition 3.2. [11] A triangular norm (briefly, t-norm) is a binary operation T on the unit interval [0,1], i.e., a function T : [0,1] x [0,1] —
[0,1] that satisfies the following axioms:

(T1) Boundary condition: (Vx € [0,1])(T (x,1) = x),

(T2) Commutativity: (Vx,y € [0, 1])(T( y) =T (,x)),

(T3) Associativity: (Vx,y,z € [0,1])(T(x,T (y,2)) = T(T(x,y),z)), and
(T4) Monotonicity: (Vx,y,z € [0,1])(y <z=T(x,y) < T(x,2)).

Definition 3.3. Let T be a t-norm. Define the subset A1 of [0,1] by
={xe€[0,1]| T(x,x) =x}.

A fuzzy set A in a nonempty set X is said to satisfy the imaginable property with respect to T if Im(os ) C A7, i.e.,

(Vx € X)(T (0ta (x), 04 (x)) = 4 (x)).-
Lemma 3.4. Let T be a t-norm. Then the following properties hold:
(1) (Vx,y € [0, 1])(T(x,y) <xand T(x,y) <),
(2) (vx€[0,1])(T(x,0) = 0),
(3) (Va,b,x,y€[0,1])(x<a,y<b=T(x,y) <T(a,b)), and
4) (Va,b,x,y€[0,1])(x<a,y<a=T(x,y) <a).

Proof. (1) Let x,y € [0,1]. Since y < 1, it follows from (T1), (T2), and (T4) that T'(x,y) = T (y,x) < T(1,x) = x. Similarly, T'(x,y) =
T(y,x) <y.
(2) By (1), we have 0 > T'(x,0) > 0 and so T'(x,0) =

)B
(3) Let a,b,x,y € [0,1] be such that x < a and y < b. By (T4) and (T2), we have T (x,y) < T(a,y) and T (a,y) < T (a,b). Thus T (x,y) <
T(a,b
(4) Itis stralghtforward by (1) and (3). O
In what follows, let X denote a UP-algebra (X,-,0) and T a t-norm unless otherwise specified.

Now, we introduce the notions of T-fuzzy UP-subalgebras, T-fuzzy near UP-filters, T-fuzzy UP-filters, T-fuzzy UP-ideals, and T-fuzzy
strongly UP-ideals, their properties are investigated and some useful examples are discussed.

Definition 3.5. A fuzzy set A in X is called
(1) a T-fuzzy UP-subalgebra of X if (Vx,y € X)(ota(x-y) > T (a(x), a4 (y)))-
(2) a T-fuzzy near UP-filter of X if
(i) (VxeX)(aa(0) > o4(x)), and
(ii) (Vx,y € X)(ota(x-y) = T(0ta(y), 0ta(y)))-
(3) a T-fuzzy UP-filter of X if
(i) (VxeX)(ax(0) > o4(x)), and
(ii) (Vx,y € X)(ota(y) > T(aa(x-y), 0a(x))).
(4) a T-fuzzy UP-ideal of X if
(i) (VxeX)(oa(0) > op(x)), and
(i) (Vx,y,z€ X)(aa(x-2) > T(aa(x- (y-2)), 04 ()))-
(5) a T-fuzzy strongly UP-ideal of X if
(i) (Vx e X)(0(0) = ap(x)), and
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(it) (Vx,y,z€ X)(oa(x) > T(oa((z-y) - (z-%)), 04 (y)))-

Theorem 3.6. Every constant fuzzy set in X is a T-fuzzy strongly UP-ideal.

Proof. Let A be a constant fuzzy set in X. Then o4 (0) > o4 (x) for all x € X. Let x,y,z € X. Then

= T(a(0),24(0)) (Lemma 3.2 (1))
=T(oa((z-y)- (z-%)), 04(y))-
Hence, A is a T-fuzzy strongly UP-ideal of X. O

The following example show that the converse of Theorem 3.6 is not true.

Example 3.7. Let X = {0,1,2,3,4} be a UP-algebra with a fixed element 0 and a binary operation - defined by the following Cayley table:

0

SN S I )
[N elolelNe)
S OO O ==
S O O NN
SO W W WW
=T U N N N '

Let Tpyq be the product t-norm defined by

(Vx,y € [0, 1])(Tprod(x7y) =xy). 3.1

Define a fuzzy set A in X by

w01 2 3 4
A=\ 08 07 07 07 07 )

Then A is a Tpyoq-fuzzy strongly UP-ideal of X.
Theorem 3.8. Every T-fuzzy strongly UP-ideal of X is a T-fuzzy UP-ideal.

Proof. Let A be a T-fuzzy strongly UP-ideal of X. Then a4 (0) > o4 (x) for all x € X. Let x,y,z € X. Then

o (x-2) > T(oa((z-y) - (z- (x-2)), a(y)) (Definition 3.5 (5) (ii))
=T(aa((z-y)-0),0a(y)) (Proposition 2.5 (5))
=T(0a(0),a(y)) ((UP-3))
>T(oa(x-(y-2), 0a(y)) ((T2) and (T4))

Hence, A is a T-fuzzy UP-ideal of X. O

The following example show that the converse of Theorem 3.8 is not true.

Example 3.9. Ler X = {0,1,2,3,4} be a UP-algebra with a fixed element 0 and a binary operation - defined by the following Cayley table:

o 1 2 3 4
00 1 2 3 4
1jo o 232
210 1 0 3 1
3/0 1 2 0 4
410 0 0 30

Let Ty, be the Lukasiewicz t-norm defined by
(Vx,y € [0,1])(Tpuk(x,y) = max{x+y—1,0}). (G2

Define a fuzzy set A in X by

w0 1 2 3 4
A=\ 07 04 02 05 03 )

Then A is a Ty x-fuzzy UP-ideal of X. Since

04(2) =02<0.4=Tr(04((2-0)-(2-2)),04(0)),
we have A is not a Ty x-fuzzy strongly UP-ideal of X.
Theorem 3.10. Every T-fuzzy UP-ideal of X is a T-fuzzy UP-filter.
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Proof. Let A be a T-fuzzy UP-ideal of X. Then o4 (0) > o4 (x) for all x € X. Let x,y € X. Then

op () = 04 (0-)
> T(05(0- (x-)), 4 (x))
=T (og(x-y), 004 (x)).
Hence, A is a T-fuzzy UP-filter of X.

The following example show that the converse of Theorem 3.10 is not true.

Example 3.11. Let X = {0,1,2,3,4} be a UP-algebra with a fixed element 0 and a binary operation

01 2 3 4
0o 1 2 3 4
110 0 2 3 4
210 0 0 3 4
310 1.1 0 4
410 1 2 3 0

Let Tp be the Drastic t-norm defined by

y ifx=1,
(Vx,y€[0,1]) | Tp(x,y) =1 x ify=1,
0 otherwise

Define a fuzzy set A in X by
(0 1 2 3 4
471 09 01 02 0 )"
Then A is a Tp-fuzzy UP-filter of X. Since
04 (1:2) =0.1<0.2=T(ay(1-(3-2)),4(3)),

we have A is not a Tp-fuzzy UP-ideal of X.
Theorem 3.12. Every T-fuzzy UP-filter of X is a T-fuzzy near UP-filter.
Proof. Let A be a T-fuzzy UP-filter of X. Then 04 (0) > a4 (x) for all x € X. Let x,y € X. Then
oa(xy) = T(aaly (x-)), 0a(y))

= T(aA(0)7 aA(y))

> T(0oa(y), 0a(y))-

Hence, A is a T-fuzzy near UP-filter of X.

The following example show that the converse of Theorem 3.12 is not true.

Example 3.13. Let X ={0,1,2,3,4} be a UP-algebra with a fixed element 0 and a binary operation -

<o 1 2 3 4
0(0 1 2 3 4
1/0 0 2 3 4
200 0 0 30
3/0 02 0 4
410 01 30

Define a fuzzy set A in X by

oy = ( 0 1 2 3 4 ) .
072 05 05 02 02
Then A is a Ty -fuzzy near UP-filter of X (see Ty, in Example 3.9). Since
04(4)=02<022=Tp(04(2-4),a4(2)),
we have A is not a Ty -fuzzy UP-filter of X.
Theorem 3.14. Every T-fuzzy UP-filter of X is a T-fuzzy UP-subalgebra.
Proof. Let A be a T-fuzzy UP-filter of X. Then o4 (0) > a4 (x) for all x € X. Let x,y € X. Then

ou(x-y) > T(aa(y-(x-y)),04(y))
=T(as(0), a4 (y))
> T(oa(x),04(y))-

Hence, A is a T-fuzzy UP-subalgebra of X.

((UP-2))
(Definition 3.5 (4) (ii))
((UP-2))

O

- defined by the following Cayley table:

(3.3)

(Definition 3.5 (3) (ii))
(Proposition 2.5 (5))
((T2) and (T4))

O

defined by the following Cayley table:

(Proposition 2.5 (5))
((T2) and (T4))

O
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The following example show that the converse of Theorem 3.14 is not true.

Example 3.15. Let X ={0,1,2,3,4} be a UP-algebra with a fixed element 0 and a binary operation - defined by the following Cayley table:

-0 1 2 3 4
0j0 1 2 3 4
1[0 0000
210 2 0 00
310 2 200
410 2 2 40

Define a fuzzy set A in X by

w0 1 2 3 4
A=V 08 07 09 09 09 /)°

Then A is a Tyyi-fuzzy UP-subalgebra of X (see Ty in Example 3.9). Since

04(1)=0.7<0.8=Tpu(oa(4-1),04(4)),
we have A is not a Ty -fuzzy UP-filter of X. Since a4 (0) < at4(2), we have A does not satisfy the condition: (Vx € X)(0t4(0) > 04 (x)).
Examples 3.16 and 3.17 show that the notion of T-fuzzy near UP-filters does not coincide with the notion of 7T-fuzzy UP-subalgebras.

Example 3.16. Let X = {0,1,2,3} be a UP-algebra with a fixed element O and a binary operation - defined by the following Cayley table:

<o 1 2 3
ofo 1 2 3
1{o o0 1 2
200 0 0 2
3/0 0 00

Define a fuzzy set A in X by

w01 2 3
A=\ 08 05 005 02 )°

Then A is a Tpyoq-fuzzy near UP-filter of X (see Tpyoq in Example 3.7). Since
04 (1:3)=0.05 < 0.1 = Tprpa(aa(1), x4 (3)),
we have A is not a Tyyoq-fuzzy UP-subalgebra of X.
Example 3.17. Let X = {0,1,2,3,4} be a UP-algebra with a fixed element O and a binary operation - defined by the following Cayley table:

0 2

AL = O
[ el el
[\SI ST S B en R e
[\S 2N \S B e REenll )
A OO O WWw
SO OO KA

Let Ty, be the Godel t-norm defined by
(Vx,y € [0,1])(Tomin (x,y) = min{x, y}). 34
Define a fuzzy set A in X by

w0 1 2 3 4
A=L 09 01 03 02 0 )°

Then A is a Tyjn-fuzzy UP-subalgebra of X (see Ty, in Example 3.15). Since
(XA(4 . 3) =0<02= Tmin(aA (3)7 (o) (3)),
we have A is not a T,;,-fuzzy near UP-filter of X.

By Theorems 3.8, 3.10, 3.12, and 3.14 and Examples 3.9, 3.11, 3.13, and 3.15, we have that the notion of T-fuzzy UP-ideals is a generalization
of T-fuzzy strongly UP-ideals, the notion of T-fuzzy UP-filters is a generalization of 7-fuzzy UP-ideals, the notion of T-fuzzy near UP-filters
is a generalization of T-fuzzy UP-filters, and the notion of 7T-fuzzy UP-subalgebras is a generalization of T-fuzzy UP-filters. Examples 3.16
and 3.17, we have that the notion of T'-fuzzy near UP-filters does not coincide with the notion of T-fuzzy UP-subalgebras.

Next, we introduce the notions of anti-7-fuzzy UP-subalgebras, anti-7-fuzzy near UP-filters, anti-7-fuzzy UP-filters, anti-T-fuzzy UP-ideals,
and anti-7'-fuzzy strongly UP-ideals, their properties are investigated and some useful examples are discussed.

Definition 3.18. A fuzzy set A in X is called

(1) an anti-T-fuzzy UP-subalgebra of X if (Vx,y € X)(aa(x-y) < T(0a(x),04(»))).
(2) an anti-T-fuzzy near UP-filter of X if
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(i) (VxeX)(aa(0) < oy(x)), and

(ii) (Vx,y € X)(0ia (x-y) < T(@a(y), 0a(y)))-
(3) an anti-T-fuzzy UP-filter of X if

(i) (VxeX)(oua(0) < oy(x)), and

(ii) (Vx,y € X)(0oua (y) < T(aa(x-y), 0a(x))).
(4) an anti-T-fuzzy UP-ideal of X if

(i) (VxeX)(oua(0) < oy(x)), and

(i) (Vx,y,z€ X)(aa(x-2) < T(aalx-(y-2)), 04 ().
(5) an anti-T-fuzzy strongly UP-ideal of X if

(i) (VxeX)(oa(0) < oy(x)), and

(i) (Vx,y,z € X)(aa(x) < T(0oa((z-y) - (2 %)), 0u(y)))-

Lemma 3.19. IfA is an anti-T -fuzzy UP-subalgebra of X, then the following properties hold:

(1) (Vx € X)(04(0) = T (4 (0), a4 (x))), and
(2) (vx € X)(04(0) < aa(x)).

Proof. (1) Letx € X. Then

T(aa(0), aa(x)) < &4 (0) (Lemma 3.4 (1))
= 0a(x-0) ((UP-3))
< T(oa(x),04(0)) (Definition 3.18 (1))
=T(aa(0), 04 (x)). ((T2))

Thus (XA(O) = T((XA(O),(XA(X)).
(2) By (1) and Lemma 3.4 (1), we have 04 (0) = T'(0t4 (0), 064 (x)) < 0t4(x). O

Theorem 3.20. A fuzzy set A in X is an anti-T -fuzzy UP-filter of X if and only if it is an anti-T -fuzzy UP-subalgebra of X.

Proof. Assume that A is an anti-T-fuzzy UP-filter of X. Then a4 (0) < o4 (x) for all x € X. Let x,y € X. Then

ap(x-y) <T(aa(y-(x-y)),04(y)) (Definition 3.18 (3) (ii))
=T(aa(0), a4(y)) (Proposition 2.5 (5))
<T(aa(x),04(y))- ((T2) and (T4))

Hence, A is an anti-T-fuzzy UP-subalgebra of X.
Conversely, assume that A is an anti-7T-fuzzy UP-subalgebra of X. By Lemma 3.19 (2), we have o4 (0) < a4 (x) for all x € X. Let x,y € X.
Then

aa(y) = aa(0-y) ((UP-2))
< T(aa(0),4(y)) (Definition 3.18 (1))
= as(0) (Lemma 3.19 (1))
=T(aa(0), 004 (x)) (Lemma 3.19 (1))
<T(aa(x-y), 04 (x)). ((T2) and (T4))
Hence, A is an anti-T-fuzzy UP-filter of X. O

Theorem 3.21. A fuzzy set A in X is an anti-T-fuzzy UP-ideal of X if and only if it is an anti-T-fuzzy UP-filter of X.

Proof. Assume that A is an anti-T-fuzzy UP-ideal of X. Then o4 (0) < o4 (x) for all x € X. Let x,y € X. Then

op(y) = aa(0-y) ((UP-2))
<T(aa(0-(x-y)), xa(x)) (Definition 3.18 (4) (ii))
=T (o (x-y), 04(x)). ((UP-2))

Hence, A is an anti-T-fuzzy UP-filter of X.
Conversely, assume that A is an anti-T-fuzzy UP-filter of X. Then a4 (0) < o4 (x) for all x € X. Let x,y,z € X. Then

oa(x-2) <T(otaz- (x-2)),4(2)) (Definition 3.18 (3) (ii))
=T(a(0), 24 (z)) (Proposition 2.5 (5))
=0, (0) (Lemma 3.19 (1) and Theorem 3.20)
=T(aa(0),a(y)) (Lemma 3.19 (1) and Theorem 3.20)
<T(oa(x-(v-2),0a(y))- ((T2) and (T4))

Hence, A is an anti-T-fuzzy UP-ideal of X. O
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Theorem 3.22. A fuzzy set A in X is an anti-T -fuzzy strongly UP-ideal of X if and only if it is an anti-T-fuzzy UP-ideal of X.

Proof. Assume that A is an anti-T-fuzzy strongly UP-ideal of X. Then o4 (0) < o4 (x) for all x € X. Let x,y,z € X. Then

o (x-z) <T(oa((z-y) (2 (x-2)), aa(y)) (Definition 3.18 (5) (ii))
=T(aa((z-y)-0),a(y)) (Proposition 2.5 (5))
=T(0a(0),04(y)) ((UP-3))
<T(aa(x-(v-2),0a(y))- ((T2) and (T4))

Hence, A is an anti-T-fuzzy UP-ideal of X.
Conversely, assume that A is an anti-7-fuzzy UP-ideal of X. Then o4 (0) < o4 (x) for all x € X. Let x,y,z € X. Then

o4 (x) = 04 (0-x) ((UP-2))
<T(0a(0-(0-x)),24(0)) (Definition 3.18 (4) (i)

= T(aa(x), 4(0)) ((UP-2))

= o4 (0) (Lemma 3.19 (1) and Theorems 3.20 and 3.21)
=T(04(0),04(y)) (Lemma 3.19 (1) and Theorems 3.20 and 3.21)
<T(oa((z-y)- (z-%)), 0 (y))- ((T2) and (T4))
Hence, A is an anti-T-fuzzy strongly UP-ideal of X. O

Theorem 3.23. Every anti-T-fuzzy UP-subalgebra of X is an anti-T -fuzzy near UP-filter.

Proof. Let A be an anti-T-fuzzy UP-subalgebra of X. By Lemma 3.19 (2), we have a4 (0) < o4 (x) for all x € X. Letx,y € X. Then

oy (x-y) = 04 (0 (x-y)) ((UP-2))
< T(aa(0), a4 (x-y)) (Definition 3.18 (1))
= aa(0) (Lemma 3.19 (1))
=T(aa(0),04(y)) (Lemma 3.19 (1))
<T(aa(y),oa(y))- ((T2) and (T4))
Hence, A is an anti-7-fuzzy near UP-filter of X. O

The following example show that the converse of Theorem 3.23 is not true.

Example 3.24. Let X = {0,1,2,3,4} be a UP-algebra with a fixed element 0 and a binary operation - defined by the following Cayley table:

<10 1 2 3 4
00 1 2 3 4
110 0 2 3 4
210 0 0 3 O
310 0 2 0 4
410 0 1 3 0

Let Ty be the nilpotent minimum defined by

(vey e o, 11>(nM<xy> {“‘i“{x’y} fxty>1, ) 3.5)

0 otherwise

Define a fuzzy set A in X by

w01 2 3 4
A=V 07 09 09 07 07 /)°

Then A is an anti-Tyy-fuzzy near UP-filter of X. Since
(o7 (O . 1) =09>07= T,,M((ZA (O)7 (ZA(I)),
we have A is not an anti-Tpp-fuzzy UP-subalgebra of X.

Theorem 3.25. If A is an anti-T-fuzzy UP-subalgebra of X, then A is constant.

Proof. Assume that A is an anti-T-fuzzy UP-subalgebra of X. Let x € X. Then

0oa (x) = 04 (0-x) ((UP-2))
< T(aa(0),04(x)) (Definition 3.18 (1))
= o4 (0). (Lemma 3.19 (1))
< oy (x). (Lemma 3.19 (2))

Hence, ay is constant, so A is constant. O
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The following example show that the converse of Theorem 3.25 is not true.

Example 3.26. Let X = {0,1,2,3,4} be a UP-algebra with a fixed element O and a binary operation - defined by the following Cayley table:

01 2 3 4
0o 1 2 3 4
110 0 2 3 4
210 0 0 3 4
310 0 0 0 4
410 0 0 0 O

Define a fuzzy set A in X by oy (x) = 0.2 for all x € X. Since
[27) (3 : 2) =02>004= Tprod(aA (3)7 (o7 (2))a
we have A is not an anti-T),pq-fuzzy UP-subalgebra of X (see Ty,q in Example 3.7).

By Theorems 3.20, 3.21, and 3.22, we have that the notions of anti-7-fuzzy strongly UP-ideals, anti-7-fuzzy UP-ideals, anti-T-fuzzy
UP-filters, and anti-7-fuzzy UP-subalgebras coincide. By Theorem 3.23 and Example 3.24, we have that the notion of anti-7-fuzzy near
UP-filters is a generalization of anti-7-fuzzy UP-subalgebras.

Definition 3.27. Let A be a fuzzy set in X. Define the subset I, of X by
loy :=={x€X [ aa(x) =04 (0)}.
Since 04 (0) = a4 (0), we have 0 € Iy, # 0.

Definition 3.28. A T-fuzzy UP-subalgebra (resp., T-fuzzy near UP-filter, T-fuzzy UP-filter, T -fuzzy UP-ideal, T-fuzzy strongly UP-ideal) A
of X is called an imaginable T -fuzzy UP-subalgebra (resp., imaginable T-fuzzy near UP-filter, imaginable T -fuzzy UP-filter, imaginable
T -fuzzy UP-ideal, imaginable T-fuzzy strongly UP-ideal) of X if A satisfies the imaginable property with respect to T.

Proposition 3.29. If A is an imaginable T -fuzzy UP-subalgebra of X, then
(Vx € X) (04 (0) = 04 (x))-
Proof. Assume that A is an imaginable T-fuzzy UP-subalgebra of X. Let x € X. By Proposition 2.5 (1), we have

04(0) = g (x-x) > T (0t (x), 04 (%)) = 0ta (x).

O

Theorem 3.30. If A is an imaginable T -fuzzy UP-subalgebra of X, then Iy, is a UP-subalgebra of X.
Proof. Assume that A is an imaginable 7-fuzzy UP-subalgebra of X. Let x,y € Ig,. Then a4 (x) = a4 (0) and o4 (y) = a4 (0). Thus
op(x-y) > T(oa(x), 04(y)) (Definition 3.5 (1))

=T (04(0), 4(0))

=04(0)

> oy (x-y). (Proposition 3.29)
Thus o4 (x-y) = a4 (0), that is, x -y € Iy, . Therefore, Iy, is a UP-subalgebra of X. O

Theorem 3.31. IfA is a T-fuzzy near UP-filter of X with T (04 (0), 04 (0)) = a4 (0), then Iy, is a near UP-filter of X.

Proof. Assume that A is a T-fuzzy near UP-filter of X with T'(a4(0), &t4(0)) = a4 (0). By Definition 3.27, we have 0 € Iy, . Let x € X and
y € Ig,. Then o4 (y) = a4 (0). Thus

oa(x-y) = T(aa(y), aa(y)) (Definition 3.5 (2) (ii))
=T(aa(0),04(0))
= a4(0)
> oy (x-y). (Definition 3.5 (2) (i)
Thus o4 (x-y) = a4 (0), that is, x -y € Iy, . Therefore, Iy, is a near UP-filter of X. O

Theorem 3.32. IfA is a T-fuzzy UP-filter of X with T (a4 (0),04(0)) = a4 (0), then Iy, is a UP-filter of X.

Proof. Assume that A is a T-fuzzy UP-filter of X with T (0t4(0), @4 (0)) = 0t4(0). By Definition 3.27, we have 0 € Iy, . Let x,y € X be such
that x-y € Iy, and x € I, . Then o4 (x-y) = a4 (0) and a4 (x) = a4 (0). Thus

aa(y) > T(aa(x-y),0a(x)) (Definition 3.5 (3) (ii))
=T (04(0), 4(0))
= 04(0)
> oa(y)- (Definition 3.5 (3) (i))

Thus a4 (y) = a4 (0), that is, y € I, . Therefore, I, is a UP-filter of X. O
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Theorem 3.33. IfA is a T-fuzzy UP-ideal of X with T (a4 (0),04(0)) = a4 (0), then Iy, is a UP-ideal of X.

Proof. Assume that A is a T-fuzzy UP-ideal of X with 7'(04(0), a4 (0)) = 0t4(0). By Definition 3.27, we have 0 € Iy, . Let x,y,z € X be
such thatx- (y-z) € Iy, and y € Iy,. Then o (x- (y-z)) = o4 (0) and o4 (y) = 0t4(0). Thus
op(x-z) > T(oa(x-(y-2)),04(y)) (Definition 3.5 (4) (ii))
=T(a(0),4(0))
= a4(0)
> oy (x-z2). (Definition 3.5 (4) (1))
Thus oy (x-z) = a4 (0), that is, x- z € Iy, . Therefore, Iy, is a UP-ideal of X. O

Theorem 3.34. If A is a T-fuzzy strongly UP-ideal of X with T (04(0),04(0)) = 04(0), then Iy, is a strongly UP-ideal of X. That is,
I, = X.

Proof. Assume that A is a T-fuzzy strongly UP-ideal of X with 7' (04 (0), 04 (0)) = ¢4 (0). Let x € X. Then

oa(x) > T(aa((x-0)- (x-x)),04(0)) (Definition 3.5 (5) (ii))
=T(04(0),04(0)) (Proposition 2.5 (1) and (UP-3))
=0 (0)
> o4 (x). (Definition 3.5 (5) (i)
Thus o (x) = a4 (0) for all x € X, so I, = X. Therefore, Iy, is a strongly UP-ideal of X. O

Definition 3.35. A anti-T-fuzzy UP-subalgebra (resp., anti-T -fuzzy near UP-filter, anti-T -fuzzy UP-filter, anti-T -fuzzy UP-ideal, anti-T -fuzzy
strongly UP-ideal) A of X is called an imaginable anti-T -fuzzy UP-subalgebra (resp., imaginable anti-T -fuzzy near UP-filter, imaginable
anti-T-fuzzy UP-filter, imaginable anti-T-fuzzy UP-ideal, imaginable anti-T -fuzzy strongly UP-ideal) of X if A satisfies the imaginable
property with respect to T.

Theorem 3.36. If A is an anti-T-fuzzy near UP-filter of X, then Iy, is a near UP-filter of X.

Proof. Assume that A an anti-T-fuzzy near UP-filter of X. By Definition 3.27, we have 0 € I, . Let x € X and y € I, . Then o4 (y) = 0t4(0).
Thus

o (x-y) <T(oa(y), 04(y)) (Definition 3.18 (2) (ii))
=T(@a(0),24(0)
< au(0) (Lemma 3.4 (1))
< ap(x-y). (Definition 3.18 (2) (i)
Thus o4 (x-y) = a4 (0), that is, x -y € Iy, . Therefore, Iy, is a near UP-filter of X. O

Theorem 3.37. If A is an anti-T-fuzzy UP-subalgebra (resp., anti-T -fuzzy UP-filter, anti-T-fuzzy UP-ideal, anti-T -fuzzy strongly UP-ideal)
of X, then I, is a strongly UP-ideal of X. That is, Iy, = X.

Proof. Assume that A is an anti-7-fuzzy UP-subalgebra of X. By Theorem 3.25, we have A is constant. Thus oy (x) = a4 (0) for all x € X,
so0 I, = X. Therefore, Iy, is a strongly UP-ideal of X. O

4. (anti-)(A, 7)-characteristic fuzzy sets

If S is a nonempty subset of X and A, 7 € [0, 1] with A > 7, the (A, T)-characteristic function XS}M of X is a function of X into {4, 7} defined
as follows:

(Vx € X) (xévf(x) - { 4.1)

A ifxes,
T otherwise /'

By the definition of (A, T)-characteristic function, x;t " is a function of X into {A, 7} C [0, 1]. We denote the fuzzy set A;“"T in X is described
by its membership function x?"r, is called the (A, T)-characteristic fuzzy set of S in X.

Lemma 4.1. Let S be a nonempty subset of X. Then the following statements hold:
(1) if the constant O of X is in S, then

(v € X)(45"(0) > 25 (x)), and
(2) if there exists an element x € S such that xé’T(O) > x?‘r(x), then the constant 0 of X is in S.

Proof. (1)If0 € S, then xé’r(o) =A> xg‘r(x) forall x € X.
(2) Assume that there exists an element x € S such that x;l’r(O) > xs’lf(x) Thus xg"r(O) >A,s0 xé’T(O) =A. Hence, 0 € S. O
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Theorem 4.2. If S is a UP-subalgebra of X, then Aé”r is a T-fuzzy UP-subalgebra of X.

Proof. Assume that S is a UP-subalgebra of X. Let x,y € X.

Case 1: x € Sandy € S. Then )(;L’T(x) == x;“(y). Since S is a UP-subalgebra of X, we have x-y € S and so x?’r(xly) =A. By Lemma
3.4 (1), we have

T(x3 " (@) 43T (0)) = T(A,A) <A = 25 (x-y).

Case2: x ¢ Sory¢S. Then x;m(x) =Tor x;’f(y) = 1. By Lemma 3.4 (1), we have

T (), 10" 0)) < T < 22 (xy).

Therefore, Aé'f is a T-fuzzy UP-subalgebra of X. O

Theorem 4.3. If S is a nonempty subset of X such that A;“’T is a T-fuzzy UP-subalgebra of X with T(A,A) = A, then S is a UP-subalgebra
of X.

Proof. Assume that S is a nonempty subset of X such that A;“’T is a T-fuzzy UP-subalgebra of X with T(A,A1) = A. Let x,y € S. Then
xé’f(x) =A= x?’r(y). By Definition 3.5 (1), we have

A A A A,
XS 1T(x'y) > T(%S ’T(X)JCS 71’-()7)) = T(l,l) =21 > XS ’T(x'y)'
Thus x;’r(xy) = A, thatis, x-y € S. Hence, S is a UP-subalgebra of X. O

Examples 4.4, 4.8, 4.12, 4.16 and 4.20 show that the condition T(A,4) = A is necessary.

Example 4.4. Let X = {0,1,2,3,4,5,6} be a UP-algebra with a fixed element 0 and a binary operation - defined by the following Cayley
table:

10 1 2 3 4 5 6
00 1 2 3 4 5 6
1{0 0 2 3 2 3 6
2/0 1 0 3 1 5 3
3]0 1 2 0 4 1 2
410 0 0 3 0 3 3
50 0 2 0 2 0 2
6/0 1 0 0 1 1 O

Let S ={0,3,5,6}. Define a fuzzy set A(S)'7’0‘5 inX by

07,05 _ 0 1 2 3 4 5 6
X =\ 07 05 05 07 05 07 07 )

Then A(S”’O'5 is a Tpyp-fuzzy UP-subalgebra of X but Ty,(0.7,0.7) = 0.4 # 0.7 (see Ty in Example 3.9). Since 3 € S and 6 € S but
3-6=2¢S, we have S is not a UP-subalgebra of X.

Corollary 4.5. A nonempty subset S of X is a UP-subalgebra of X if and only if A;’T is a T-fuzzy UP-subalgebra of X.

Proof. 1t is straightforward by Theorems 4.2 and 4.3. O
Theorem 4.6. If S is a near UP-filter of X, then Ag’r is a T-fuzzy near UP-filter of X.

Proof. Assume that S is a near UP-filter of X. Since 0 € S, it follows from Lemma 4.1 (1) that 15“(0) > xﬁ’r(x) forall x € X. Letx,y € X.
Case 1: y € S. Then xé’f(y) = A. Since S is a near UP-filter of X, we have x-y € § and so )(;L’T()py) =A.

By Lemma 3.4 (1), we have
T (0,257 (0)) =T (A, A) <A =2 (x-).

Case 2: y ¢ S. Then x;“(y) = 1. By Lemma 3.4 (1), we have

T " (0,257 (0) = T(7.7) < T < 2 F(x-).

Therefore, A;L,r is a T-fuzzy near UP-filter of X. O

Theorem 4.7. If S is a nonempty subset of X such that Aé’f is a T-fuzzy near UP-filter of X with T (A, 1) = A, then S is a near UP-filter of
X.
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Proof. Assume that S is a nonempty subset of X such that A;L’T is a T-fuzzy near UP-filter of X with T(A,A) = A. Then x;”(o) > X;L T(x)
for all x € X, it follows from Lemma 4.1 (2) that 0 € S. Letx € X and y € S. Then xg’r(y) = A. By Definition 3.5 (2) (ii), we have

A A A, A
x5 (e y) 2T () 257" () = T(AA) =4 > 257" (x-y).
Thus x;t’f()ry) = A, thatis, x-y € S. Hence, S is a near UP-filter of X. O

Example 4.8. From Example 4.4, we let S = {0,3,5,6}. Then Ag'770'5 is a Ty -fuzzy near UPfilter of X but Ty,;(0.7,0.7) = 0.4 # 0.7 (see
Tpuk in Example 3.9). Since 6 € S, but 3-6 =2 ¢ S, we have S is not a near UP-filter of X.

Corollary 4.9. A nonempty subset S of X is a near UP-filter of X if and only ifAé’T is a T-fuzzy near UP-filter of X.

Proof. 1t is straightforward by Theorems 4.6 and 4.7. O
Theorem 4.10. If S is a UP-filter of X, then Aé’r is a T-fuzzy UP-filter of X.

Proof. Assume that S is a UP-filter of X. Since 0 € S, it follows from Lemma 4.1 (1) that xé’T(O) > xé’r(x) forallx € X. Letx,y € X.

Case1: x-y € Sandx € S. Then xﬁ’r(x-y) =A= x;“'f(x). Since S is a UP-filter of X, we have y € S and so xﬁ’r(y) =A.ByLemma3.4
(1), we have

T (re3) s (@) = T(AA) <A = 257" ().

Case2: x-y¢ Sorx ¢ S. Then x?’r(xy) =Tor x;l’r(x) = 1. By Lemma 3.4 (1), we have

T (ey)xs () < T< 25770,

Therefore, Aé‘f is a T-fuzzy UP-filter of X. O
Theorem 4.11. IfS is a nonempty subset of X such that A;L”T is a T-fuzzy UP-filter of X with T(A,A) = A, then S is a UP-filter of X.

Proof. Assume that S is a nonempty subset of X such that Alsl’r is a T-fuzzy UP-filter of X with T(A,A) = A. Then x?’T(O) > x;’r(x)

for all x € X, it follows from Lemma 4.1 (2) that 0 € S. Let x,y € X be such that x-y € S and x € S. Then x;l“’r(x-y) =A= xé’f(x). By
Definition 3.5 (3) (ii), we have

XETO) =TT ) 2T R) = T(AA) =4 > 2" ().
Thus xé’r(y) = A, thatis, y € S. Hence, S is a UP-filter of X. O

Example 4.12. From Example 4.4, we let S = {0,3,5,6}. Then Ag'7’0'5 is a Tpy-fuzzy UP-filter of X but Tp,;(0.7,0.7) = 0.4 # 0.7 (see
Ty in Example 3.9). Since 5-1=0€ Sand5 €S, but 1 ¢ S, we have S is not a UP-filter of X.

Corollary 4.13. A nonempty subset S of X is a UP-filter of X if and only ifA;’T is a T-fuzzy UP-filter of X.

Proof. It s straightforward by Theorems 4.10 and 4.11. O
Theorem 4.14. If S is a UP-ideal of X, then A;l’r is a T-fuzzy UP-ideal of X.

Proof. Assume that S is a UP-ideal of X. Since 0 € S, it follows from Lemma 4.1 (1) that )C;L’T(O) > xg"r(x) for all x € X. Next, let
x,y,z€X.

Casel: x-(y-z) € Sandy € S. Then x;”’r(x- (y-2)) =27 and x;l’r(y) = A. Since S is a UP-ideal of X, we have x-z € S and so x;“(x-z) =1
By Lemma 3.4 (1), we have

T (- (225 (0)) = T(A.A) S A= 5 (x-2).

Case2: x-(y-z) €Sory¢S. Then xﬁ“’r(x- (y-z))=rtor xé’f(y) = 7. By Lemma 3.4 (1), we have

T (- (7). 257" 0)) S T< o5 (x02).

Therefore, Aé’f is a T-fuzzy UP-ideal of X. O
Theorem 4.15. If S is a nonempty subset of X such that Aé"r is a T-fuzzy UP-ideal of X with T(A,A) = A, then S is a UP-ideal of X.

Proof. Assume that S is a nonempty subset of X such that A;L’T is a T-fuzzy UP-ideal of X with T(A,A) = A. Then xé’T(O) > )(AVT(x) for
T

all x € X, it follows from Lemma 4.1 (2) that 0 € S. Let x,y,z € X be such that x- (y-z) € Sand y € S. Then xg’r(x (y-z)=A= xé »)-
By Definition 3.5 (4) (ii), we have

2T > T (e - 2) 22T 0) = T A) =2 > 427 (x-2).

Thus )(;L’T(xz) = A, thatis, x-z € S. Hence, S is a UP-ideal of X. O
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Example 4.16. From Example 4.4, we let S = {0,3,5,6}. Then Ag‘7'0'5 is a Tpy-fuzzy UP-ideal of X but Tp,1(0.7,0.7) = 0.4 £ 0.7 (see

Tk in Example 3.9). Since 6-(5-1)=0€ Sand5€ S, but (6-1) =1 ¢ S, we have S is not a UP-ideal of X.

Corollary 4.17. A nonempty subset S of X is a UP-ideal of X if and only ifAé’T is a T-fuzzy UP-ideal of X.
Proof. 1t is straightforward by Theorems 4.14 and 4.15. O

Theorem 4.18. If S is a strongly UP-ideal of X, then A;L’T is a T-fuzzy strongly UP-ideal of X.

Proof. Assume that S is a strongly UP-ideal of X. Then § = X, so A?’T is constant. By Theorem 3.6, we have A;L’T is a T-fuzzy strongly
UP-ideal of X. O

Theorem 4.19. If S is a nonempty subset of X such that Ag’f is a T-fuzzy strongly UP-ideal of X with T(A,A) = A, then S is a strongly
UP-ideal of X.

Proof. Assume that S is a nonempty subset of X such thatAé"T is a T-fuzzy strongly UP-ideal of X with T(A,A1) = A. Then x;t T(0)> X;L (%)
for all x € X, it follows from Lemma 4.1 (2) that 0 € S. Thus xﬁ"T(O) = A. Let x € X. By (UP-3) and Proposition 2.5 (1), we have

25T = T ™ (- 0) - (x-2)), 28 °(0) = T(x°(0), 457 (0)) = T(A,4) = A > 2" (x).

Thus X = §, that is, S is a strongly UP-ideal of X. O

Example 4.20. From Example 4.4, we let S = {0,3,5,6}. Then Ag'7’0'5 is a Ty -fuzzy strongly UP-ideal of X but Tr,;(0.7,0.7) = 0.4 # 0.7
(see Ty in Example 3.9). Since (2-5)-(2-4) =0€ Sand5 € S, but 4 ¢ S, we have S is not a strongly UP-ideal of X.

Corollary 4.21. A nonempty subset S of X is a strongly UP-ideal of X if and only if Aé’f is a T-fuzzy strongly UP-ideal of X.
Proof. 1t is straightforward by Theorems 4.18 and 4.19. O

If S is a nonempty subset of X and A,7 € [0,1] with A > 7, the anti-(A, T)-characteristic function 7;” of X is a function of X into {A, 7}
defined as follows:

T ifxes, ) 42

—A
(Vx € X) (%SJ(X) - { A otherwise

By the definition of anti-(A, 7)-characteristic function, Z/}’T is a function of X into {A,7} C [0,1]. We denote the fuzzy set Ké’r in X is
described by its membership function 7;“, is called the anti-(A, T)-characteristic fuzzy set of S in X.

Lemma 4.22. Let S be a nonempty subset of X. Then the following statements hold:

(1) if the constant 0 of X is in S, then

(vx € X)(Z5*(0) < X5 " (). and

if there exists an element x € S such that )¢’ <X (x), then the constant 0 of X is in S.
2) if there exi I S such that 74" (0) < 72" (x), then th 0ofX isinS

Proof. (1)1f0 €S, then 74" (0) = 7 < 7+ (x) for all x € X.

(2) Assume that there exists an element x € S such that 7?’7(0) < Zé’f(x). Then 72’7(0) < Zé’f(x) =T, s0 7;1’1(0) =7.Hence,0€S. O

Theorem 4.23. If S is a strongly UP-ideal of X and T (t,T) = 7, then Ké’f is an anti-T-fuzzy UP-subalgebra (resp., anti-T -fuzzy UP-filter,
anti-T-fuzzy UP-ideal, anti-T -fuzzy strongly UP-ideal) of X.

Proof. Assume that S is a strongly UP-ideal of X. Then S = X, so fgl’r(x) =t forallx € X. Letx,y € X. Then Zﬁ’r(x) =71= Zé’f(y).
Since S = X, we have x-y € S and so fé'f(xy) — 7. Thus

—A, s 7
T(xs" (0,75 () =T(,7) = 7 =25 (x-).
Therefore, K;L’T is an anti-7-fuzzy UP-subalgebra of X. O

Example 4.24 shows that the condition 7(7,T) = T is necessary.
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Example 4.24. Let X = {0,1,2,3,4} be a UP-algebra with a fixed element O and a binary operation - defined by the following Cayley table:

01 2 3 4
0o 1 2 3 4
110 0 2 3 4
210 0 0 3 4
310 0 0 0 4
410 0 0 0 O

Let §={0,1,2,3,4}. Then S is a strongly UP-ideal of X but Ty, (0.6,0.6). Let Ty, be the Hamacher product defined by

0 ifx=y=0, )
4.3)

(Vx,y € [0,1]) (THO (xy) = { — Y therwise
X+y—xy

Define a fuzzy set A in X by

~0.9,0.6 _ 0 1 2 3 4
s =\ 06 06 06 06 06 )

Since

+0.9,0.6 —0.9,0.6 —0.9,0.6
As (2’4):0~6>0~43:TH0(XS i (z)aXs T (4)),
we have K(;,g,o_(, is not an anti-Ty,-fuzzy UP-subalgebra of X.

Theorem 4.25. If S is a nonempty subset of X such that Z/Sl’r is an anti-T -fuzzy UP-subalgebra (resp., anti-T-fuzzy UP-filter, anti-T -fuzzy
UP-ideal, anti-T-fuzzy strongly UP-ideal) of X, then S is a strongly UP-ideal of X.

Proof. Assume that S is a nonempty subset of X such that ng“ is an anti-7-fuzzy UP-subalgebra of X. By Theorem 3.25, we have Xé"r is
constant. Thus § = X, that is, S is a strongly UP-ideal of X.

Corollary 4.26. A nonempty subset S of X is a strongly UP-ideal of X if and only ifgé’o is an anti-T -fuzzy UP-subalgebra (resp., anti-T -fuzzy
UP-filter, anti-T-fuzzy UP-ideal, anti-T -fuzzy strongly UP-ideal) of X.

Proof. 1t is straightforward by Theorems 4.23 and 4.25. O

Theorem 4.27. If S is a near UP-filter of X, T(7,7) =1, and T(A,A) = A, then Ké’r is an anti- T-fuzzy near UP-filter of X.

Proof. Assume that S is a near UP-filter of X. Since 0 € S, it follows from Lemma 4.22 (1) that 7;”’1(0) < Zé’r(x) forallx € X. Letx,y € X.
Case 1: y € S. Then Zé’f(y) = 7. Since § is a near UP-filter of X, we have x-y € § and so Zé’r(x-y) = 1. Thus

T )28 (0) =T(1,0) =T =75 (x-¥).

Case 2: y ¢ S. Then Zﬁ’r(y) = A. Thus
T 72,,7 —AT =T l A/ _ ;L >72,,T
X" )X ) =T(AA) = A =75 (x-).
Therefore, Ké‘f is an anti-7-fuzzy near UP-filter of X. O

Example 4.28 shows that the conditions 7'(7,7) = T and T(4,A) = A are necessary.

Example 4.28. Ler X = {0, 1,2} be a UP-algebra with a fixed element 0 and a binary operation - defined by the following Cayley table:

Let S ={0,1}. Then S is a near UP-filter of X but Ty,4(0.7,0.7) = 0.4 # 0.7 and Tp,4(0.5,0.5) = 0 # 0.5 (see Ty, in Example 3.9). Define
a fuzzy set 22'7’0'5 in X by

507,05 _ 0 1 2
Xs 05 05 07 )

Since

_0.7,0.5 _0.7,0.5,1y =0.7,0.5
Xs (0’1):0-5>O:TLuk(%s (1)»753 (1)),
we have ng’o's is not an anti-Ty-fuzzy near UP-filter of X.

Theorem 4.29. If S is a nonempty subset of X such that X’;’T is an anti-T-fuzzy near UP-filter of X, then S is a near UP-filter of X.
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Proof. Assume that S is a nonempty subset of X such that Xé'r is an anti-T'-fuzzy near UP-filter of X. Then Zé’T(O) < Zé’f(x) for all x € X,
it follows from Lemma 4.22 (2) that 0 € S. Let x € X and y € S. Then Zé’f(y) = 7. By Definition 3.18 (2) (ii) and Lemma 3.4 (1), we have
—A, —A, A, A,

X5 (y) ST ), 2" ) = T(1,7) ST < T (x-y).

Thus Zﬁ’f(xy) =1, thatis, x-y € S. Hence, S is a near UP-filter of X. O

Corollary 4.30. A nonempty subset S of X is a near UP-filter of X if and only ifZ;’O is an anti-T-fuzzy near UP-filter of X.

Proof. It is straightforward by Theorems 4.27 and 4.29. O

5. Level subsets of a fuzzy set with respect to a t-norm

Definition 5.1. [31] Let A be a fuzzy set in a nonempty set X. For any s € [0,1], the sets
UA;s) ={xeX | aa(x) > s},
L(Ass) ={xe X | aa(x) < s},
EA;s)={xeX|as(x) =s}
are called an upper s-level subset, a lower s-level subset, and an equal s-level subset of A, respectively.
For a fuzzy set A in a nonempty set X, we see that U(A;1) = E(A;1),L(A;0) = E(A;0), and U(A;0) =X = L(A; 1).
Lemma 5.2. Let A be a fuzzy set in X. Then the following statements hold:
(1) ifthe constant O of X is in E(A; 1), then a4 (0) > o4 (x) for all x € X, and
(2) forany s € (0,1, if there exists an element x € U(A;s) such that oy (0) > o (x), then the constant 0 of X is in U(A;s).

Proof. (1)If0 € E(A;1), then a4 (0) = 1 > ota (x) for all x € X.
(2) Assume that a4 (0) > o4 (x) for some x € U(A;s). Then a4 (0) > ot4(x) > s, thatis, 0 € U(A;s). O

Theorem 5.3. If A is a T-fuzzy UP-subalgebra of X, then for all s € [0,1] with T(s,s) = s, U(A;s) is a UP-subalgebra of X if U(A;s) is
nonempty. In particular, E(A; 1) is a UP-subalgebra of X if E(A; 1) is nonempty.

Proof. Assume that A is a T-fuzzy UP-subalgebra of X. Let s € [0, 1] be such that T'(s,s) = s and U (A;s) # 0 and let x,y € U(A;s). Then
o4 (x) > s and o4 (y) > 5. Thus

oy (x-y) > T(oa(x), 04(y)) (Definition 3.5 (1))
>T(s,s) (Lemma 3.4 (3))
=3S.

Hence, x-y € U(A;s), that is, U(A;s) is a UP-subalgebra of X. O

Theorem 5.4. If a fuzzy set A in X is such that a nonempty subset U(A;s) is a UP-subalgebra of X for all s € [0,1], then A is a T-fuzzy
UP-subalgebra of X.

Proof. Assume that a fuzzy set A in X is such that a nonempty subset U (A;s) is a UP-subalgebra of X for all s € [0, 1]. Suppose that there exist

x,y € X such that oa (x-y) < T(0t4(x), @4 (y)). Putsg = %[(XA(xy)—I—T(aA(x), 04 (y))]. Thus sg € [0, 1] and o4 (x-y) < 59 < T(ta(x), a4 (y)).

This implies that x-y & U(A;sp). By Lemma 3.4 (1), we have x,y € U(A;s9) # 0. Thus U(A;sp) is not a UP-subalgebra of X. This is a
contradiction to the fact that @ # U(A;sg) is a UP-subalgebra of X. Hence, 04 (x-y) > T (0ta(x), a4 (y)) for all x,y € X. Therefore, A is a
T-fuzzy UP-subalgebra of X. O

The following example show that the converse of Theorem 5.4 is not true.

Example 5.5. Let X = {0,1,2,3,4,5,6} be a UP-algebra with a fixed element 0 and a binary operation - defined by the following Cayley
table:

-0 1 2 3 4 5 6
00 1 2 3 4 5 6
110 0 2 3 2 3 6
2/0 1 0 3 1 5 3
3]0 1 2 0 4 1 2
410 0 0 3 0 3 3
50 0 2 0 2 0 2
6/0 1 0 0 1 1 O

Define a fuzzy set A in X by

we( O 1 2 3 4 5 6
A=\ 075 055 05 07 05 07 07 )

Then A is a Ty -fuzzy UP-subalgebra of X (see Ty in Example 3.9). If s = 0.7, then U (A;0.7) = {0,3,5,6} # 0. Since 3,6 € U(A;0.7)
but3-6=2¢ U(A;0.7), we have U(A;0.7) is not a UP-subalgebra of X.
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Theorem 5.6. If A is a T-fuzzy near UP-filter of X, then for all s € [0,1] with T(s,s) = s, U(A;s) is a near UP-filter of X if U(A;s) is
nonempty. In particular, E(A; 1) is a near UP-filter of X if E(A; 1) is nonempty.

Proof. Assume that A is a T-fuzzy near UP-filter of X. Let s € [0, 1] be such that T'(s,s) = s and U(A;s) # 0. Since A is a T-fuzzy near
UP-filter of X, we have o4 (0) > o4 (x) for all x € X, it follows from Lemma 5.2 (2) that 0 € U(A;s). Let x € X and y € U(A;s). Then
o4 (y) > s. Thus

o (x-y) > T(aa(y), ea(y)) (Definition 3.5 (2) (ii))
>T(s,s) (Lemma 3.4 (3))
=s.

Hence, x-y € U(A;s), that is, U(A;s) is a near UP-filter of X. O

Theorem 5.7. If a fuzzy set A in X is such that a nonempty subset U (A;s) is a near UP-filter of X for all s € [0,1], then A is a T-fuzzy near
UP-filter of X.

Proof. Assume that a fuzzy set A in X is such that a nonempty subset U (4;s) is a near UP-filter of X for all s € [0, 1]. For any x € X, let

04 (x) =s. Then x € U(A;s) # 0. By assumption, we have U(A;s) is a near UP-filter of X. Thus 0 € U(A;s), that is, a4 (0) > s = o4 (x).
1

Suppose that there exist x,y € X such that o4 (x-y) < T(ota(y),04(y)). Put s = E[aA(x-y) + T (as(y),a4(y))]. Thus s € [0,1] and

oy (x-y) <so <T(as(y),s(y)). This implies that x-y & U(A;s0). By Lemma 3.4 (1), we have y € U(A;s0) # 0. Thus U(A;s9) is not a

near UP-filter of X. This is a contradiction to the fact that @ # U (A;sp) is a near UP-filter of X. Hence, o4 (x-y) > T(aa(y), 04 (y)) for all

x,y € X. Therefore, A is a T-fuzzy near UP-filter of X. O

The following example show that the converse of Theorem 5.7 is not true.

Example 5.8. From Example 5.5, we have A is a Ty ~fuzzy near UP-filter of X and U (A;0.7) = {0,3,5,6} (see Ty in Example 3.9). Since
5€U(A;0.7) but 3-5=1¢ U(A;0.7), we have U(A;0.7) is not a near UP-filter of X.

Theorem 5.9. If A is a T-fuzzy UP-filter of X, then for all s € [0,1] with T (s,s) = s, U(A;s) is a UP-filter of X if U(A;s) is nonempty. In
particular, E(A; 1) is a UP-filter of X if E(A; 1) is nonempty.

Proof. Assume that A is a T-fuzzy UP-filter of X. Let s € [0, 1] be such that T'(s,s) = s and U(A;s) # 0. Since A is a T-fuzzy UP-filter
of X, we have a4 (0) > o4 (x) for all x € X, it follows from Lemma 5.2 (2) that 0 € U(A;s). Let x,y € X be such that x-y € U(A;s) and
x€U(A;s). Then ag(x-y) > s and o4 (x) > 5. Thus

oa(y) > T (o (x-y), aa(x)) (Definition 3.5 (3) (ii))
>T(s,s) (Lemma 3.4 (3))
=s.

Hence, y € U(A;s), thatis, U(A;s) is a UP-filter of X. O

Theorem 5.10. If a fuzzy set A in X is such that a nonempty subset U (A;s) is a UP-filter of X for all s € [0,1], then A is a T-fuzzy UP-filter
of X.

Proof. Assume that a fuzzy set A in X is such that a nonempty subset U(A;s) is a UP-filter of X for all s € [0,1]. For any x € X, let

o4 (x) =s. Then x € U(A;s) # 0. By assumption, we have U(A;s) is a UP-filter of X. Thus 0 € U(A;s), that is, @4 (0) > s = a4 (x).
1

Suppose that there exist x,y € X such that oy (y) < T(a4(x-y),04(x)). Put sg = E[(XA (y) + T (ot4(x-y), 4 (x))]. Thus sp € [0,1] and

o (y) <so <T(aa(x-y),4(x)). This implies that y & U(A;s). By Lemma 3.4 (1), we have x-y,x € U(A;s0) # 0. Thus U(A;s¢) is not a
UP-filter of X. This is a contradiction to the fact that @ # U (A;sg) is a UP-filter of X. Hence, a4 (y) > T (ota(x-y), o4 (x)) for all x,y € X.
Therefore, A is a T-fuzzy UP-filter of X. O

The following example show that the converse of Theorem 5.10 is not true.

Example 5.11. From Example 5.5, we have A is a Ty ~fuzzy UP-filter of X and U(A;0.7) = {0,3,5,6} (see Ty, in Example 3.9). Since
5-1=0€U(A;0.7) and 5 € U(A;0.7) but 1 ¢ U(A;0.7), we have U(A;0.7) is not a UP-filter of X.

Theorem 5.12. If A is a T-fuzzy UP-ideal of X, then for all s € [0,1] with T (s,s) = s, U(A;s) is a UP-ideal of X if U(A;s) is nonempty. In
particular, E(A;1) is a UP-ideal of X if U(A; 1) is nonempty.

Proof. Assume that A is a T-fuzzy UP-ideal of X. Let s € [0, 1] be such that T'(s,s) = s and U (A;s) # 0. Since A is a T-fuzzy UP-ideal of X,
we have a4 (0) > a (x) for all x € X, it follows from Lemma 5.2 (2) that 0 € U(A;s). Let x,y,z € X be such that x- (y-z) € U(A;s) and
y € U(A;s). Then oy (x-(y-z)) > s and aa(y) > s. Thus

T(oa(x- (y-2)),04(y)) (Definition 3.5 (4) (ii))
T(s,s) (Lemma 3.4 (3))

Hence, x-z € U(A;s), that is, U (A;s) is a UP-ideal of X. O



426 Konuralp Journal of Mathematics

Theorem 5.13. If a fuzzy set A in X is such that a nonempty subset U(A;s) is a UP-ideal of X for all s € [0,1], then A is a T-fuzzy UP-ideal
of X.

Proof. Assume that a fuzzy set A in X is such that a nonempty subset U (A;s) is a UP-ideal of X for all s € [0, 1]. For any x € X, let a4 (x) = s.

Then x € U(A;s) # 0. By assumption, we have U (A;s) is a UP-ideal of X. Thus 0 € U(A;s), that is, 04 (0) > s = a4 (x). Suppose that there
1

exist x,y,z € X such that o4 (x-z) < T (04 (x- (y-2)),0a(y)). Putsg = E[OcA(»z) +T(oa(x-(y-2)),04(y))]- Thus so € [0,1] and ¢4 (x-2) <

50 <T(o4(x-(y-z)),a4(y)). This implies that x-z ¢ U(A;sg). By Lemma 3.4 (1), we have x- (y-z),y € U(A;s0) # 0. Thus U (A;sp) is not
a UP-ideal of X. This is a contradiction to the fact that @ # U (A;s¢) is a UP-ideal of X. Hence, a4 (x-2z) > T(aa(x- (y-2)), 04 (y)) for all
X,¥,z € X. Therefore, A is a T-fuzzy UP-ideal of X. O

The following example show that the converse of Theorem 5.13 is not true.

Example 5.14. From Example 5.5, we have A is a Ty -fuzzy UP-ideal of X and U(A;0.7) ={0,3,5,6} (see Tr, in Example 3.9). Since
1-(6:2)=0€U(A;0.7) and 6 € U(A;0.7) but 1-2 =2 ¢ U(A;0.7), we have U(A;0.7) is not a UP-ideal of X.

Theorem 5.15. If A is a T-fuzzy strongly UP-ideal of X, then for all s € [0,1] with T (s,s) = s, U(A;s) is a strongly UP-ideal of X if U(A;s)
is nonempty. In particular, E(A; 1) is a strongly UP-ideal of X if U(A; 1) is nonempty.

Proof. Assume that A is a T-fuzzy strongly UP-ideal of X. Let s € [0, 1] be such that T'(s,s) = s and U(A;s) # 0. Since A is a T-fuzzy
strongly UP-ideal of X, we have o4 (0) > o4 (x) for all x € X, it follows from Lemma 5.2 (2) that 0 € U(A;s). Let x € X. Then

o4 (x) > T(aa((x-0)- (x-x)),04(0)) (Definition 3.5 (5) (ii))
=T(04(0),04(0)) (Proposition 2.5 (1) and (UP-3))
>T(s,s) (Lemma 3.4 (3))
=s.

Thus x € U(A;s), that is, U(A;s) = X. Hence, U(A;s) is a strongly UP-ideal of X. O

Theorem 5.16. If a fuzzy set A in X is such that a nonempty subset U (A;s) is a strongly UP-ideal of X for all s € [0,1], then A is a T-fuzzy
strongly UP-ideal of X.

Proof. 1t is straightforward by Theorem 3.6. O

The following example show that the converse of Theorem 5.16 is not true.

Example 5.17. From Example 5.5, we have A is a Ty x-fuzzy strongly UP-ideal of X and U(A;0.7) ={0,3,5,6} (see Ty, in Example 3.9).
Since U(A;0.7) # X, we have U(A;0.7) is not a strongly UP-ideal of X.

Lemma 5.18. Let A be a fuzzy set in X. Then the following statements hold:
(1) if the constant 0 of X is in E(A;0), then a4 (0) < o4 (x) for all x € X, and
(2) forany s € (0,1, if there exists an element x € L(A;s) such that o4 (0) < o4 (x), then the constant 0 of X is in L(A;s).

Proof. (1)If 0 € E(A;0), then a4 (0) = 0 < a4 (x) for all x € X.
(2) Assume that a4 (0) < ot4 (x) for some x € L(A;s). Then oy (0) < ot4(x) < s, thatis, 0 € L(A;s). O

Theorem 5.19. If A is an anti-T-fuzzy near UP-filter of X, then for all s € [0,1], L(A;s) is a near UP-filter of X if L(A;s) is nonempty. In
particular, E(A;0) is a near UP-filter of X if E(A;0) is nonempty.

Proof. Assume that A is an anti-T-fuzzy near UP-filter of X. Let s € [0, 1] be such that L(A;s) # 0. Since A is an anti-T-fuzzy near UP-filter
of X, we have a4 (0) < ay(x) for all x € X, it follows from Lemma 5.18 (2) that 0 € L(A;s). Letx € X and y € L(A;s). Then a4 (y) <'s.
Thus

o (x-y) <T(aa(y),oa(y)) (Definition 3.18 (2) (ii))
<T(s,s (Lemma 3.4 (3))
<s. (Lemma 3.2 (1))
Hence, x-y € L(A;s), that is, L(A;s) is a near UP-filter of X. O

Theorem 5.20. If a fuzzy set A in X is such that a nonempty subset L(A;s) is a near UP-filter of X for all s € [0,1] and satisfying the
imaginable property with respect to T, then A is an anti-T -fuzzy near UP-filter of X.

Proof. Assume that a fuzzy set A in X is such that a nonempty subset L(A;s) is a near UP-filter of X for all s € [0, 1] and satisfying the

imaginable property with respect to 7. For any x € X, let a4 (x) = s. Then x € L(A;s) # 0. By assumption, we have L(A;s) is a near

UP-filter of X. Thus 0 € L(A;s), that is, 04 (0) < s = a4 (x). Suppose that there exist x,y € X such that o4 (x-y) > T (a4 (y), a4 (y)). Put
1

S0 = E[OCA (x-¥)+T(0a(y),aa(y))]- Thus so € [0,1] and o4 (x-y) > 50 > T(0t4(y), @4 (¥)) = a4 (y). This implies that x-y & L(A;s0) and

¥ € L(A;s0). Thus L(A;sg) is not a near UP-filter of X. This is a contradiction to the fact that @ # L(A;sg) is a near UP-filter of X. Hence,
o (x-y) <T(aa(y),o(y)) for all x,y € X. Therefore, A is an anti-T-fuzzy near UP-filter of X. O

Theorem 5.21. If A is an anti-T-fuzzy UP-subalgebra (resp., anti-T-fuzzy UP-filter, anti-T -fuzzy UP-ideal, anti-T -fuzzy strongly UP-ideal)
of X, then E(A; a4 (0)) is a strongly UP-ideal of X.
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Proof. It is straightforward by Theorem 3.25. O

Theorem 5.22. [f a fuzzy set A in X is such that E(A; a4 (0)) is a strongly UP-ideal of X and satisfying the imaginable property with respect
to T, then A is a T-fuzzy UP-subalgebra of X.

Proof. Assume that a fuzzy set A in X is such that E(A; 04 (0)) is a strongly UP-ideal of X and satisfying the imaginable property with
respect to 7. Then o4 (x) = ¢4 (0) for all x € X. Letx,y € X. Then

oa(x-y) = aa(0) = T(aa(0),24(0)) = T (aa(x), 0ta(y))-
Hence, A is an anti-7-fuzzy UP-subalgebra of X. O
6. UP-homomorphisms in UP-algebras with respect to a t-norm

Definition 6.1. Let f be a function from a nonempty set X to a nonempty set Y. If B is a fuzzy set in Y, then the inverse image of B under f
is a fuzzy set f~1(B) in X defined as follows:

(Vx € X) (01 (x) = 0B (f(x)))- (6.1)
Definition 6.2. [5] Let (X,-,0x) and (Y,*,0y) be UP-algebras. A mapping f from X to Y is called a UP-homomorphism if
(Vx,y € X)(f(x-y) = f(x) * f(¥)- (6.2)

A UP-homomorphism f : X —Y is called a UP-epimorphism if f is surjective.

In what follows, let f denote a UP-homomorphism from a UP-algebra (X, -,0x) to a UP-algebra (Y,*,0y) unless otherwise specified.
From [5], we have f(0x) > f(x) forall x € X.

Theorem 6.3. If B is a T-fuzzy UP-subalgebra of Y, then f~'(B) is a T-fuzzy UP-subalgebra of X.

Proof. Assume that B is a T-fuzzy UP-subalgebra of Y. Let x,y € X. Thus

ap1(p)(x-y) = ap(f(x-y)) ((6.1))
= op(f(x)*f(y)) ((6.2))
> T(op(f(x)), a(f(y))) (Definition 3.5 (1))
=T(ap1(p)(x), 0r-1(5)(¥))- ((6.1))
Hence, f~'(B) is a T-fuzzy UP-subalgebra of X. O

Theorem 6.4. If B is a T-fuzzy near UP-filter of Y in which o is an order preserving mapping, then f~! (B) is a T-fuzzy near UP-filter of
X.

Proof. Assume that B is a T-fuzzy near UP-filter of ¥ in which o is an order preserving mapping. Then for all x € X,
a1y (0x) = ap(f(0x)) = ap(f(x)) = otp-1() (x).
Letx,y € X. Thus

ap1(p)(x-y) = ap(f(x-y)) ((6.1))
= ap(f(x)*f(v)) (6.2))
> T(op(f(v)), o(f(¥))) (Definition 3.5 (2) (i)
=T(ap 1)) 0r1(5)()- ((6.1))
Hence, f~!(B) is a T-fuzzy near UP-filter of X. O

Theorem 6.5. If B is a T-fuzzy UP-filter of Y in which o is an order preserving mapping, then f~\(B) is a T-fuzzy UP-filter of X.
Proof. Assume that B is a T-fuzzy UP-filter of ¥ in which o is an order preserving mapping. Then for all x € X,

o1y (0x) = ap(f(0x)) = ap(f(x)) = otp-1() (x).
Let x,y € X. Thus

a1y (y) = as(f()) (6.1))
2 T(ap(f(x) = f(v), oB(f(x))) (Definition 3.5 (3) (ii))
> T(op(f(x-y)), as(f(x))) ((6.2))
=T (otp-1(3) (x"¥), Ap-1(p) (%)) ((6.1))

Hence, f~'(B) is a T-fuzzy near UP-filter of X. O

Theorem 6.6. If B is a T-fuzzy UP-ideal of Y in which o is an order preserving mapping, then = (B) is a T-fuzzy UP-ideal of X.
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Proof. Assume that B is a T-fuzzy UP-ideal of Y in which o is an order preserving mapping. Then for all x € X,

o105 (0x) = ag(f(0x)) > ap(f(x)) = op1(5) (x).
Letx,y,z € X. Thus

0p-1(p) (x-2) = 0B (f(x-2)) ((6.1))
= op(f(x)* f(2)) ((6.2)
> T(ap(f(x)« (f(y)*f(2), as(f (1)) (Definition 3.5 (4) (ii))
=T(ap(f(x)*f(v-2),a8(f(¥))) ((6.2))
=T(ap(f(x-(y-2)), 08(f () ((6.2))
=T(ap 1 (x (y:2)), 15 1)) ((6.1))
Hence, f~!(B) is a T-fuzzy UP-ideal of X. O

Theorem 6.7. If B is a T-fuzzy strongly UP-ideal of Y in which o is an order preserving mapping, then f~1 (B) is a T-fuzzy strongly
UP-ideal of X.

Proof. Assume that B is a T-fuzzy strongly UP-ideal of Y in which o is an order preserving mapping. Then for all x € X,

ap1(p)(0x) = ap(f(0x)) > ap(f(x)) = otp-1(p)(x).
Letx,y,z € X. Thus

op-1(p) (x) = a(f(x)) ((6.1))
> T(ap((f(2) *f(v) * (f () * f(x))), oB (£ (x))) (Definition 3.5 (5) (ii))
=T(a(f(z-y)*f(z-x), a(f(x))) ((6.2))
=T(a(f((z-y)-(z-x)), 08(f ())) ((6.2))
=T(ap1(p)((z-y) - (2-x)), 0p-1(5) (¥))- (6.1
Hence, £~ (B) is a T-fuzzy strongly UP-ideal of X. O

Theorem 6.8. If B is an anti-T-fuzzy near UP-filter of Y in which o is an anti-order preserving mapping, then f~'(B) is a anti- T-fuzzy
near UP-filter of X.

Proof. Assume that B is an anti-7-fuzzy near UP-filter of Y in which o is an anti-order preserving mapping. Then for all x € X,

a1y (0x) = ap(f(0x)) < ap(f(x)) = otp11) (%)
Letx,y € X. Thus

o1 (py(x-y) = ap(f(x-y)) ((6.1))
= op(f(x)*f(y)) ((6.2))
<T(op(f(y),as(f(y))) (Definition 3.18 (2) (ii))
=T(ap1(p) (), ap-1(5)(¥))- (6.1

Hence, f~!(B) is an anti-T-fuzzy near UP-filter of X. O

Theorem 6.9. If B is an anti-T-fuzzy UP-subalgebra (resp., anti-T -fuzzy UP-filter, anti-T -fuzzy UP-ideal, anti-T -fuzzy strongly UP-ideal)
of Y, then f~1(B) is an anti-T-fuzzy UP-subalgebra of X.

Proof. Assume that B is an anti-T-fuzzy UP-subalgebra of Y. By Theorem 3.25, we have for all x € X,
o1y (x) = ap(f(x)) = ap(f(0x)) = ap-1 () (0x)
Let x,y € X. Thus

g1 () (x-y) = 0115 (0x)

= op(f(0x)) ((6.1))
= op(f(x)*f(v)) (6.2))
<T(ap(f(y),e(f () (Definition 3.18 (2) (i)
=T(ap 1)) 0r-1(5)())- ((6.1))
Hence, £~ (B) is an anti-T-fuzzy UP-subalgebra of X. O

Definition 6.10. [/4] Let X and Y be any nonempty sets and let f : X — Y be any function. A fuzzy set A in X is said to be f-invariant if

(Vx,y € X)(f(x) = f(y) = o (x) = aa(y))- (6.3)
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Definition 6.11. Let f be a function from a nonempty set X to a nonempty set Y. If A is a fuzzy set in X, then the image of A under f is a
fuzzy set f(A) in'Y defined as follows:

(Vyey) (O‘f(A) )= { sup{oa (W by S 0) 20, ) : (6.4)

1 otherwise
Definition 6.12. [20] A fuzzy set A in X has sup property if for any nonempty subset S of X, there exist sy € S such that oy (sg) =
sup{aa (s) }ses-
Lemma 6.13. [16] Assume that f is surjective. Let A be an f-invariant fuzzy set in X with sup property. For any x,y € Y, there exist
x0 € f1(x) and yo € £ (y) such that oty(4)(x) = 0ta (x0), () (¥) = 0ta (o), and oty(a)(x*y) = ata(x0 - yo)-
Theorem 6.14. Assume that f is surjective. If A is an f-invariant T-fuzzy UP-subalgebra of X with sup property, then f(A) is a T-fuzzy
UP-subalgebra of Y.

Proof. Let A be an f-invariant T-fuzzy UP-subalgebra of X with sup property. Let x,y € Y. Since f is surjective, we have f~1 (%), F1 ),
and f~!(x#y) are nonempty subsets of X. By Lemma 6.13, there exist xg € f~'(x) and yo € f~!(y) such that apa)(x) = aa(xo),
o4y () = aa(¥o), and oty (4 (x+y) = 04 (x0 - yo ). Thus

Qpa)(xxy) = 0ta(x0 - yo)

> T(oa(x0), a4 (o)) (Definition 3.5 (1))
=T (0s(a)(x), 0tr(a)(¥))-
Hence, f(A) is a T-fuzzy UP-subalgebra of Y. O

Theorem 6.15. Assume that f is surjective. If A is an f-invariant T-fuzzy near UP-filter of X with sup property, then f(A) is a T-fuzzy near
UP-filter of Y.

Proof. Let A be an f-invariant T-fuzzy near UP-filter of X with sup property. Since A is a T-fuzzy near UP-filter of X, we have
04 (0x) > oa(x) for all x € X. Since f(0Ox) = Oy, we have Ox € f~!(0y) and so f~'(Oy) # 0. Thus

a4y (Oy) = sup{aa(t) }rep1(0y) = a(0x).

Lety € Y. Since f is surjective, we have £~ !(y) # 0. Since A is a T-fuzzy near UP-filter of X, we have oy (Ox) > oy (¢) forallr € f~1(y).
Thus a4 (Ox) is an upper bound of {04 (#)}, s-1(y) and so

o4 (0x) = sup{aa () }ic-1(y) = Apia) ()-

Thus a;(4)(Oy) > 0f(4)(y). Letx,y €Y. By Lemma 6.13, there exist xo € 1 (x) and yg € f~'(y) such that Qpa) (X) = @a(x0), 0t (a) (¥) =
a4 (y0), and Qy(4)(x*Yy) = &4 (x0 - yo). Thus

Qpa)(xxy) = 0ta(x0 o)

> T (aa(y0), 2 (v0)) (Definition 3.5 (2) (i)
=T (0ts(a)(v), 2pa) (¥))-
Hence, f(A) is a T-fuzzy near UP-filter of Y. O

Theorem 6.16. Assume that f is surjective. If A is an f-invariant T-fuzzy UP-filter of X with sup property, then f(A) is a T-fuzzy UP-filter
of Y.

Proof. Let A be an f-invariant T-fuzzy near UP-filter of X with sup property. Since A is a T-fuzzy UP-filter of X, we have a4 (0x) > o4 (x)
for all x € X. Since f(0x) = Oy, we have Oy € f~(Oy) and so f ' (Oy) # 0. Thus

s (a)(0y) = sup{aa(t) }cp-1(0,) = a(0x)-

Lety € Y. Since f is surjective, we have f~!(y) # 0. Since A is a T-fuzzy UP-filter of X, we have o4 (Ox) > ot (¢) for all £ € £~ (y). Thus
a4 (0x) is an upper bound of {04 (t) },c r-1(y) and so

a4 (0x) = sup{aa(t) b p1(y) = Ap(a) ()

Thus 0t(4)(Oy) > ay(a)(y). Letx,y €Y. By Lemma 6.13, there exist xo € FHx), yo € £71(y) such that o4y (x) = aa(x0), 0tf(a)(¥) =
@4 (yo) and a4 (x*y) = &a(x0 - yo). Thus

apia)(y) = aa(yo)

> T (aa(x0 - y0), 0ta (o)) (Definition 3.5 (3) (ii))
=T (0tf(a)(x %), Qp(a) (%))
Hence, f(A) is a T-fuzzy UP-filter of Y. O

Theorem 6.17. Assume that f is surjective. If A is an f-invariant T-fuzzy UP-ideal of X with sup property, then f(A) is a T-fuzzy UP-ideal
of Y.



430 Konuralp Journal of Mathematics

Proof. Let A be an f-invariant T-fuzzy UP-ideal of X with sup property. Since A is a T-fuzzy UP-ideal of X, we have o4 (Ox) > o4 (x) for
all x € X. Since f(0x) = Oy, we have Ox € f~(0y) and so f~'(Oy) # 0. Thus

) (Oy) = sup{aa(t) }rep1(0,) = @a(0x).

Lety € Y. Since f is surjective, we have f~!(y) # 0. Since A is a T-fuzzy UP-ideal of X, we have o4 (Ox) > a4 (¢) for all £ € £~ (y). Thus
a4 (0x) is an upper bound of {04 (#) },c r-1(y) and so

oA (0x) = sup{aa(t) b p1(y) = Cpa) ()

Thus 0t7(4)(Oy) > @) (v). Letx,y,z €Y. By Lemma 6.13, there exist xo € FNx),y0 € £~ (y) and zg € £~ (z) such that Op(a) (X (y*2)) =
a4 (x0 - (Y0 *20))s Or(a)(¥) = &ta(yo) and @) (x*2z) = Qs (x9 - 20). Thus

Apa)(xx2) = aa(x0 - 20)

> T(0ta(x0- (y0-20)), % (o)) (Definition 3.5 (4) (ii))
=T (opu)(xx (y*2)), Qp(a)(v))-
Hence, f(A) is a T-fuzzy UP-ideal of Y. O

Theorem 6.18. Assume that f is surjective. If A is an f-invariant T-fuzzy strongly UP-ideal of X with sup property, then f(A) is a T-fuzzy
strongly UP-ideal of Y .

Proof. Let A be an f-invariant T-fuzzy strongly UP-ideal of X with sup property. Since A is a T-fuzzy strongly UP-ideal of X, we have
04 (0x) > g (x) for all x € X. Since f(0Ox) = Oy, we have Ox € f~(Oy) and so f~!(Oy) # 0. Thus

g4y (Oy) = sup{aa(t) e p1(0,) = @a(0x).

Let y € Y. Since f is surjective, we have f~!(y) # 0. Since A is a T-fuzzy strongly UP-ideal of X, we have o4 (0Ox) > a4 (¢) for all
t € f~1(y). Thus a4 (Ox) is an upper bound of { oy (t)}1ef1(y) and so

o4 (0x) = sup{aa () }icr1(y) = Apia) ()-

Thus az(4)(0y) > &) (y). Letx,y,z € Y. By Lemma 6.13, there exist xo € F1(x), y0 € f~1(y) and z9 € £~ (z) such that Q) ((z#y) *
(zxx)) = aa((z0y0) - (20 ¥X0)), Ctf(a)(¥) = @a(¥o) and ty4)(x) = @a(xo). Thus

ay(a)(x) = & (xo)

> T (a4 ((z0-y0) - (z0-%0)), 04 (y0)) (Definition 3.5 (5) (ii))
= T(ag(a) ((z5y) * (z%x)), Qpa) ()
Hence, f(A) is a T-fuzzy strongly UP-ideal of Y. O

Definition 6.19. Let f be a function from a nonempty set X to a nonempty set Y. If A is a fuzzy set in X, then the image of A under f is a
fuzzy set f(A) inY defined as follows:

inf{as (X)}yeprty) L) #0,
——(y) = . .5
(Vy€¥) (af(A) ) { 0 otherwise €5
Definition 6.20. [20] A fuzzy set A in X has inf property if for any nonempty subset S of X, there exist so € S such that o (so) =
inf{a (s) }ses-

Lemma 6.21. [8] Assume that f is surjective. Let A be an f-invariant fuzzy set in X with inf property. For any x,y € Y, there exist
X0 € 1 (x) and yo € f~1(y) such that am(x) = o4 (xp), am(y) = o4 (yg), and Ocm(x *y) = 064 (x0 - y0)-

Theorem 6.22. Assume that f is surjective. If A is an f-invariant anti-T-fuzzy UP-subalgebra of X with inf property, then f(A) is an
anti-T-fuzzy UP-subalgebra of Y.

Proof. Let A be an f-invariant anti-T-fuzzy UP-subalgebra of X with inf property. By Theorem 3.25, we have a (xp) = a4 (0x) for all
xp € X. Since f(0x) = Oy, we have Ox € f~(Oy) and so f~'(Oy) # 0. Let x € Y. Since f is surjective, we have f~!(x) are nonempty
subsets of X. By Lemma 6.21, there exist xo € f~!(x), yo € f~'(y) and xg - yo € £~ ! (x*y) such that am(x) = ota(x0), am(y) = a4 (yo)
and Ocm(x *y) = o4 (x0 - yo). Thus

Oy (X% y) = aa(x0- o)
= o2 (0x)
=T (04 (0x), 0t4 (0x)) (Lemma 3.19 (1))
=T (aa(x0),0ta(y0))
= T (0557 (%), 55 ()

Hence, f(A) is an anti-T-fuzzy UP-subalgebra of Y. O
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Theorem 6.23. Assume that f is surjective. If A is an f-invariant anti-T-fuzzy near UP-filter of X with inf property, then f(A) is an
anti-T-fuzzy near UP-filter of Y.

Proof. Let A be an f-invariant anti-7-fuzzy near UP-filter of X with sup property. Since A is an anti-7-fuzzy near UP-filter of X, we have
o4 (0x) < oa (x) for all x € X. Since f(0x) = Oy, we have Ox € £~ (0y) and so £~ ! (Oy) # @. Thus

GW(OY) =inf{(xA( )}tef (0y) < aA(OX)

Lety € Y. Since f is surjective, we have f~!(y) # 0. Since A is an anti-T-fuzzy near UP-filter of X, we have a4 (0x) < au(¢) for all
t € f~1(y). Thus a4 (Ox) is a lower bound of {cs (¢ )}ief1(y) and so

04 (Ox ) < inf{ea (1) }rep-1(y) = X7 (0)-

Thus 7y >(Oy) O >( y). Letx,y € Y. By Lemma 6.21, there exist xg € f~!(x), yo € £~ (y) such that (xm(x) = o (xp), (xm(y) =

04 (y0) and 07y (x #y) = s (x0 - yo). Thus

OCf(A)(x*y) o (xo-yo0)

T (0 (y0), 2 (v0)) (Definition 3.18 (2) (i)
T (035 (0), 7 00):
Hence, m is an anti-7-fuzzy near UP-filter of Y. O

7. Conclusions

In this paper, we have introduced the notions of T'-fuzzy UP-subalgebras, T-fuzzy near UP-filters, T'-fuzzy UP-filters, T-fuzzy UP-ideals,
and T-fuzzy strongly UP-ideals and also introduced the notions of anti-7-fuzzy UP-subalgebras, anti-7-fuzzy near UP-filters, anti-7'-fuzzy
UP-filters, anti-T-fuzzy UP-ideals, and anti-T'-fuzzy strongly UP-ideals of UP-algebras, and investigated some of their important properties.
Then we have the diagram of generalization of fuzzy sets with respect to a t-norm in UP-algebras (see Figure 7.1) below.

T-fuzzy UP-subalgebra  T-fuzzy near UP-filter Anti T-fuzzy near UP-filter
T-fuzzy UP-filter

] Anti T-fuzzy UP-subalgebra +— Anti T-fuzzy UP-filter

T-fuzzy UP-ideal

I

T-fuzzy strongly UP-ideal Anti T-fuzzy strongly UP-ideal <— Anti T-fuzzy UP-ideal

Constant fuzzy set

Figure 7.1: fuzzy sets with respect to a t-norm in UP-algebras
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