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Abstract

In this paper, we consider the existence of traveling wave solutions in a higher dimensional
lattice competition-cooperation system with stage structure. We first construct a pair of
upper and lower solutions. The upper solutions are allowed to be larger than positive
equilibrium point. Then we establish the existence of traveling wave solutions by means
of cross iterative and Schauder’s fixed point theorem.
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1. Introduction

Lattice differential equations are the discrete versions of reaction-diffusion equations.
In past few years, many authors have paid their attention on the existence of traveling
wave solutions for lattice differential equations, see [3,4,7,8,13,16,17,21] for one or two
dimensional lattices and [15,20,22] for higher dimensional lattices, and also see the results
for reaction-diffusion equations with or without stage structure [1,2,5,6,9,10,14,18,19].

In this paper we are concerned with the existence of traveling wave solutions of a higher
dimensional lattice competition-cooperation system with stage structure

Uy (t) = D1(Apur)y + are™ " ugy(t — 1) — arug, (t) — bruay (t)uay(t),
U, (t) = Da(Anua)y + aze™ 2 ug, (t — Ta) + bauiy (t)ugy(t) — agu%n(t),

(1.1)

where all the parameters are positive constants, t > 0, (A,w), = Z wg — 2nwy,
n € Z",|-| denotes the Euclidean norm in R”,n € Z*. System (1.1) has four equilibria

0= (0,0), (O‘lea:m,o), (o,omea:m), K = (k1 k2),
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where

B a2a1€*’71T1 _ b10¢2677272 B a1a2€*727'2 + b2a1€*’}’1T1
k1= > 0, ko = >0
a1a9 + b1ba aias + bi1bs

provided that

asope” M > biage” 1272, (1.2)
We are interested in the existence of traveling wave solutions of higher dimensional lattice
(1.1) connecting 0 with K. In this case, the reaction terms of (1.1) satisfy partial mono-
tonicity. We notice that there are some existence results about traveling wave solutions
for systems with partial monotonicity. For example, Huang et al. [8,9] considered the
existence of traveling wave solutions of continuous and discrete reaction-diffusion systems
with partial monotonicity by using upper and lower solutions and Schauder’s fixed point
theorem; Li et al. [12] considered the existence and asymptotic behavior of traveling wave
solutions of competition-cooperation system on 1D lattice. Recently, Li et al. [11] con-
sidered the existence of traveling wave solutions of diffusive and competition-cooperation
system with stage structure. However, their results are not applied to system (1.1). Hence
we need to extend the above methods to higher dimensional lattice system (1.1).

Motivated by techniques in [8,9,11,12], we will establish the existence of traveling wave
solutions of system (1.1) connecting 0 with K by Schauder’s fixed point theorem and upper
and lower solutions method. The upper solutions are allowed to be larger than positive
equilibrium point, which is different from [8,9].

This paper is organized as follows. In Section 2, we first construct a pair of upper and
lower solutions and prove the continuity and compactness of operators, then we establish
the existence of traveling wave solutions by means of the cross iterative and Schauder’s
fixed point theorem.

2. The existence of traveling wave solutions

In this paper, we use the usual notations for the standard ordering in R2. That is,
for u = (u1,u2) and v = (v1,v2), we denote u < v if u; < v;,4 = 1,2, and u < v if
u < v but u # v. In particular, we denote u < v if v < v but u; # vt = 1,2. If

u < v, we also denote (u,v] = {w € R2u < w < v}, [u,v) = {w € R%u < w < v},

[u,v] = {w € R, u < w < v}. In the following, | - | denotes the Euclidean norm in R? or
R™ and || - || denotes the supremum norm in C([—7, 0], R?).
Let

Cioy (R, R?) = {(¢, ) € C(R,R?) : 0 < (¢(s),7(s)) < M, s € R},
where K <M := (M, M>).
Denote

{ oty (5),tn(5)) = €™ g (~12) — a1u2(0) — by (0}, (0),
fa(uy(s), vy(s)) = ase™ 270, (—72) + bauy (0)vy (0) — a2”721(0)~
Lemma 2.1. For the functional f(6,%) = (f1(6,%), fa(9,1)),
(A) there exist L; > 0 such that
|fi(uiy, vin) — filuag, vog)| < Li | U =V |

for U = (u1y,v1p), V = (ugy, vay) € C([—T,0],R?) with

0 < (uin(s),vin(s)) < M,s € [-71,0],i = 1,2,
and it satisfies partially quasimonotone condition:
(PQM) there exist 51 > 0 and P2 > 0 such that

fi(uin(s), vig(s)) — fi(uzn(s), v1y(s)) + B1[u1y(0) — u2qy(0)] > 2n.D1[u1,(0) — uz2,(0)],
f1(u1n(8),v1n(5)) - fl(uln(5)>v2n(5)) <0,
fa(uin(s), viy(s)) — fa(uzy(s), vay(s)) + Balviy(0) — v2y(0)] > 2nDafv1,(0) — v2,(0)]
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for wiy(s),vip(s) € C([—7,0],R),i = 1,2, with
0 < (u2,(5),v2p(s)) < (u1y(s),viy(s)) < M for s € [—7,0].
Proof. (A) is obvious. Next we check (PQM). For any (u1y, v1y), (u2y, v2y) € C([—7,0], R?)
with 0 < (u2y(s),v2,(5)) < (u1y(s),v1p(s)) < M, let f; > 0 and P2 > 0 satisfying
b1 > 2a1 My + by Mo + 2nDq and By > 2a9 Mo + 2nD4y, we have
fi(uiy, vin) — fi(ugy, vin) — 2nD1[u1y(0) — u2y(0)]
= { a1 [u1y(0) + w2y (0)] — b1v1y(0) }Huiy (0) — w2y (0)] — 2n.D1[u1y(0) — u2,(0)]
> (2@1M1 + b1 Moy + 2TLD1)[U1,7(0) — Uzn(O)]
> —B1[u1y(0) — ug,(0)],
fi(ury, viy) = fi(uiy, vay) = —b1ui,(0)[v1y(0) — v2,(0)] <0,

f2(“1navln) - f2(“2n7v2n) - Q”DZ[“M(O) - U2n(0)]

> —az2[v1,(0) + v2,(0)][v1(0) — v29(0)] — 2nD2[v1,(0) — v2y(0)]
> —(2a2 M + 2n.D2)[v15(0) — v2,(0)]
>

—B2[v17(0) — v2,(0)].

We give the definition of traveling wave solutions of (1.1) .

Definition 2.2. A traveling wave solution of (1.1) has special form wu,(t) = ¢(o - n +
ct), uz,(t) = ¥(o-n+ct), where ¢(£00) and 1p(£o0) both exist, o = (01,02, ,05,) € R”
is a unit vector, ¢ > 0 is the wave speed, (¢,1)) is the wave profile.

Denoting o - n + ct by t, we search for the solutions of system

n

e/ (t) = D1 )_[o(t + o) — 26(t) + ¢t — on)] + f{ (s, 1),
=1 (2.1)

e/ (t) = Dy Y [(t + ox) — 20 (t) + ¢(t — )] + f5 (e, %)
k=1

S

satisfying
tEEHm<¢(t)7 ¥(t)) =0, tilgrnoo(¢(t), ¥(t) =K, (2.2)

where (bt(s) = ¢(t + 5)7¢t(8) = ¢(t + 8)78 € [_Ta 0]77_ = maX{Tla7-2}>fic(¢a @ZJ),Z =1,2,1is

defined by
{ JE (e, 0) = ane™ M g(t — em) — a1¢?(t) — bro(t)(t),
J5(be,1br) = cae™ P24 (t — era) + bad(£)1h(t) — agp?(t).
Define F = (Fl,FQ) : C[07M] (R,R2) — C(R,R2) by
1 s,

t .
ot [ @ s, =12,

where H = (Hi, Hs) : Cjo v (R, R?) = C(R,R?) is defined by

n

Hy(p,9)(t) = f(oe, i) + Brop(t) + D1 Y _[b(t + on) — 26(t) + ¢(t — o)),

k=1
n

Ha(¢,9)(t) = f5(be,100) + Botb(t) + Do Y[ (t + o) — 20 (t) + 9 (t — o).

k=1
Then F' is well defined and for any (¢,%) € Cjom(R, R?), we have

c[Fi(¢, )] (t) = =BiFi(, ¥)(t) + Hi(d, ¥)(t), i=1,2. (2.3)
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We only need to find a fixed point of (2.3) satisfying (2.2).
Let p € (0,min{B1/c, B2/c}) and equip C(R,R?) with the norm |- |, defined by

||, = sup [®(t)e ™ and B,(R,R?) = {® € C(R,R?): sup 1®(t) e < o0}
S (S

Then it is easy to check that (B,(R,R?),|-|,) is a Banach space.

Definition 2.3. A pair of functions ® = (¢,¢),® = (¢,¢) € C(R,R?) is called a weak
upper solution and a weak lower solution of (2.1), respectively, if there exist finitely many
constants Tj,4 = 1,--- ,p such that ® and ® are differentiable in R\ T, T := {T} : i =
1,---,p} and satisfy

cd'(t) =Dy Y [o(t + o1) — 20(t) + o(t — on)] + f7(P1,0,) fort € R\ T,
knl (2.4)
Z (t+ on) = 20(t) + »(t — on)] + f5(¢r, i) for t € R\ T,
and
c/(t) <Dv Y [t + ok) = 28(t) + ot — on)] + fi (¢, ¢e) fort € R\T,
: (2.5)
' (t) <Dy Y [W(t+ox) — 2¢(t) + (t —op)] + f5(8,,¥,) fort € R\ T,
k=1
Next we will construct a pair of upper and lower solutions of (2.1) satisfying
(A1) 0 < (6(t), (1)) < ((1), (1)) < M.t € R; o
(A2) lim (6(1),9() =0, lim (9(6), (1) = lim (3(0),5(1)) =
To do this, we need to assume
CL1]€1 > blk‘g, (2.6)

which implies (1.2) holds.
Similar to [11,12], it is easy to prove the following lemma.

Lemma 2.4. Let
n
A\ c):=D; Z(e’\ak +e Mk —2) — X+ e MTie AT =12
k=1

Then, there exist ¢§ > 0 and ¢& > 0 such that A1(X, ¢) =0 and Agx(\, c) =0, respectively,
have only two positive roots 0 < A1 < Az and 0 < Ay < Ay, and

>0, A< orA> Ay,
Al()‘7c)

for 0 <c<cf, Ai(M\ c) =0 has no real roots on R,i =1,2.

>0, A< A orA> A,
and Ag(Ac)

<0, A <A<Ag, <0, A< A< Ay,

Now we construct a pair of upper and lower solutions for ¢ > ¢* := max{cj, c5}.

For fixed
Az A1 AL+ A2

€ (1,min{2 Sbwiaw })

consider h;(t) = e*t — ge’™t, i=1,2, where ¢ > 1 is large enough. By direct calcula-

tion, it shows that h;(t) has a unique global maximum g; = 0;(q) > 0 at tf = t(q) =
W In qu < 0 and

qli>nolo 0i(q) = lim M@ = lim gD =0, i=1,2.

q—o0 q— 00
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We also have h;(t) is increasing in ¢ < ¢} and decreasing in ¢ > tf. So h;(t) = A; has
only two different roots ¢;, and ti(tin < tF < t;) and t; — t; > t, where A; = eriti—t) _
qe? =Y > 0, = max{1,cr, em},i = 1,2.
For any given A > 0, there exists a unique &; = ¢;(A) > 0 such that
k‘i — kz(l — €i)€_>\ti = Ai, 1= 1, 2.

Then lim k;e;(\) = A; and
A—0

IN

etit — qe”)‘it >k — ki(l - 61‘)67”, tis <t <t;, 1=1,2. (27)

We can see that for sufficiently small A and large enough ¢ > 1,

1 arky — b1/€2}

0 < max{e, e <<min{1, ,
{1 2} agkg a1k1

Define the continuous functions as follows:

_ eMt, t <ts, _ et 4 ger et t <1y,
t)= { ki + ke ™, t>ts, W= { ko + koe ™, t > ty,
and
Mt qezx)\lt, t<ty, et _ qey/\2t7 t <ty
o) = { bk —ee M ity o t= { ko — ko(1 — ea)e ™, ¢ > by,

where A > 0 is small enough and ¢ > 1 is large enough, which will be determined later.
Then

My :=sup (t) > ki, My :=sup(t) > ko,
teR teR

o(t),¥(t), ¢(t) and 1p(t) satisfy (A1) and (A2) and
max{t; + ¢y, te + cra} < t4 < min{0, t3}

for small enough A > 0 and large enough ¢ > 1. By the choice of v, we have A;(vA;, c) <
0,i=1,2.

Lemma 2.5. Assume that (2.6) holds. Then (¢(t),¢(t)) is a weak upper solution and
(¢(t), (1)) is a weak lower solution of (2.1), respectively.

Proof. Without loss of generality, assume o, > 0, otherwise, we only need to distinguish
them from positive, negative or zero. Define

P(¢,9)(t) = Dlz (t+ 0x) = 26(t) + (t — o1)] — e/ (1)
e MTg(t —en) - a16° () — bid()v (D),

Qg ¥)(1) = DzZ (t+ o) = 20(t) + 9 (t — op)] — et/ (t)
+age PR (E — e7o) + bag(£)(t) — astp(8).

We have two cases to verify for o(t). B
(i) For t < t3, since ¢(t £ o1,) < eMEE%) and ¢(t — crp) < eME=e) it follows that

n

P(o,9)(t) < Di) [o(t+on) = 20(t) + 6t — on)] — cd/(t) + are” " p(t — cm1)

k=1
< eAltAl(/\l,C) =0.
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(ii) For t > t3, since t3 > to + cr1, 0t £ 03) < ki + ke~ AMtEo%) and ot —crp) <
k1 + k1e~M=¢T) e have

P(o,)(t) < G_M{k‘l [Dl zn:(ekak — 24 e M) 4 c)\}

k=1
th [ale_%n T —arky (24 e ) — bikg(ea — (1 - 62)6_’“)} }
= e ML\,

I;(\) < 0 for sufficiently small A since I1(0) = 2k (b1k2 — a1k1 — bikaez) < 0 by (2.6).
For 1 (t), we also have two cases to verify.
(i) For t < t4, because of t4 — —o0 as ¢ — 0o, we have
1 (2atra
I (q) := e AL + Mt 5 0 as ¢ — oo
q

Since 1 (toy) < eX2(ER) 4 gerr2(tEor) )y (t—cmy) < e2(t=em2) fgerAa(t=cm2) and ¢(t) < eMt,
it follows that for sufficiently large g > 1,

Q6. 9)(t) < Do Z Dt +ow) = 20(t) + Dt — on)] — e (1) + aze TPt — em) + bag(£) (1)

< ge ”Azt[A2(V>\27 ¢)] + b21l1(q)] < 0.

(ii) For t > ty, since ¢(t) < k1 + ke and (t £ 04,) < kg + koe Ek) 4h(t — emy) <
ko + kge*)‘(t*“?), we have

QA1) < ”[ZD (A7 — 2+ €72 4 )

Fage 22T (bok1 — agks)(2 + e*)‘t)}
= e MI(\).

I>(X\) < 0 for sufficiently small A since I5(0) = 2ka(bok1 — agka) = —2kaaze 727 < 0.
We have two cases to verify for ¢(t).
(i) For t < t; < 0, because of t; — —o0 as ¢ — oo, we have

IRNESE="!

Iy(q) := %6(2_”)’\” + b1 (56 T nt e()‘1+”()‘2_’\1))t) — 0 as g — oo.

Since @(t & o) > eMER) — gerriltEor) gt — crp) > eMlb=em) — gerhilt=cn) and ¢(t) <
et 4 ge’ 2t it follows that for sufficiently large g > 1,

P(¢, D)) > —qe"MTAL (VA €) + (M — gerM)[—ar (eM — gerMt) — by (e 4 ge )]
> —qe" A1 (vA1, ) +m11T2(q)] > 0.

(ii) For t > t1, since ¥ (t) < ko + koe ™ and ¢(t £ 0p) > k1 — k1 (1 — e1)e ™ E%) p(¢ —
ery) > k1 — k(1 — 81)6_>‘(t_0n) by (2.7) and t; — t1, > £, we have

P(Qﬂ/_))(t) > eiAt{—kl(l —e1) [Dl zn:(e)\% —924 ef)\ok) _|_c)\} — k(1 — gl)alefmne)\cn

k=1
—alkf[—2(1 — 81) + (1 — 81)267”] — blklkg[&“l — (1 — 81)67”]}
= e MI(N).
I3(X\) > 0 for sufficiently small A since I3(0) = e1k1(a1k1 — bik2 —arkie1) > 0 by (2.6) and
g1 < a1k1—kb1k2_
alkil

For ¢ (t), we only have two cases to verify.
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(i) For t < to < 0, since Y(t £ o) > e?2(FHok) — gerA2(tEor) wh(p — cry) > erelt—er2)
ger*2(t—cm2) and P(t) < et for sufficiently large ¢ > 1, we have

Qo )(t }: Y(t+og) —P(t) + Yt — ox)] — e/ (t) + aze  P2Y(t — cr2) — a2 (t)

v

—qe'”‘Qt [AQ(V)\Q, c)+ ;26(271/))\2)&} > 0.

(ii) For t > t9, we can divide this case into two subcases: (a) to < t < max{t1,t2}, (b)
t > max{ti,t2}. In fact, if to > ¢, it only has case (b).

(a) In view of t4 — 0 as ¢ — 00, Y(t £ 0p) > ko — kao(1 — £2)e 20 (¢ — crp) >
ko — ko(1 — g9)e Mt=¢™2) by (2.7) and ty — to. > 1, it follows that

n

Q¢ ¥)(t) > — ka(1 — £2)[D2 Y _ (€% — 24 e72%) 4 cAJe™

k=1
+ qupe 122 U{ZQ — kQ(l — 82)67)\@7072)] — CLQ[kQ — kg(l — 82)67”]2
— age 1?2 Ay — a2A§ as A — 0.

Then Q(¢,)(t) > 0 for sufficiently small A > 0 since A is independent of ¢ and Ay — 0
as q — 00.
(b) we can get

Q& 0)(1) Ze M —ky(1 — £2) [ D zn:(e*ak — 2+ + o

N k=1
— ]ﬁ?g(l — 62)0426_72726)‘072 + blklkg[—(l — 81) — (1 — 82) + (1 — €1)(1 — Eg)e_M]
— ask3[~2(1 — £2) + (1 — &2)% ]}
= MIL(N).

Iy(X) > 0 for suﬂimently small A since I4(0) = egka(1—agkaca+bakie1) > 0 by aske—bok; =
age” 1272 and g9 <

a2k2

O

Define
D (g, ¢, [6,0) = {(6, ) € Clo (R, R2)(6(2), (1)) < (6(8), (1) < (8(1), (t), t € R}.

Obviously, I'([¢, ¥, [¢,%]) is nonempty.
Similar to the proofs in [8,9,11,12], we have the following lemma.

Lemma 2.6. F has the following properties:

(i) F1(g2,91)(t) < Fi(o1,¥2)(t), Fo(p1,v2)(t) < Fa(g2,11)(t) fort € R
if (¢i,hi) € Crong(R,R?) satisfy 0 < (¢a(t),v2(t) < (¢1(t),91(t) < M for
teRi=1,2:
(ii) F = (F1,Fy) : C[O’M(R,R2) — C(R,R?) is continuous with respect to the norm
|+ |u in Bu(R, 1@2% ~
(i) F(T(6, 9], [6,5]) C T(16, 91,16, 9));
(iv) F:T([¢, 9], [0, ¢]) = T([¢, 9], [¢,¢]) is compact with respect to the norm |- |,.

By Schauder’s fixed point theorem, we have the following existence result.

Theorem 2.7. Assume that (2.6) holds. Then, for every ¢ > ¢*, (1.1) has a traveling
wave solution (Pp(o -n+ ct), (o -0+ ct)) with the wave speed ¢ which connects 0 with K.
Moreover, glim (H(€)e™ME p(€)e™2) = (1,1), where £ = o -1 + .

——00
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