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1. Introduction

During the study of continuous transformation groups in the end of 19th century, So-
phus Lie found Lie algebras as a new algebraic structure. This new structure played an
important role in 19th and 20th centuries mathematical physics. (See [20, 28], for more
information). Lie theory is studying objects like Lie algebras, Lie groups, Root systems,
Weyl groups, Linear algebraic groups, etc. and some researches show its emphasis on
modern mathematics. (See [5,20] for more information). Furthermore, it is shown that
one can associate a Lie algebra to a continuous or Lie group. For example, Lazard in-
troduced a correspondence between some groups and some Lie algebras. (See [19], for
more information). So theories of groups and Lie algebras are structurally similar and
many concepts related to groups are defined analogously to Lie algebras. In this paper
we want to define the Bogomolov multipliers for Lie algebras. This concept is known for
groups and it is a group-theoretical invariant introduced as an obstruction to a problem
in algebraic geometry which is called the rationality problem. This problem can be stated
in the following way. Let V' be a faithful representation of a group G over a field K. Then
G acts naturally on the field of rational functions K (V). Now the rationality problem
or Noether’s problem) can be stated as “is the field of G-invariant functions K (V)¢ is
rational (purely transcendental) over K?” A question related to the above mentioned is
whether there exist independent variables z1, ..., z, such that K (V)¢ (1, ..., z,) becomes a
pure transcendental extension of K? Saltman in [25] give some examples of groups of order
p? for which the answer to the Noether’s problem was negative, even when taking K = C.
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He used the notion of the unramified cohomology group H2,(C(V)¢, Q/Z). Bogomolov in
[4] proved that it is canonically isomorphic to

By(G) = [ ker{res : H*(G,Q/Z) — H*(A,Q/Z)},

where A is an abelian subgroup of G. The group By(G) is a subgroup of the Schur
multiplier M(G) = H?(G,Q/Z) and Kunyavskii in [18] named it the Bogomolov multiplier
of G. Thus non triviallity of the Bogomolov multiplier leads to counter-examples to
Noether’s problem. But it’s not always easy to calculate Bogomolov multipliers of groups.
Moravec in [22] introduced an equivalent definition of the Bogomolov multiplier. In this
sense, he used a notion of the non abelian exterior square G A G of a group G to obtain a
new description of the Bogomolov multiplier. He showed that if GG is a finite group, then
By(G) is non-canonically isomorphic to Hom(By(G), Q/Z), where the group By(G) can be
described as a section of the non abelian exterior square of the group G. Also, he proved
that By(G) = M(G)/Mo(G), such that the Schur multiplier M(G) or the same H?(G, Q/Z)
interpreted as the kernel of the commutator homomorphism G A G — [G,G] given by
x Ay — [x,y], and My(G) is the subgroup of M(G) defined as My(G) =<z Ay | [z,y] =
0, z,y € G >. Thus in the class of finite groups, EO(G) is non-canonically isomorphic to
By(G). With this definition and similar to the Schur multiplier, the Bogomolov multiplier
can be explained as a measure of the extent to which relations among commutators in
a group fail to be consequences of universal relation. Furthermore, Moravec’s method
relates the Bogomolov multiplier to the concept of commuting probability of a group and
shows that the Bogomolov multiplier plays an important role in commutativity preserving
central extensions of groups, that are famous cases in K-theory. Now, It is interesting that
the analogous theory of commutativity preserving exterior product can be developed to
the field of Lie theory. In this paper, we introduce a non abelian commutativity preserving
exterior product, and the Bogomolov multiplier of Lie algebras. Then we investigate their
properties. Moreover we compute the Bogomolov multiplier for Heisenberg Lie algebras,
nilpotent Lie algebras of dimension at most 6 and complex simple and semisimple Lie
algebras.

2. Some notations and preliminaries

Let L be a finite dimensional Lie algebra. The following standard notations will be used
throughout the paper.

[.,.] the Lie bracket.

L? =[L,L] the commutator subalgebra of L.

H(m) the Heisenberg Lie algebra of dimension 2m + 1.
A(n)  the abelian Lie algebra of dimension n.

2

F
the Schur multiplier of L, such that L = I

2.1. Exterior product [8]

Let L be a Lie algebra and M and N be ideals of L. The exterior product M A N is a

Lie algebra generated by all symbols m A n, subject to the following relations
(i) A(mAn)=AImAn=mAAn,

(ii) (m+m)/\n:m/\n+m’/\n,
(iii) mA(n+n)=mAn+mAn,
(iv) [m,m'] An=mA[m',n] —m'A[m,n],
(v) m/\ [n,n] = [n,m] An—[n,m]An/,
(vi) [(m An), (m' An')] = —[n, m] A [, ],
(vii) If m = n, then m An =0,
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for all A\ € F, m,m’ € M and n,n’ € N.

2.2. Exterior pairing [8]

Let L be a Lie algebra. A function ¢ : M x N — L is called an exterior pairing, if we
have

i) h(Am,n) = h(m,An) = Ah(m,n),
(i) A(m+m',n) = h(m,n)+ h(m',n),
(iii) h(m,n+n') = h(m,n) + h(m,n’),
(IV) h([m7 m/]vn) - h(m7 [m/7 n]) + h(m/7 [na m])?
(v) h(m, o, w]) = h([n', m], n) + h([m, n], ),
(i) [, ), B!, 1)) = (i, ), o, '),
(vii) If m = n, then h(m,n) =0,

forall A\ € F, m,m' € M and n,n’ € N.

Note that the function M x N — M A N given by (m,n) — m A n is the universal
exterior pairing.

3. The commutativity preserving non abelian exterior product of Lie
algebras

In this section, we intend to extend the results of [4,6,13,14, 16, 18,22] to the theory of
Lie algebras.

Definition 3.1. Let K be a Lie algebra and M and N be ideals of K. A bilinear function
h: M x N — K, is called a Lie-By-pairing, if we have

(i) h(Am,n) = h(m, An) = Ah(m,n),

(i) A(m +m',n) = h(m,n)+ h(m',n),
(iii) h(m,n+n') = h(m,n) + h(m,n’),

(iV) h([m7 m/]vn) - h(m7 [m/7 TL]) - h(m/7 [m7 n])7
(V) h(m7 [nv nl]) = h([n/7 m]? n)— h([nv m]anl )
(Vlg h([nv m]7 [m/7 TLID = _[h(mu n)? h(mlv n' ]7

forall A\ € F, m,m' € M and n,n’ € N.

Definition 3.2. A Lie algebra Homomorphism is a linear map H € Hom(L, M) between
Lie algebras L and M, such that it is compatible with the Lie bracket, that is

H:L—M , H(sy) = [H@), Hy).
For example any vector space can be made into a Lie algebra with the trivial bracket.

Definition 3.3. A Lie-By-pairing h : M x N — L is called universal, if for any Lie-By-
pairing b’ : M x N — L', there is a unique Lie homomorphism 6 : L — L’ such that
Oh =1

The following definition extends the concept of CP exterior product in [22] to the theory
of Lie algebras.

Definition 3.4. Let L be a Lie algebra and M and N be ideals of L. The CP exterior
product M A N is the Lie algebra generated by all symbols m A n subject to the following
relations

(i) A(m An)=AIm An=m A An,
(ii) (m+m) An=mAn+m An,
(iii) mA(n+n)=mAn+mAin/,
(iv) [m,m/] An=m A [m/',n] —m’ A [m,n],
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(v) m A [n,n'] =[n';m] An—[n,m|] An,

(vi) [(m A n), (m" A n/)] = —=[n,m] A [m/,n],

(vii) If [m,n] =0, then m A n =0,
forall A\ € F, m,m’ € M and n,n’ € N.

In the case M = N = L, we call L A L the curly exterior product of L.
Proposition 3.5. The function h : M x N — M A N given by (m,n) — m A n, is a
universal Lie-By-pairing.
Proof. By Definitions 3.1, 3.3 and 3.4, the proof is straightforward. g

Theorem 3.6. Let L be a Lie algebra and M and N be ideals of L. Then we have
M AN

Mo(M,N)’

where Mo(M,N) =<mAn|meéeM, ne N, [m,n]=0>.

MAXNZ=

Proof. By using Definition 2.2, the function h : M x N — M A N given by (m,n) —
(m A n) is an exterior pairing. So it induces a homomorphism A : M A N — M A N,
given by (m An) — m A n, for all m € M and n € N. Clearly Mo(M, N) C kerh,
so we have the homomorphism h* : (M A N)/Mo(M,N) — M A N given by (m An) +
Mo(M,N) — (m A n). On the other hand, the map I* : M A N — (M A N)/My(M, N)
given by (m A n) — (m An) +My(M, N) is induced by the Lie-By-pairing [ : M x N —
(M AN)/Mo(M, N) given by (m,n) — (m An)+ My(M,N). Now it is easy to see that
h*l* =1*h* = 1. Thus [* is an isomorphism. (|

It is known that x : M x N — [M, N] given by (m,n) — [m,n] is an exterior pairing.
So for all m € M and n € N, it induces a homomorphism % : M A N — [M, N], such that
R(mAn) = [m,n]|. Moreover, the kernel of % is denoted by M(M, N). It can easily seen that
Mo(M,N) < M(M, N), thus there is a homomorphism £* : M A N/My(M, N) — [M, N]
given by m A n + My(M,N) —— [m,n|, with ker k* = M(M, N)/My(M,N). Similar
to groups, we denote M(M, N)/Mo(M, N) by Bo(M,N), and we call it the Bogomolov
multiplier of the pair of Lie algebras (M, N). Therefore, we have an exact sequence

0 — Bo(M,N) — M A N — [M, N] — 0.

In the case M = N = L, Mo(L,L) =< IAU' | ,I' € L, [I,I'| = 0 > and we denote it by
Mo(L).

It is known that the kernel of # : L A L — L? given by I Al' — [I,I'] is the Schur
multiplier of L. On the other hand My(L) < M(L) = ker &. So there is a homomorphism
k*: LAL/Mo(L) — L? given by I Al' +Mo(L) — [I,1'] and ker x* = M(L)/Mo(L). Sim-
ilar to groups, we denote M(L)/Mq(L) by Bo(L), and we call it the Bogomolov multiplier
of the Lie algebra L. So we have an exact sequence

0— Byo(L) > LAL— L*>—0.

Proposition 3.7. Let L be a Lie algebra and M, N and K be ideals of L, such that
K CMNN. Then there is an isomorphism

M/K A NJK = (M A N)/T,
where T =<mAn|meMneN,mn|eK >.
Proof. The function ¢ : M x N — M/K A N/K given by (m,n) — (m+K) A (n+ K) is
a well-defined Lie- By-pairing. Thus there is a homomorphism ¢* : M AN — M/K AN/K

with m A n—— (m+ K) A (n+ K). Clearly T C ker ¢*, so we have the homomorphism
Yp: (M AN)/T - M/K A N/K given by m A (n+T) — (m+ K) A (n+ K). On the
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other hand, the map ¢* : M/K A N/K — (M A N)/T given by (m+ K) A (n+ K) —
(m A n)+ T is induced by the Lie-By-pairing ¢ : M/K x N/K — (M A N)/T given by
(m+ K,n+ K) —— (m An)+T. One can check that, p*i) = p¢o* = 1. Thus, ¢* is an
isomorphism, and the proof is complete. ]

Now, we give the behaviour of the CP exterior product respect to a direct sum of Lie
algebras.

Proposition 3.8. Let Ly and Lo be ideals of a Lie algebra L. Then
(Ll@Lg)A (Ll@Lg) E 1 AL Ly A L.
Proof. The result obtained by using a similar way to that of [8]. O

4. Hopf-type formula for the Bogomolov multiplier of Lie algebras

Let L be a Lie algebra with a free presentation L = F/R. By the well-known Hopf
formula [8], we have an isomorphism M(L) = (RN F 2)/IR, F). Here we intend to give the
similar formula for By(L).

In the following K (F') denotes {[z,y] | z,y € F}.
Proposition 4.1. Let L be a Lie algebra with the free presentation L = F/R, then
RN F?
<K(F)NR>"
Proof. From [8], LA L = F?/[R,F] and L? = F?/(RN F?). Moreover ker & = M(L) =
(RN F?)/[R, F] and Mo(L) can be considered as the subalgebra of F/[R, F| generated by

all commutators in F//[R, F'| that belong to M(L). Thus we have the following isomorphism
for Mo(L),

By(L) =

F R _ <KF)NR>+[RF] <KF)NR>
TR (R, F] TR F

Therefore Bo(L) = M(L)/Mo(L) = RN F?/< K(F)N R > as required. O

Proposition 4.2. Let L be a Lie algebra and M be an ideal of L. Then the sequence

) L M L L/M
By(L) — BO(M) - <K(L)ynM > - 2 - (L//]M)2

Mo(L) =< K(

— 0,

15 exact.

Proof. Suppose 0 = R — F 5 L — 0 be a free presentation of L and let
T = ker(F — L/M). We have M = T/R. The inclusion maps R N F? ENY 23

TNE2S T, T L Fand F & F induce the sequence of homomorphisms
RN F? e TNE? g* T e F o e
— — —
<K(F)NR> <KF)NT > <K{F)NT >+R R+ F?

— 0. Note that T = M F_ 1L
. Note tha ~ , ~
<K(F)NT>+R <K(L)NM>"R+F?* [L?

T + F?
F L/M

~

TrF s L/ Now by using Proposition 4.1, we have
L TNF?

< RN F? <

By(L)2Z ————— and By(—) & ——————
D= kFEnas MG = kEnaTs
—RQF2 img* = ker h* = Tnr
<K(F)NnT >’ 7= < K(F)NT >+R’

. Moreover,

imf* =kerg* =

T
imh* = kerk* = T and K* is an epimorphism. Therefore, the above sequence is

exact. O
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Proposition 4.3. Let L be a Lie algebra with a free presentation L = F/R, and M be an
ideal of L, such that T = ker(F — L/M). Then the sequence

RN<K(F)NT > < ~ L MnNL?

0 = 0
T T <K(F)NR> RS LI

15 exact.

Proof. Suppose 0 — R — F' = L — 0 be a free presentation of L and let T' = ker(F —
L/M). We have M = T'/R. The inclusion maps

RN<KF)NnT>LRAF, RNFSTAFR?

and the map T N F? LN (T N F?) + R induce the sequence of homomorphisms
0_>RO<K(F)HT>£> RN F? 7, TNE? ",
<K(F)NR> <K(F)NR> <KF)NT >
(TNF?)+R
<K(F)NT>+R
<K(L)QM>:<K(F)HT>+R T F2+R:(THF2)+R'

MNL?==
7 and N Rﬂ 7 7
Therefore we have
M N L? ~ (rnR»+R)/R _ (I'NF*)+R
<KIL)NM> (<KF)NT>+R)/R  <KF)NT>+R’

Now by using Proposition 4.1, we have

— 0. It is straightforward to verify that

. RN F? < L TNF?
B(lL)E —————, By(—) = ————, d
D= xmrrs PGP kEnrs ™
, RN<K(F)NT > RN F?
* — k * — * = k h* - .
imf g <KF)NR> "~ g . <KF)NT >
Moreover h* is an epimorphism. Thus, the above sequence is exact. ]

For groups, the Schur multiplier is a universal object of central extensions. Recently,
parallel to the classical theory of central extensions, Jezernik and Moravec in [13, 14]
developed a version of extension that preserve commutativity. They showed that the
Bogomolov multiplier is also the universal object parametrizing such extensions for a
given group. Now we want to introduce a similar notion for Lie algebras.

Definition 4.4. Let L, M and C be Lie algebras. An exact sequence of Lie algebras
05 MX%C5 L—0is called a commutativity preserving extension (CP extension) of
M by L, if commuting pairs of elements of L have commuting lifts in C. A special type
of CP extension with the central kernel is named a central CP extension.

Proposition 4.5. Lete: 0 — M 2% C 5 L — 0 be a central extension. Then e is a CP
extension if and only if x(M)N K(C) = 0.

Proof. Suppose that e is a CP central extension. Let [c1,c2] € x(M) N K(C), then
there is a commuting lift (¢}, ) € C' x C of the commuting pair (7(c1), 7(c2)), such that
7(c}) = w(c1) and 7(ch) = w(c). So for some a,b € x(M), we have ¢} = c1+a, ¢y = ca+b.
Therefore 0 = [}, ] = [c1 + a,ca + b] = [c1, o). Hence x(M) N K(C) = 0. Conversely
suppose that x(M) N K(C) = 0. Choose x,y € L with [z,y] = 0, we have z = 7(c;) and
y = m(cg) for some ¢1,co € C. Therefore 7([c1, c2]) = 0. Hence [c1, 2] € x(M)NK(C) =0,
so [c1,c2] = 0. Thus the central extension e is a CP extension. O

Definition 4.6. An abelian ideal M of a Lie algebra L is called a CP Lie subalgebra of

L
L if the extension 0 - M — L — i — 0 is a CP extension.



1196 Z.A. Rostami, M. Parvizi, P. Niroomand

Moreover, by using Proposition 4.5 an abelian ideal M of a Lie algebra L is a CP Lie
subalgebra of L if M N K (L) = 0.

Now we obtain an explicit formula for the Bogomolov multiplier of a direct product of
two Lie algebras. The following lemma gives a free presentation for L; @ Lo, in terms of
the given free presentation for L and Ls. It will be used in the rest.

Lemma 4.7. ([24, Lemma 2.1]) Let Ly and Lo be Lie algebras with free presentations
Fi/Ry and Fy/Ra, respectively. Let F' = Fy x Fy be the free product of Fy and Fy. Then
0—R—F — Li®Ly — 0 is a free presentation for L1® L, where R = Ry + Ro+[Fs, F1].

Proposition 4.8. Let Ly and Lo be Lie algebras. Then
Bo(L1 @ L2) = Bo(L1) @ Bo(Lz).
Proof. By using Lemma 4.7, we have

~ (R1+R2+[F2,F1])Q(F1*F2)2
Bo(L Lo) = .
0( 1® 2> <K(Fl*Fg)ﬂ(Rl—i-RQ—i-[FQ,Fl]) >

Let F = Fy % Fy, then the epimorphism F' — F; x F5 induces the following epimorphism
o RNEF? . RinNF? o Ry N Fy?
<KF)NR> <KF1)NR > < K(F)NRy >
2+ < K(F)NR>— (z1+ < K(F1)N Ry >, o+ < K(F2) N Ry >)

where x = x1 + 9, 1 € R1 N F? and 29 € Ro N F52.
On the other hand

B

- RiNFY? o Ry N F? ., RnF?
< K(F)NRy > <K(F,)NRy> <K(F)NR>

given by
(r1+ < K(F1)N Ry >, xo+ < K(Fs))NRe >)— 2+ < K(F)NR >

is a well-defined homomorphism. It is easy to check that § is a right inverse to «, so « is an
epimorphism. Now, we show that « is a monomorphism. Let z+ < K(F)N R > € kera,
such that, z = t; + t2. So we have t; €< K(F1) N Ry > and ty €< K(F>) N Ry >. Since
ti,to E< RNK(F) >, then z €< K(F) N R >. Thus « is a monomorphism. O

5. Computing the Bogomolov multiplier of Heisenberg Lie algebras

We use the symbol H(m) for the Heisenberg Lie algebra of dimension 2m + 1. The
Heisenberg Lie algebra L is a Lie algebra such that L? = Z(L) and dim L? = 1. Such Lie
algebras are odd dimensional with basis v1,...,vo,,v and the only non zero multiplica-
tions between basis elements are [ve;_1, V2] = —[v2;, v2;—1] = v for i =1,2,...,m.

Theorem 5.1. With the above notations and assumptions Bo(H (1)) = 0.

Proof. Since H(1) AN H(1) =< v1 A vg,v1 Av,va Av >, an element w € M(H (1)) <
H(1)ANH(1) can be written as w = a1 (v1 Ava) +aa(v1 Av) +as(ve Av), for ag, ag, a3 € F.
Now, considering % : H(1) A H(1) — H(1)? with ker & = M(H (1)), we have &(w) = 0,
and hence aqlvy,va] + ag[v1,v] + agfve,v] = 0. On the other hand, [v1,v] = [v2,v] = 0,
[a1v1,v2] = aq[vi,v2] = a1v = 0. Hence vy A v,va A v, a1(vy Ave) € Mo(H(1)). Thus
w € Mo(H (1)), and so M(H(1)) € Mo(H(1)). Therefore By(H (1)) = 0. O



The Bogomolov multiplier of Lie algebras 1197

Theorem 5.2. By(H(m)) =0, for all m > 2.
Proof. We know that

H(m) =< vV1,V2,...U2m,V ‘ [ng;l,vgi] = —[’021',1)21',1] = ’U,’L' =1...m>.

We can see that

H(m) AN H(m) =< v1 Avg,v1 A3, ..., 01 AU, U2 A U3, 023 AVgy ... U2 AU,y

Vom—1 N V2m, V1 AU, ..., Vo, AU >.

Also for all 7, 1 <i < m, v; Av=1v; A [’Ugifl, 'UQZ'] = [Ugi, Ui] N Vi1 — [2}2@',1,2}1‘] A vo; = 0.
Thus H(m)AH(m) =< v1 Av2, 01 AV3, ..., V1 AV2p, V2 AV3, . .., V2 AV, -« « 3 V21 AV >

Now, for all w € M(H(m)) < H(m) A H(m), there exist ai,...x,2_9m, F1,---,Pm € F,
such that w = aj(v1 A v3) + as(vy Avg) + ... + Qomz_om(Vam—2 A Vo) + B1(vi A ve)
+B2(v3 A vg) + ... + Bm(vam—1 A Vo). Let & : H(m) A H(m) — H(m)? be given by
z Ay — [z,y]. Since K(w) = 0, we have aq[vi, v3]+az[vi, va] +. . .+ Q22 2, [V2m—2, Vom| +
Bi[vi, ve] 4+ Balvs,va] + ... + Bm[vem—1,v2m] = 0. So, (B1 + P2+ ...+ Bm)v = 0. Hence,
w = aq(v1 Avs) + (V1 Avg) 4. ..+ a2 _om (Vam—2 Avam) +01(v1 Ave —vg Avg) + B2 (vz A
Vg — U5 AVg) + ... + Bm—1(Vam—3 A Vam—2 — Vam—1 A Uas). On the other hand, [vq,v3] =
[vi,v4) = ... = [vam—2,V2m] = 0. Thus vy A v3,v1 A v4,...0V2m—2 A Vo, € Mo(H(m)).
We can see that [v; + vg,v2 + v3] = 0. So, (v1 + v4) A (v2 + v3) € M(H(m)). Hence,
v1 Avg +v1 Avg+vg Avg +vg Avg € Mo(H(m)). Thus (v1 Avg) — (v3 Avg) € Mo(H (m)).
By a same way, we have

((1)3 A U4) — (1)5 A 1)6)), ey ((’Ugm_g A Ugm_g) — (Ugm_l A ’Ugm)) S MO(H(m))

Therefore w € Mo(H(m)) and so M(H(m)) C Mo(H(m)). Hence Bo(H(m)) = 0 as
required. ]

Theorem 5.3. Let L be an n-dimensional Lie algebra with dim L?> = 1. Then By(L) = 0.

Proof. By Lemma 3.3 in [23], L = H(m)® A(n—2m—1) for some m. Now using Theorem
5.2 and Proposition 4.8, we have

Bo(L) = Bo(H(m) ® A(n — 2m — 1)) = Bo(H(m)) ® Bo(A(n — 2m — 1)).
Since Bo(H(m)) = By(A(n — 2m — 1)) = 0, the result follows. O

6. Computing the Bogomolov multiplier of nilpotent Lie algebras of di-
mension at most 6

This section is devoted to obtain the Bogomolov multiplier for the nilpotent Lie algebras
of dimension at most 6. We need the classification of these Lie algebras in [7,9]. The
following results are obtained by using notations and terminology used in [1,6,14,15].

Theorem 6.1. Let L be a nilpotent Lie algebra of dimension at most 2. Then BO(L) = 0.
Proof. Since L is abelian, its Bogomolov multiplier is trivial. U

From [9], there are two nilpotent Lie algebras of dimension 3, the abelian one, which
we denote by Lg; and L3o = H(1) with basis v,v1,v2 and the only non-zero Lie bracket
[v1,v2] = v.

Theorem 6.2. Let L be a nilpotent Lie algebra of dimension 3. Then B~0(L) =0.

Proof. L3, is abelian so By(L31) = 0. Now since L3 = H(1), the result is obtained by
using Theorem 5.1. g
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From [9], there are three nilpotent Lie algebras of dimension 4, which are isomorphic to
Ly, Lap,Lagand Lyy = Ly @1,k = 1,2 (where I is a 1-dimensional abelian ideal). L4 3
has the basis x1, x2, 3, x4, with the only non-zero brackets [z1, z2] = z3, [x1, 23] = 24.

Theorem 6.3. Let L be a nilpotent Lie algebra of dimension 4. Then Bo(L) = 0.

Proof. Using Proposition 4.8 and Theorem 6.2, we have
B~0(L47k) = B~0(L37k) D Eo(I) = 0, for k = 1, 2.

Now let L = Ly 3 =< x1,%2, 23,24 | [x1,22] = 23, [z1, 23] = 4 >, we have

o ANxy =23 N4 =0. So, L4’3 A L473 =< 21 Nxo, 1 Nx3,21 N\ Tg,T2 N\ T3 >.

Hence, for all w € M(L43) < L3 A Lg3, there exist o, g, a3, 4 € F', such that

w = ai(r1 Axa) + as(x1 Axs) + ag(x1 A xg) + ag(ze A 23). Now, considering

R :Lys ALy — L?LS given by z Ay — [z,y]. Since i(w) = 0, we have ay[z1,x2] +
aglr1, 23] + as[x1, x4 + ayfze, 23] = 0. So ayxs + asxy = 0. On the other hand, [x1,x4] =

[$27$3] = [.’EQ,[IML] = [.%'3,.%4] =0 , [041351,132] = al[xhxﬂ = az3 =0 and [CVQ.’I,'l,I'g] _
as[z1, 73] = aswy = 0. Hence (21 A xg), (x2 A x3), 1 (21 A 22), ao(z1 Axg) € Mo(Las). So
M(L473) - MO(L4,3). Thus Bo(L473) = 0. 0

From [9], the 5-dimensional Lie algebras are L5 = Ly @ I, for k =1,2,3. Where [ is
a 1-dimensional abelian ideal and

° L574 =<2y, ..., 25 | [xl,xg] = [(L‘g,l‘4] =5 >,

° L575 =<z, ..., T5 | [a;l,a;g] = 3, [1'171'3] = [.%'2,.%4] =I5 >,

° L576 =<2y, ..., T5 ’ [xl,xg] = 3, [1‘1,1‘3] = X4, [.%'1,$4] = [.732,1‘3] =5 >,
° L5’7 =L L1,y L5 ’ [xl,xg] = 3, [1'1,:6'3] = X4, [xl,m] =I5 >,

° L5’8 =L L1y, L5 ’ [.%'1,332] = X4, [1'1,:(}3] =5 >,

o L5g =< wy,..., x5 | [11,72] = 23, [11, T3] = 14, [12, 23] = 25 > .

Theorem 6.4. Let L be a nilpotent Lie algebra of dimension 5. Then B~0(L) # 0 if and
O’I’Lly Zf L= L5’6‘

Proof. Using Theorem 6.3 and Proposition 4.8, B~0(L571) = B~0(L572) = Bo(Lg)’g) =0.
Let L = Ls 4, one can see that

L5y NLsg=<x1 ANx2,21 NT3,T1 N\ T4, T2 N T3, T2 N\ Ty, T3 N Ty > .

Hence for all w € M(Ls4) < Ls4 A Ls 4, there exist aq,aq,...,as € F, such that w =
a1 (.%1 AN .1‘2) + 042(33‘1 AN 1‘3) + 043(.1‘1 A ac4) + 064(1‘2 VAN $3) + 045(3}2 A 33‘4) + 066($3 A .1‘4).

Since £(w) = 0, we have aq[z1,x2] + aofz1, z3] + as|x1, x4 + auf[ze, x3] + as[re, 4] +
aglrs, 4] = 0. Thus (a1 +ag)rs = 0 and o +ag = 0. Hence w = ag ((z1Az2) — (x3A24))+
ag(x1 Nws) +as(xy Axy) +ag(zo Axs) +as(ze Axy). We can see that [x1 + x4, 22+ 23] = 0,
so (1 +z4) A (2 + 23) € Mo(Ls4). Hence (z1 Ax2) + (21 Ax3) + (za Ax2) + (za A x3) €
Mo(Ls,a), so (x1 Axza) — (23 Axg) € Mo(Lsa). Also we know (21 A x3), (€1 Axa), (T2 A x3)
and (z2 A x4) € Mo(Lsa). Therefore w € Mo(Ls4) and M(Ls4) € Mo(Ls4). Thus
Bo(L574) =0.

Let L = Lsp, it can be shown that

L575 A L575 =< X1 N2, T1 NT3,T1 NTyg,To N x3,T9 N\ Ty, T3\ Ty > .

Hence for all w € M(Lss) < Ls5 A Ls 5, there exist aq,an,...,a6 € F, such that w =
aq(z1 A x2) + as(xy) A xs) + ag(z1 A xg) + ag(xa A xsg) + as(xe A xg) + ag(zs A xg).

Since #(w) = 0, we have ai[ry,za] + aslz1, w3] + aslz1, xa] + au|re, x3] + aslre, 4] +
aglxs,xg] = 0. Thus ajzs + (e + as)zs = 0, and a3 = ag + a5 = 0. Hence w =
ar(z1 A xg) + ao((z1 A xg) — (2 A xg)) + az(z1 A xg) + a2 A 23). On the other hand
[x1, 24] = [z2, 23] = [a121, 22] = a1]z1, 2] = @123 = 0. So (21 Axy), (xaAx3), a1 (21 AX2) €
Mo(Ls5). We can see that [x1+xo+x3, 21 +x2+24] =0, S0 (z1+x2+23) A (T1+22+24) €
MO(L575). Hence (z1 Axg) + (xa Axg) + (x5 A1) + (23 Ax2) + (23 A 2g) € Mo(L575) and
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(561 A 1‘3) — (132 A 554) S Mo(L575). Therefore M(L575) - MO(L575)7 and hence B~0(L575) =0.
Similarly, Bo(Ls,7) = Bo(Ls,s) = Bo(Ls9) = 0.
Let L = L5, we obtain that

L5,6 VAN L5’6 =< 21 N2, 1 NT3,T1 NTg,T1 N\ T5,T3 N\ X3,T2 \T5 > .

Hence for all w € M(Lsg) < Lsg A L5 there exist a1, a9,...,a6 € F, such that w =
a1 (1’1 AN .1‘2) + ag(xl VAN J}3) + 043(.1‘1 A $4) + 044(1'1 A 1'5) + Oz5(.%'2 A xg) + 046(1'2 A .%‘5).

Since £(w) = 0, we have aq[z1,x2] + aofz1, x3] + as|x1, x4 + aulz1, x5] + as[xe, z3] +
aglre,x5] = 0. Thus ajx3 + aszrs + (a3 + as)zs = 0. Therefore ayzs = asry = (ag +
as)rs = 0. On the other hand, [aix1,x2] = ai[z1,z2] = ayzs = 0 and [z, z3] =
Oé2[.1‘1,$3] = agxq4 = 0. So 041(1'1 A .272),052(.1‘1 A .%'3), (561 N $5), (xg AN .T5) S Mo(L{),G). Thus
w = az(x1 Axg—x2Aw3)+0, where w € Mo(Ls ). Let B be a generating set for Mo(Ls 6),
then M(L&G) =< B, x1Ax4—z9Nx3 >. Hence dim B~0(L576) =1. So B~0(L576) = A(l) ]

From [9], the 6-dimensional Lie algebras are Lg = L5 @ I, for k=1,...,9 where [ is a
1-dimensional abelian ideal and

L4 L6,10 =< X1, ..., L6 ’ [$1,$2] = T3, [xlax3] = Te, [.’I,'4,LU5] = Tg >,

o Lg11 =< x1,..., %6 | [T1,22] = 3, [x1, 23] = 24, [T1, 24] = [22, 23] = [72, T5]
= Tg >,

o Lg12 =< 21, ..., 06 | [11, 2] = 23, [21, 73] = T4, [71, 24] = [72, 25] = 76 >,

o Lg13 =< x1,...,%6 | [T1,22] = 3, [x1, 23] = [w2, 24] = 5, [21, T5] = [73, 74
= Tg >,

o Lg1y =< x1,..., %6 | [T1,22] = 23, [21, 23] = 24, [T1, 24] = [22, 23] = 5,
(72, 25] = w6, [23, 14] = —16 >,

o Lg15 =< x1,...,%6 | [T1,22] = 23, [21, 23] = 24, [T1, 24] = [22, 3] = 5,
(21, 25] = [22, 24] = 26 >,

o Lgi6 =< x1,....,%6 | [x1,22] = a3, [21, 23] = 24, [21, T4] = @5, [22, 5] = ws,
[z3, 74] = —26 >,

o Lgi7 =< x1,..., %6 | [x1, 2] = x3, [21, 23] = 24, [21, T4] = @5, [71, 5] = [22, 3]
= Tg >,

L] L6,18 =L T1,y...,Tg ’ [a:l,xg] = I3, [:L‘1,$3] = T4, [x1,334] = Is, [xl,l‘g,} = Tg >,

° L6719(6) =< 1y .-, L6 ‘ [Il,ajg] = T4, [xl,:cg] = s, [.752,$4] = Tg, [1‘3, $5] = €xg >,

° L6720 =<2y, ..., T ’ [a;l,xg] = X4, [:L’l,l‘g] = s, [x1,x5] = [1’2,1’4] = Tg >,

[ ] L6721(6) =L T1y.ey T ‘ [5171,1'2] = I3, [xl,xg] = T4, [332,:1,’3] = Is, [:Iil, .1:4] = T¢,

[1’2,:115] = €xg >,

L&QQ(G) =L T1y...y T ‘ [371,3:2] =I5, [:cl,xg] = T¢, [$2,:L’4] = €X¢, [x3,$4] = XI5 >,

° L6723 =<2y, ..., T ’ [2?1,1'2] = 3, [xl,xg] = [xg,m] = s, [1'1,1'4] = Tg >,

® L6724(6) =L T1y...y Lp ‘ [1'1,.%'2] = I3, [xl,a;g] = [1‘2,1‘4] =I5, [.%'1,.%'4] = €T¢,
[z2, 73] = 26 >,

° L6’25 =L T1,..., L6 ’ [371,:6'2] = 3, [.%'1,.%3] = Ts, [.%‘1,3?4] = Tg >,

[} L6,26 g< T1y..ey LT ’ [1’1,.7}2] = T4, [.%'1,.%3] =I5, [.%‘2,1‘3] = Tg > .

Theorem 6.5. Let L be a nilpotent Lie algebra of dimension 6. Then BO(L) % 0 if and
only if L is isomorphic to one of the Lie algebras Le s, Le13, Le14, Le 15, Le22(€) where
€ Z 1, L6723 and L6’24(€) where € 7& 1.

Proof. Using Proposition 4.8 and Theorem 6.4, BO(LM) = BO(L672) = BO(L6,3) =
Bo(LﬁA) = BO(L675) = Bo(Lﬁj) = BO(LG}g) = BO(LG}Q) :9 and Bo({zﬁﬁ) 7£ 0 AISO simi-
lar to the calculations in Theorems 6.3 and 6.4, we have By(Le13), Bo(Le,14), Bo(Le 15),

Bo(Lg,23) # 0 and Bo(Ls22(€))(€ = 0), Bo(Ls 24(¢))(e = 1), Bo(Lg,10), Bo(Ls,12),
By(Ls,16), Bo(Le,17), Bo(Le,18), Bo(Le,20), Bo(Ls,25), Bo(Le,26) = 0.
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Let L = Lg 11, one can compute that
L6711/\L6711 =< 1N\T2, T1NT3, TINT4, TINT5, ToNL3, LaN\T4, T2N\T5, T3NT4, TINT5, TaA\T5 > .

Hence for all w € M(Lﬁ}ll) < Lﬁ,ll A L6’11, there exist aq,ao,...,a19 € F, such that
w = ag(z1 A x2) + as(x1 A z3) + ag(z1 A x4) + aa(zr A z5) + as(ze A x3) + ag(za A
x4) + az(za A x5) + ag(zs A z4) + ag(xs A x5) + aro(za A x5). Since F(w) = 0, we
have ai[x1, x2] + aslz1, 3] + aslz1, Ta] + cuz1, 5] + as(x2, 3] + aslre, T4] + ar[z2, 5] +
aglrs, x4] + aglzs, x5] + aio[za, 5] = 0. Thus ayx3 + awxy + (a3 + as + ar)xg = 0, and

a1 =ag = az+as+ar =0. Hence ay = —a3z — as, so w = ag(x1 Axg —xa ANxs5) + ag(z1 A
x5)+as(raArs—xoAxs)+ag(raAxs) +ag(rsAzy)+ag(x3Axs)+aro(zsAxs). On the other
hand [x1,x5] = [x2, 24] = [23, 4] = [23,25] = [24,25] = 0. So (1 A x5), (x2 A 24), (3 A

x4), (xg Axs) and (x4 Axs) € Mo(Le11). We can see that [x1 + x2 + 25,21 + 22+ 24] = 0,
so (x1+xa+x5) A (21 + T2+ 24) € MO(LG,H)- Hence (x1 Axqy—xz2 A T5) € MO(LG,H)- Also
[SEQ +l’5,l’2+$3] =0, so ($2 NT3—To /\1'5) S MO(LG,H)- Therefore M(L&H) - MO(LG,H),
and B~0(L6711) = 0.

Let L = Lg19(€) where € > 0, we can write
L6719(6) A L6’19(€) =< 21 Nx2, 21 N3, L1 NXg, X1 NT5,T2 N X3, T2 NTy, T3 \N2Tyg, T3 \NT5 > .

For all w € M(Lg19(€)) < Le19(€) A Le19(€), there exist aj,aq,...,az € F, such that
w = ai(r1Axg)+as(x1 Axs)+ag(x1 Axy) +ayg(zi Azs) +as(ze Axs) +ag(aAxg) oz (3 A
x4) +ag(xs Axs). Since R(w) = 0, we have aq[x1, xo| + aslz1, 3] + az[x1, x4] + ayfz1, 5] +
aslze, 23] + aglre, x4] + arlrs, x4] + as[rs, x5] = 0. Thus ayx4 + asxs + (g + eag)xg = 0,
and a; = ay = ag + eag = 0. Hence w = ag(x; A z4) + au(x1 A 25) + as(za A
x3) + ar(xs A xa) + asg((x3 A x5) — €(z2 A x4)). Also, [z1,24] = [x1,25] = [22, 23] =
[z3,24] = 0. So (1 A z4), (z1 A 5), (X2 A x3), (3 A 2a) € Mo(Ls,19(€)). We can see that
(x5 + exg+ x4, x3+€xa+ 5] = 0, 50 (w3 +€x2+24) A (23 +€x2+25) € Mo(Lg,19(€)). Hence
(z3 Aws) +e(za Aws) + (za Aas) +e(za Awa) + (24 Aws) € Mo(Le,19(€)). Thus (z3Aas) —
6(%‘2 A $4) S Mo(L&lg(e)). Therefore M(Lﬁ’lg(f)) - MO(L&IQ(E)), and BO(Lﬁ,lg(ﬁ)) = 0,
where € > 0. Similarly Bo(Lg21(¢)) = 0, where € > 0.

For L =2 Lg 22(€¢) where € > 1, we have

L&QQ(G) AN L6722(€) =< 21 NT2, L1 \NT3,T1 NTq,T1 N\ Tg, T2 N\NX3, T2 NTyg,T3 \NTy,T3/N\T5, T3 N\
Tg, Ty N\ Tg >.

Now for all w € M(Lg 22(€)) < Lg22(€) A Lg22(€), there exist ai,as,...,a19 € F, such
that w = aq(z1 A 22) + ao(z1 A z3) + as(xr A zg) + ag(x A xg) + as(za A x3) + ag(za A
xg) + az(xs A x4) + ag(zs A x5) + ag(xs A x6) + aro(za A x6). Since F(w) = 0, we
have ai[x1, x2] + aslz1, 3] + aslz1, xa] + cuz1, x6] + 5|22, 3] + aslre, T4] + arzs, 24] +
aglrs, x5] + aglrs, x6] + a10[xa, z6) = 0. Thus (a1 +a7)zs + (ag + eag)rg = 0, s0 a7 = —aq
and ay = —eag. Hence w = ai(x1 A xo — 23 A x4) + as(x1 A 24) + sz A z6) +
045(1'2 N xg) + 046(1‘2 N xyq — e(xl VAN $3)) + 048(.%‘3 AN .%'5) + 049(173 VAN .7}6) + 0610(.7,'4 AN .%'6). On
the other hand [r1,x4] = [x1,26] = [x2,23] = [z3,25] = [v3,26] = [T4,26] = 0. So
(x1 A zg), (x1 ANxe), (T2 A x3), (3 Axs), (€3 A zg) and (z4 A z6) € Mo(Le 22(€)). Thus w =
ar(z1 Aza—x3Axg) +og(ze Ay —e(x1 Ax3))+w, where w € Mo(Lg22(€)). Let B be a gen-
erating set for Mo (L 22(€)), then M(Lg 22(€)) =< B, x1Aza—x3Ax4, o Axg—€(T1AT3) >.
Hence dim B~0(L6722(€)) > 2. So BN()(LGQQ(E)) 75 0.

Let L = Lg24(€) where € # 1, we can compute

L6724(6) AN L6724(6) =< X1 NT2, L1 \NT3,T1 NTq, Lo N\NT3, T2 \NT4, T N\T5,T2 \Tg, T3 /N\Tyg, Ty N\
T5,Tqa N\ Tg >.

So, for all w € M(Lg24(€)) < Lg2a(€) A Lg24(€), there exist aq,an,...,a19 € F, such
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that w = ag(z1 A x2) + ae(x1 A x3) + az(z1 A zq) + ag(xe A x3) + as(xa A x4) + ag(z2 A
x5) + ar(ze A x6) + ag(xs A x4) + ag(xg A x5) + a10(zs A x6). Since &(w) = 0, we have
aq[z1, mo]tas|wy, T3|tas|ry, va]+aulre, v3]+as|va, Ta|tag|re, 5| +ar]re, v6]+as|rs, Ta]+
aglxyg, x5]H+ai0[xg, 6] = 0. Thus ayz3+(aetas)rs+(asteas)rs = 0,50 a1 = 0,5 = —ao
and ay = —eag. Hence w = ag(x1 A x3 — 22 A xq) + as(x1 A xg — €(x2 A x3)) + ag(za A
x5) + az(x2 A xg) + ag(zs A x4) + ag(xg A x5) + agp(xg A xg). Also we have, [x9,x5] =
(2, x6] = [x3, 4] = [x4,25] = [24,26] = 0. So (x2 A x5), (x2 A xg), (3 A 24), (x4 A z5) and
(a:4 A xﬁ) € Mo(L6724(6)). Thus w = 042(331 ANx3 — T N LI?4) + Oé3(.731 NTyg— 6(%2 A .Tg)) + w,
where w € Mo (Lg24(€)). Let B be a generating set for Mo(Lg 24(€)), then M(Lg24(€)) =<
B, x1Ax3—xa Ay, 1 Axg—e(x2A23) >. Hence dim By(Lg24(€)) > 2. So Bo(Lg24(€)) # 0.

If e = 1, we have a3 + (g + as)zs + (g + az)zg = 0, so a3 = 0,5 = —ag and
ay = —ag. Hence w = ag(z1 Axs —xa Axy) +as(xy Axg — 2o Axs) +ag(xe Axs) + az(za A
x6) + ag(x3 A xy) + ag(xg A z5) + a10(x4 A zg). On the other hand [z1 + x2 + x4, 21 + 2 +
x3], [T1+z2+x3, 21+ 22+24] = 0. So (z1 Ax3—22A\Ta), (T1 ATs— 22N T3) € Mo(Lg 24(€)).
Therefore M(L6724(6)) g Mo(LG’M(G)), and BO(L6724(€)) = 0, where € = 1. O

One of the important results on the Schur multiplier of Lie algebras was presented by
Moneyhun in [21]. He showed that for a Lie algebra L of dimension n, dimM(L) =
n(n —1)/2 — t(L), for some t(L) > 0. His results suggest the interesting question, ‘’can
we classify Lie algebras of dimension n by ¢(L)?” The answer to this question can be
found for ¢t(L) =1,...,8in [3,11,12,21]. On the other hand, from [23], we have an upper
bound for the dimension of the Schur multiplier of a non abelian nilpotent Lie algebra
as dAimM(L) = n(n — 1)(n — 2)/2 4+ 1 — s(L), for some s(L) > 0. Hence by the same
motivation, we have the analogous question for classification of L according to the values
of s(L). It seems that classifying nilpotent Lie algebras by s(L) helps to the classification
of Lie algebras in term of t(L). (See for instance [23]). Now, according to this classification,
we will investigate the Bogomolov multiplier for some Lie algebras.

Theorem 6.6. Let L be an n-dimensional nilpotent Lie algebra with s(L) = 1. Then,
By(L) = 0.

Proof. Since s(L) = 1, by Theorem 3.9 in [23], L & L 4. So Bo(L) = 0. O

Theorem 6.7. Let L be a n-dimension nilpotent Lie algebra and t(L) < 6. Then, By(L) =
0.

Proof. By Theorem 3.10 in [23] and Proposition 4.8, By(L) = 0. O

Theorem 6.8. Let L be an n-dimensional nilpotent Lie algebra with s(L) = 2 and
dimL? = 2. Then By(L) = 0.

Proof. By Theorem 4.3 in [23], L & Ly3 or L = Ly 4 ® A(1). Thus By(L) = 0. O

7. The Bogomolov multipliers of complex simple and semisimple Lie al-
gebras

A simple group is a group with no non-trivial proper normal subgroup. The classification
of finite simple groups is a major milestone in the history of mathematics. On the other
hand with the help of the Jordan-Holder Theorem, a finite group can be written as a
certain combination of simple groups. Also, in contrast to the classification of finite
simple groups, the classification of simple Lie groups is simplified by using the manifold
structure. In particular every Lie group has an dependent Lie algebra and in this regard,
some authors have also gained some results. For example, Bosshardt showed that a Lie
group is simple if and only if its Lie algebra is simple. (see [5,20,26] for more information).
Theories of groups and Lie algebras are structurally similar, and many concepts related to
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groups, there are analogously defined concepts for Lie algebras. Eventually, this subject
reduces the problem of finding simple Lie groups to classifying simple Lie algebras. In
this section we obtain the Bogomolov multipliers of complex semisimple Lie algebras and
complex simple Lie algebras.

Definition 7.1 ([10]). A Lie algebra L is called semisimple if the only commutative ideal
of L is 0.

For example a 0-dimension Lie algebra, the special linear Lie algebra, the odd-dimension
special orthogonal Lie algebra, the symplectic Lie algebra and the even-dimension special
orthogonal Lie algebra for (n > 1) are semisimple.

Definition 7.2 ([10]). A Lie algebra L is simple if it has no ideals other than 0 and L,
and it is not abelian.

Theorem 7.3 ([27]). A Lie algebra L is semisimple if and only if L = &;L;, for simple
Lie algebras L;.

We can therefore view a semisimple Lie algebra L as a direct sum of simple Lie algebras
L;, which have only 0 and L; for their ideals. In particular, every simple Lie algebra is
also semisimple.

Batten in [2] (Example 2 of Chapter 2), showed that any semisimple Lie algebra over
a field of characteristic 0 has a trivial Schur multiplier. Also we know the Bogomolov
multiplier is subalgebra of the Schur multiplier, so these semisimple Lie algebras have
trivial Bogomolov multipliers. Therefore all simple Lie algebras over a field of characteristic
0 have trivial Bogomolov multipliers.

In this section, considering the classification of simple complex Lie algebras Cartan
[5], we will show that the Bogomolov multipliers of an arbitrary complex semisimple Lie
algebra is trivial. Using our computational method as used in Theorems 5.1, 5.2, 6.3, 6.4
and 6.5. Note that this result is a special case of results of Batten [2] (the Example 2 of
Chapter 2), but it is worthy to state it here because we prove it by using computations
on the Bogomolov multiplier regardless of its relation with the Schur multiplier.

In the following, E;; denotes the matrix with 1 at the intersection of the i-th row
and the j-th column and 0 everywhere else. The Lie bracket of E;; and Ej,; is given by
(Eij, B = EijEy — EnEij = 0By — 0uEy;.

Theorem 7.4. Fvery following semisimple Lie algebra over C, has trivial Bogomolov
multiplier.

(i) Si(n+1,C),

(ii) So(2n+1,C),

(iii) Sp(n, C),

(iv) So(2n C),n>2.

Proof. Let L be a special linear Lie algebra Sl(n + 1,C). From [17], Sl(n+ 1,C) has the
basis Dj;41, E;;j such that D;; = E;; — Ejj. So for j #4=1...n, we have

Sl(n +1,C) =< Djiy1, Eij | [Diiy1, Div1ive] = Diige, [Diiv1, Eig] = 2B 5 j = i+
1, [Diit1, Eijl = Eij ; j #i+ 1> mod My(Sl(n+ 1,C)). We can see that

Sl(n + 1, C) AN Sl(n +1, (C) =< Djit1 N Div1ig2, Diig1 A Eij > mod Mo(Sl(n + 1, C))

Now for all w € M(Sl(n +1,C)) < Sl(n +1,C) A Sl(n + 1,C), there exist a4, 55 € C,
i,j=1.n+1and @ € My(Sl(n+ 1,C)), such that

n n
w=> ai(Diit1 A Dipris2) + Y Bij(Diis1 A Egj) +
: ij=1
Since #(w) = 0, we have 37" ;[ Djit1, Dittive] + 227 =1 Bij[Dii+1, Eij] = 0. Now if j =
i+1, then 37" i Dijyo + 3271 2Bi By = 301 i( By — Eigoiy2) +23°7 1 BiEiiv1 = 0. So



The Bogomolov multiplier of Lie algebras 1203

foralli=1.n,a;,=p5;=0. If § 75 i+ 1, then Z?:laiDii+2+Zz‘j:1’i<‘jﬂi’jEij = 0. So for
all 4,7, a; = Bi; = 0. Hence w € Mo(Sl(n+1,C)) and M(Sl(n+1,C)) € Mo(Sl(n+1,C)).
Therefore By(Sl(n+1,C)) = 0.

Let L be one of the odd-dimension orthogonal Lie algebra So(2n + 1,C). From [17],
So(2n + 1,@) has the basis H;, Ki:t, Liji, Miji such that D;; = E;; — Ej; (1 <i#
j<2n+1), H = /=1Dgi_12; (i = 1,...,n), K;* 1= Dai_19p41 £ v/—1Dajony1 (i =
1,.,n), Lyt = (Daj_12j-1 — Dainj) £ v—1(Da2i—12j + Daij—1) (1 < i < j < n),
M;;* = (Dai—12; — Daiaj—1) £ V—1(Dai—12j—1 + Daij) (1 < i < j < n). Also we
have [H;, K;*] = /=1Doyi12; £ Doi—12n41, [Hi, LijT] = —v/=1Dgj_19; & Dai_12j-1,
[Hi, M;; %] = —/=1Dg;_19j-1 £ D195, [K; %, Lijt] = [K;®, My;*) = (L, My = 0.
So in mod Mg(So(2n + 1,C)), can be see that

So(2n + 1,C) =< H;, K;/*, Lij*, My™ | [H;, K], [H;, L™, [H;, My*] >
and in mod Mgy(So(2n +1,C)), So(2n+1,C) A So(2n+1,C) =
< H; NK;®, Hy A Lij=, Hi A M= >=< Da;_12; A Daiai1, D2i—12i A Danj > .

Now for all w € M(So(2n+1,C)) < So(2n+1,C) A So(2n + 1,C), there exist ay, a0 € C
and W € Mo(SO(Q’I’L—F 1, (C)), such that w = al(Dgiflzi /\D212n+1) +052(D2i712i/\D2i2j) + .
Since &(w) = 0, we have a1 [Da;—12;, Dajont1]+a2[Dai—12i, D2ioj] = a1 D2i—12n41+02Dai—12;
= a1 (Ezi—12n+1 — Eant12i-1) + aa(E2i—12j — Egjzi-1) = 0. Thus oy = ap = 0. Hence
M(So(2n +1,C)) € My(So(2n + 1,C)), so By(So(2n + 1,C)) = 0.

Let L be an even-dimension orthogonal Lie algebra So(2n,C). From [17], So(2n,C)
has the basis H;, L=, M;;, such that D;; = Ejj — Ej; (1 < i # j < 2n+ 1),
Hi:=/=1Dg;_19; (i = 1,...;n), Li;= 1= (Dai—12j—1—Dai2j)£v/—1(Dai—12j+Dajaj—1) (1 <
i <j<n), Mij* = (Dai—12; — Daizj—1) £ V—=1(Dai—12j—1 + Daizj) (1 < i < j <n). Also
we have [Hz,Llj]:] = —/—1Dg;_19j & Do; 1251, [Hz,Mlij] = —V—1Dg; 1251 £ Dg; 125,
+ art

[L;, M;;] = 0. Thus

SO(QTL, C) =< Hi,Lij:t,Mi‘:t ’ [HZ, Lij]a [HZ, Ml]] > mod MQ(SO(2TL, C))
We can write

So(2n,C) A So(2n,C) =< H; A Lij=, Hi A Myt > mod Mo(So(2n, C)).

Now for all w € M(So(2n,C)) < So(2n,C) A So(2n,C), there exist aj,as € C and
W € Mo(So(2n, C)), such that w = oy (H; A LijF) + ag(H; A M) + 0. Since &(w) = 0,
we have aq[H;, Lij¥| + ao[Hi, My *] = a1 (—v/—1Dai_12j£Do;_12j-1)+
ag(—ﬁDQi_lgj_liDgi_lgj) = 0. Thus a1 = g = 0. Hence

M(So(2n,C)) € My(So(2n,C)), so By(So(2n,C)) = 0.

Let L be a symplectic Lie algebra Sp(n,C). From [17], Sp(n,C) has the basis H;, Xjj,
Yija Zi]’, UZ', ‘/Z', such that HZ = E“ — EnerJri (1 E ) S n), Xij = Eij — EnJrjnJri (1 S
i #j<n),Yy =FEpnj+Eny 1 <i<j<n) Ziy:=FEij+Eupy (1 <0<
j < n), Uz = in+i (1 < ) < n), and ‘/z = n—+ii (1 < 7 < n) Since [Xijyifij] ==
2Bin+is [Xij, Zi) = —2Enyjj, [Xij, Vil = —Envij— Entjis [Yig, Zij] = Eu+Ejj, [Yi5, Vil =
—Enyintjt+Eji, [Zij, Uil = —Eij+ Eng jni, [Ui, Vi] = By, [Xij, U] = [Yi;, U] = [Z35, Vi] =
0, [Hi, Xij] = —Enyjntir [Hi,Yij] = Einyj— Ejnyis [Hi, Zij] = —Enqij — Eng i, [Hi, U] =
2Fin+; and [H;, V] = —2E,,4;, we have

Sp(n,C) =< H;, X5, Y55, Zij, Ui, Vi | [Xij, Yis, [ Xej, Zij), [Xij, Vi, [Yig, Zig), [Yig, Vi, [ Z4g, Uil
’ [UZ7 ‘/Z]v [Hiinj]a [H%Y;j]? [Hiv Zij]? [Hi7 Ul]? [Hiv VZ] > mod Mo(Sp(n, C))
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We can write
Sp(n,C) A Sp(n,C) =< X5 ANYij, Xij A Zij, Xij AN Vi, Yig N Zij, Yi ANV, Zi AU,
U NV, Hy A Xij, H; N\ }/ijv H; N\ Zz'j; H,ANU;,H;\NV; > mod Mo(Sp(TL,C))
By using a similar method, the result follows. O

Since So(2,C) is commutative, its Bogomolov multiplier is trivial. Therefore, we have

Corollary 7.5. Following complex Lie algebras, have trivial Bogomolov multipliers.
(i) Si(n+1,C),
(ii) So(2n+1,C),
(iii) Sp(n,C),
(iv) So(2n,C).

Complex simple Lie algebras have been completely classified by Cartan [5]. They are
classified into four infinite classes with five exceptional Lie algebras.

Theorem 7.6 ([10]). Every simple Lie algebra over C is isomorphic to precisely one of
the following Lie algebras
(i) Slln+1,C) , n>1,
(ii) So(2n+1,C) , n > 2,
(iii) Sp(n,C) , n >3,
(iv) So(2n,C) , n >4,
(v) The exceptional Lie algebras G , Fy , Eg , E7 and Eg.

Knapp in [17] showed that the five exceptional Lie algebras Ga, Fy, Eg, E7, Es have
dimensions 14, 52, 78,133 and 248, respectively.

Theorem 7.7. FEvery complex simple Lie algebra has a trivial Bogomolov multiplier.

Proof. By using Theorems 7.4 and 7.6, all complex simple Lie algebras in (i), (ii), (iii)
and (iv) have trivial Bogomolov multipliers. Also we know any simple Lie algebra is
semisimple. Thus the Example 2 of Chapter 2 in [2] showed that the exceptional Lie
algebras Gy , Fy , Fg , E7 and Eg have trivial Bogomolov multipliers. ]
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