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Abstract
A simple graph G = (V, E) admits an H-covering if every edge in E belongs to at least
one subgraph of G isomorphic to a given graph H. The graph G admitting an H-covering
is (a, d)-H-antimagic if there exists a bijection f : V ∪ E → {1, 2, . . . , |V | + |E|} such that,
for all subgraphs H ′ of G isomorphic to H, the H ′-weights, wtf (H ′) =

∑
v∈V (H′) f(v) +∑

e∈E(H′) f(e), form an arithmetic progression with the initial term a and the common
difference d. Such a labeling is called super if the smallest possible labels appear on the
vertices. In this paper we prove the existence of super (a, d)-H-antimagic labelings of fan
graphs and ladders for H isomorphic to a cycle.
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1. Introduction
Let G = (V, E) be a finite simple graph. An edge-covering of G is a family of subgraphs

H1, H2, . . . , Ht such that each edge of E belongs to at least one of the subgraphs Hi,
i = 1, 2, . . . , t. Then it is said that G admits an (H1, H2, . . . , Ht)-(edge) covering. If every
subgraph Hi is isomorphic to a given graph H, then the graph G admits an H-covering.
A bijective function f : V ∪ E → {1, 2, . . . , |V | + |E|} is an (a, d)-H-antimagic labeling of
a graph G admitting an H-covering whenever, for all subgraphs H ′ isomorphic to H, the
H ′-weights

wtf (H ′) =
∑

v∈V (H′)
f(v) +

∑
e∈E(H′)

f(e)

form an arithmetic progression a, a + d, a + 2d, . . . , a + (t − 1)d, where a > 0 and d ≥ 0 are
two integers, and t is the number of all subgraphs of G isomorphic to H. Such a labeling
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is called super if the smallest possible labels appear on the vertices. A graph that admits
a (super) (a, d)-H-antimagic labeling is called (super) (a, d)-H-antimagic. For d = 0 it is
called H-magic and H-supermagic, respectively.

The H-supermagic graphs were first studied by Gutiérrez and Lladó [10] as an extension
of the edge-magic and super edge-magic graphs introduced by Kotzig and Rosa [14] and
Enomoto et al. [9], respectively. Lladó and Moragas [15] studied the cycle-(super)magic
behavior of several classes of connected graphs. Further results on H-supermagic labelings
are available in [18–21].

The (a, d)-H-antimagic labeling was introduced by Inayah et al. [11]. In [12] the super
(a, d)-H-antimagic labeling for some shackles of a connected graph H was investigated.
In [22] it was proved that wheels Wn, n ≥ 3 are super (a, d)-Ck-antimagic for every
k = 3, 4, . . . , n − 1, n + 1 and d = 0, 1, 2.

The (super) (a, d)-H-antimagic labeling is related to a super d-antimagic labeling of type
(1, 1, 0) of a plane graph, that is the generalization of a face-magic labeling introduced by
Lih [16]. A labeling of type (1, 1, 0), that is a total labeling, of a plane graph is said
to be d-antimagic if for every positive integer s the set of weights of all s-sided faces is
Ws={as, as + d, as + 2d, . . . , as + (fs − 1)d} for some integers as and d ≥ 0, where fs is
the number of the s-sided faces. Note that, we allow different sets Ws for different s. The
weight of a face under a labeling of type (1, 1, 0) is the sum of labels of all the edges and
vertices surrounding that face. If d = 0 then Lih called such labeling as magic [16] and
described magic (0-antimagic) labelings of type (1, 1, 0) for wheels, friendship graphs and
prisms. For further information on super d-antimagic labelings, we refer to [1, 3, 6].

For H ∼= K2, a (super) (a, d)-H-antimagic labeling is also called a (super) (a, d)-edge-
antimagic total labeling, introduced in [23] and further studied in [5, 17]. The vertex
version of these labelings for generalized pyramid graphs is given in [2].

The existence of super (a, d)-H-antimagic labelings for disconnected graphs is studied
in [7]. In [4] it is shown that the disjoint union of multiple copies of a (super) (a, 1)-tree-
antimagic graph is also a (super) (b, 1)-tree-antimagic. This leads to a natural question.
Whether the similar result holds also for other differences and other H-antimagic graphs.

A fan graph Fn, n ≥ 2, is a graph obtained by joining all the vertices of the path Pn to
a further vertex, called the centre. The vertices on the path are called path vertices, the
edges adjacent to the central vertex are called spokes and the remaining edges are called
path edges. Thus Fn contains n + 1 vertices, say, v1, v2, . . . , vn+1, and 2n − 1 edges, say,
vn+1vi, 1 ≤ i ≤ n, and vivi+1, 1 ≤ i ≤ n − 1.

A ladder Pn2P2, n ≥ 2, is a Cartesian product of a path on n vertices and a path on
2 vertices. The ladder Pn2P2 contains 2n vertices, say, v1, v2, . . . , vn, u1, u2, . . . , un, and
3n − 2 edges vivi+1, 1 ≤ i ≤ n − 1, uiui+1, 1 ≤ i ≤ n − 1 and viui, 1 ≤ i ≤ n.

In this paper we investigate the super (a, d)-H-antimagic labelings of fan graphs and
ladders for H isomorphic to a cycle. We also prove some results on the existence of super
(a, d)-cycle-antimagic labelings of fan graphs for several values of parameter d.

In [8] Bača et al. proved the following:

Proposition 1.1 ([8]). The fan Fn, n ≥ 3, admits a super (a, d)-Ck-antimagic labeling
for k = 3, 4, . . . ,

⌊
n
2
⌋

+ 2 and d ∈ {1, 3, k − 7, k + 1, 2k − 5, 2k − 1, 3k − 9, 3k − 1}.

They showed that for a fan graph Fn, n ≥ 4, there exists a super (a, d)-C3-antimagic la-
beling for d = 0, 1, 2, 3, 4, 5, 6, 8 and a super (a, d)-C4-antimagic labeling for d = 0, 1, 2, 3, 4,
5, 6, 7, 11 and they proposed the following open problem.

Open Problem 1 ([8]). Find a super (a, d)-Ck-antimagic labeling of the fan graph Fn

for d ̸= 1, 3, k − 7, k + 1, 2k − 5, 2k − 1, 3k − 9, 3k − 1.

In [13] the following proposition was proved.
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Proposition 1.2 ([13]). The fan graph Fn, n ≥ 3, admits a super (a, d)-Ck-antimagic
labeling for k = 3, 4, . . . ,

⌊
n
2
⌋

+ 2 and d ∈ {1, 2, k − 5, k − 4, . . . , k + 2, 2k − 5, 2k − 1}.

In this paper we prove that the fan graphs are super (a, d)-Ck-antimagic for d ∈
{0, 4, 5, 7}, k = 3, 4, . . . ,

⌊
n
2
⌋

+ 2. Further we use the known results for fan graphs to
obtain super cycle-antimagic labelings of ladders.

2. Fan graphs
Let n, r be positive integers, 2 ≤ r ≤ n − 1. Let n = (t − 1)r + s, where 2 ≤ r ≤ n − 1

and 0 ≤ s < r. Thus t = ⌈n
r ⌉. The set of integers {1, 2, . . . , n}, n ≥ 2, can be arranged as

a sequence {ar,n
i }n

i=1 such that the ith element ar,n
i , i = αr + β, 0 ≤ α ≤ t − 1, 1 ≤ β ≤ r,

is defined as follows:

ar,n
i =

{
(β − 1)t + α + 1, if 0 ≤ α ≤ t − 1, 1 ≤ β ≤ s,

(β − 1)(t − 1) + s + α + 1, if 0 ≤ α ≤ t − 2, s + 1 ≤ β ≤ r.

That is
{ar,n

i }n
i=1 = (2.1)

{1, t + 1, . . . , (s − 1)t + 1, st + 1, (s + 1)t, . . . , (r − 1)t − r + s + 2,

2, t + 2, . . . , (s − 1)t + 2, st + 2, (s + 1)t + 1, . . . , (r − 1)t − r + s + 3,
...

... . . . ...
... . . . ...

t − 1, 2t − 1, . . . , st − 1, (s + 1)t − 1, (s + 2)t − 2, . . . , n,

t, 2t, . . . , st}.

In [13] it was proved that the sequence {ar,n
i }n

i=1 has the property that the sum of
any r consecutive members of this sequence differs by 1 from the sum of the foregoing r
consecutive members of this sequence.

Proposition 2.1 ([13]). Let n, r be positive integers, 2 ≤ r ≤ n − 1. The elements of
{1, 2, . . . , n} can be arranged as a sequence {ar,n

i }n
i=1 such that

∑i+r
j=i+1 ar,n

j+r−
∑i+r−1

j=i ar,n
j =

1 for 1 ≤ i ≤ n − r + 1.

We immediately obtain that for i = 1, 2, . . . , n − r + 1

1 =
i+r∑

j=i+1
ar,n

j+r −
i+r−1∑

j=i

ar,n
j = ar,n

i+r − ar,n
i , (2.2)

i+r−1∑
j=i

ar,n
j =r(st + n − t + 3) − s(n + 1)

2
− 1 + j.

Next theorem shows that the fan graph admits super cycle-antimagic labelings for dif-
ferences d = 0, 4, 5 and d = 7.

Theorem 2.2. Let n ≥ 3 be a positive integer and 3 ≤ k ≤
⌊

n
2
⌋

+ 2. Then the fan graph
Fn admits a super (a, d)-Ck-antimagic labeling for d = 0, 4, 5, 7.

Proof. Let n ≥ 3 be a positive integer and 3 ≤ k ≤
⌊

n
2
⌋

+ 2. We consider the total
labelings fm, m = 0, 4, 5, 7, of Fn defined in the following way. The vertices are labeled
with the numbers 1, 2, . . . , n + 1 such that

fm(vi) = ak−1,n
i , for i = 1, 2, . . . , n and m = 0, 4, 7,

f5(vi) = n + 1 − ak−1,n
i , for i = 1, 2, . . . , n,

fm(vn+1) = n + 1, for m = 0, 4, 5, 7,

where ak−1,n
i is an element of the sequence {ak−1,n

i }n
i=1, see (2.1).
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For fm, m = 0, 4, 5, 7, we assign numbers n + 2, n + 3, . . . , 3n to the edges of Fn in the
following way:

fm(vivi+1) = ak−2,n−1
i + n + 1, for i = 1, 2, . . . , n − 1 and m = 0, 4,

fm(vivi+1) = 2ak−2,n−1
i + n + 1, for i = 1, 2, . . . , n − 1 and m = 5, 7,

f0(vivn+1) = 3n + 1 − i, for i = 1, 2, . . . , n,
f4(vivn+1) = 2n + i, for i = 1, 2, . . . , n,

fm(vivn+1) = n + 2i, for i = 1, 2, . . . , n and m = 5, 7,

where ak−2,n−1
i is an element of the sequence {ak−2,n−1

i }n−1
i=1 , see (2.1). It is easy to see

that fm, m = 0, 4, 5, 7, is a bijection.
Every cycle Ck on k vertices in a fan graph Fn is of the form Cj

k = vjvj+1vj+2 . . .
vj+k−2vn+1vj , where j = 1, 2, . . . , n − k + 2. As k = 3, 4, . . . ,

⌊
n
2
⌋

+ 2 every edge of Fn

belongs at least to one cycle Cj
k.

For the Ck-weight of the cycle Cj
k, j = 1, 2, . . . , n − k + 2, under a total labeling fm,

m = 0, 4, 5, 7, we get.

wtfm(Cj
k) =

∑
v∈V (Cj

k
)

fm(v) +
∑

e∈E(Cj
k

)

fm(e)

=
k−2∑
s=0

fm(vj+s) + fm(vn+1) +
k−3∑
s=0

fm(vj+svj+s+1)

+ fm(vj+k−2vn+1) + fm(vjvn+1).

We consider the difference of weights of cycles Cj+1
k and Cj

k for j = 1, 2, . . . , n − k + 1

wtfm(Cj+1
k ) − wtfm(Cj

k) = fm(vj+k−1) + fm(vj+k−2vj+k−1)
+ fm(vj+1vn+1) + fm(vj+k−1vn+1) − fm(vj)
− fm(vjvj+1) − fm(vjvn+1) − fm(vj+k−2vn+1). (2.3)

Using (2.2) and (2.3) we obtain the following:

wtf0(Cj+1
k ) − wtf0(Cj

k) = ak−1,n
j+k−1 +

(
ak−2,n−1

j+k−2 + n + 1
)

+
(
3n + 1 − (j + 1)

)
+
(
3n + 1 − (j + k − 1)

)
− ak−1,n

j

−
(
ak−2,n−1

j + n + 1
)

−
(
3n + 1 − j

)
−
(
3n + 1 − (j + k − 2)

)
= 0.

Thus under the labeling f0 all the Ck-weights are the same.

wtf4(Cj+1
k ) − wtf4(Cj

k) = ak−1,n
j+k−1 +

(
ak−2,n−1

j+k−2 + n + 1
)

+
(
2n + (j + 1)

)
+
(
2n + (j + k − 1)

)
− ak−1,n

j −
(
ak−2,n−1

j + n + 1
)

−
(
2n + j

)
−
(
2n + (j + k − 2)

)
= 4.

Thus, under the labeling f4 the Ck-weights form the arithmetic sequence with the difference
4.

For f5 we obtain

wtf5(Cj+1
k ) − wtf5(Cj

k) =
(
n + 1 − ak−1,n

j+k−1
)

+
(
2ak−2,n−1

j+k−2 + n + 1
)

+
(
n + 2(j + 1)

)
+
(
n + 2(j + k − 1)

)
−
(
n + 1 − ak−1,n

j

)
−
(
2ak−2,n−1

j + n + 1
)

−
(
n + 2j

)
−
(
n + 2(j + k − 2)

)
= 5,

which means that the Ck-weights form the arithmetic sequence with the difference 5.
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For the labeling f7 we get

wtf7(Cj+1
k ) − wtf7(Cj

k) = ak−1,n
j+k−1 +

(
2ak−2,n−1

j+k−2 + n + 1
)

+
(
n + 2(j + 1)

)
+
(
n + 2(j + k − 1)

)
− ak−1,n

j −
(
2ak−2,n−1

j + n + 1
)

−
(
n + 2j

)
−
(
n + 2(j + k − 2)

)
= 7.

The Ck-weights under the total labeling f7 form the arithmetic sequence with the difference
7. This concludes the proof. �

Figures 1 to 4 give a super (a, d)-C5-antimagic labeling of the fan F6 for d = 0, 4, 5 and
d = 7.

1 3 5 6 2 4

7

8 10 12 9 11

18 17 16 15 14 13

Figure 1. A super (85, 0)-C5-antimagic labeling of the fan F6.

1 3 5 6 2 4

7

8 10 12 9 11

13 14 15 16 17 18

Figure 2. A super (81, 4)-C5-antimagic labeling of the fan F6.

6 4 2 1 5 3

7

9 13 17 11 15

8 10 12 14 16 18

Figure 3. A super (81, 5)-C5-antimagic labeling of the fan F6.

1 3 5 6 2 4

7

9 13 17 11 15

8 10 12 14 16 18

Figure 4. A super (83, 7)-C5-antimagic labeling of the fan F6.

Immediately from Propositions 1.1, 1.2 and Theorem 2.2 we obtain the following result
for cycle-antimagicness of fan graphs.
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Theorem 2.3. The fan graph Fn, n ≥ 3, admits a super (a, d)-Ck-antimagic labeling for
k = 3, 4, . . . ,

⌊
n
2
⌋

+ 2 and d ∈ {0, 1, 2, 3, 4, 5, 7, k − 7, k − 5, k − 4, . . . , k + 2, 2k − 5, 2k −
1, 3k − 9, 3k − 1}.

We note that from the constructions of the given labelings described in the proofs of
Propositions 1.1, 1.2 and Theorem 2.2, each of such labelings has the property, that the
centre of the fan graph Fn (the vertex vn+1) is labeled with the number n + 1.

3. Ladders
In this section we deal with the super cycle-antimagicness of Cartesian product Pn2P2.

We construct the required labelings from super cycle-antimagic labelings of fans.

Theorem 3.1. The ladder Pn2P2, n ≥ 3, admits a super (a, d)-C2(k−1)-antimagic labeling
for k = 3, 4, . . . ,

⌊
n
2
⌋

+ 2 and d ∈ {1, 2, 3, 4, 5, 6, 8, k − 8, k − 6, k − 5, . . . , k + 3, 2k − 6, 2k −
4, 2k − 2, 2k, 3k − 10, 3k − 8, 3k − 2, 3k}.

Proof. According to Theorem 2.2 and the results proved in [8] and [13] there exists
a super (ad, d)-Ck-antimagic labeling fd of fan Fn for k = 3, 4, . . . ,

⌊
n
2
⌋

+ 2 and d ∈
{0, 2, 3, 4, 7, k − 7, k − 4, k − 3, k − 2, k, k + 1, k + 2, 2k − 5, 2k − 1, 3k − 9, 3k − 1} having
the following properties:

(P1) the vertex vn+1 is labeled with the number n + 1;
(P2) it is possible to denote all subgraphs of Fn isomorphic to Ck by the symbols Ci

k,
i = 1, 2, . . . , n − k + 2, such that

wtfd
(Ci

k) = ad + (i − 1)d;

(P3) and the weight of the cycle Ck containing the vertex v1 of Fn is the smallest one,
that is, v1 ∈ V (C1

k).
We define the total labelings g1 and g2 of the Pn2P2 such that

gm(vi) = fd(vi), for i = 1, 2, . . . , n and m = 1, 2,
g1(ui) = n + i, for i = 1, 2, . . . , n − k + 2

and vi ∈ V (Ci
k),

Ci
k = vivi+1 . . . vi+k−2vn+1vi,

g2(ui) = 2n + 1 − i, for i = 1, 2, . . . , n − k + 2
and vi ∈ V (Ci

k),
Ci

k = vivi+1 . . . vi+k−2vn+1vi,
g1(ui) = n + i, for i = n − k + 3, n − k + 4, . . . , n,
g2(ui) = 2n + 1 − i, for i = n − k + 3, n − k + 4, . . . , n,

gm(vivi+1) = fd(vivi+1) + n − 1, for i = 1, 2, . . . , n − 1 and m = 1, 2,
gm(viui) = fd(vivn+1) + n − 1, for i = 1, 2, . . . , n and m = 1, 2,

g1(uiui+1) = 6n − g1(ui+1), for i = 1, 2, . . . , n − 1,
g2(uiui+1) = 6n − 1 − g2(ui+1), for i = 1, 2, . . . , n − 1.

According to Properties (P1) and (P3) the labeling gm, m = 1, 2, is a bijective mapping
from the set {1, 2, . . . , 5n − 2} and the smallest possible numbers are used to label the
vertices of Pn2P2.

We denote the C2(k−1) cycle vjvj+1 . . . vj+k−2uj+k−2uj+k−3 . . . ujvj , j = 1, 2, . . . , n −
k + 2, in Pn2P2 by the symbol Cj

2(k−1) if Cj
k = vjvj+1vj+2 . . . vj+k−2vn+1vj is the cycle in

Fn.
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For the C2(k−1)-weight of the cycle Cj
2(k−1), j = 1, 2, . . . , n − k + 2, in Pn2P2 under a

total labeling gm, m = 1, 2, we get

wtgm(Cj
2(k−1)) =

∑
v∈V (Cj

2(k−1))

gm(v) +
∑

e∈E(Cj
2(k−1))

gm(e)

=
k−2∑
s=0

gm(vj+s) +
k−2∑
s=0

gm(uj+s) +
k−3∑
s=0

gm(vj+svj+s+1)

+
k−3∑
s=0

gm(uj+suj+s+1) + gm(vjuj) + gm(vj+k−2uj+k−2).

Using Property (P2) we obtain

wtg1(Cj
2(k−1)) =

k−2∑
s=0

g1(vj+s) +
k−2∑
s=0

g1(uj+s) +
k−3∑
s=0

g1(vj+svj+s+1))

+
k−3∑
s=0

g1(uj+suj+s+1) + g1(vjuj) + g1(vj+k−2uj+k−2)

=
k−2∑
s=0

fd(vj+s) +
k−2∑
s=0

g1(uj+s)

+
k−3∑
s=0

(fd(vj+svj+s+1) + n − 1) +
k−3∑
s=0

(6n − g1(uj+s+1))

+ (fd(vjvn+1) + n − 1) + (fd(vj+k−2vn+1) + n − 1)

=
k−2∑
s=0

fd(vj+s) + g1(uj) +
k−3∑
s=0

g1(uj+s+1)

+
k−3∑
s=0

fd(vj+svj+s+1) + (k − 2)(n − 1) + (k − 2)6n

−
k−3∑
s=0

g1(uj+s+1) + fd(vjvn+1) + fd(vj+k−2vn+1)

+ 2n − 2

=
(

k−2∑
s=0

fd(vj+s) +
k−3∑
s=0

fd(vj+svj+s+1) + fd(vjvn+1)

+ fd(vj+k−2vn+1)
)

+ g1(uj) + n(7k − 12) − k

=
(
wtfd

(Cj
k) − (n + 1)

)
+ g1(uj) + n(7k − 12) − k

=(ad + (j − 1)d) + (n + j) + n(7k − 13) − k − 1
=ad + n(7k − 12) − k − 1 − d + j(d + 1).
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For the C2(k−1)-weights under the labeling g2 we get

wtg2(Cj
2(k−1)) =

k−2∑
s=0

g2(vj+s) +
k−2∑
s=0

g2(uj+s) +
k−3∑
s=0

g2(vj+svj+s+1)

+
k−3∑
s=0

g2(uj+suj+s+1) + g2(vjuj) + g2(vj+k−2uj+k−2)

=
k−2∑
s=0

fd(vj+s) +
k−2∑
s=0

g2(uj+s)

+
k−3∑
s=0

(fd(vj+svj+s+1) + n − 1)

+
k−3∑
s=0

(6n − 1 − g2(uj+s+1))

+ (fd(vjvn+1) + n − 1) + (fd(vj+k−2vn+1) + n − 1)

=
k−2∑
s=0

fd(vj+s) + g2(uj) +
k−3∑
s=0

g2(uj+s+1)

+
k−3∑
s=0

fd(vj+svj+s+1) + (k − 2)(n − 1) + (k − 2)(6n − 1)

−
k−3∑
s=0

g2(uj+s+1) + fd(vjvn+1) + fd(vj+k−2vn+1)

+ 2n − 2

=
(

k−2∑
s=0

fd(vj+s) +
k−3∑
s=0

fd(vj+svj+s+1) + fd(vjvn+1)

+ fd(vj+k−2vn+1)
)

+ g2(uj) + n(7k − 12) − 2k + 2

=
(
wtfd

(Cj
k) − (n + 1)

)
+ g2(uj) + n(7k − 12) − 2k + 2

=(ad + (j − 1)d) + (2n + 1 − j) + n(7k − 13) − 2k + 1
=ad + n(7k − 11) − 2k + 2 − d + j(d − 1).

As d ∈ {0, 2, 3, 4, 7, k−7, k−5, k−4, k−3, k−2, k, k+1, k+2, 2k−5, 2k−1, 3k−9, 3k−1}, we
immediately obtain that the ladder Pn2P2, n ≥ 3, admits a super (a, d∗)-C2(k−1)-antimagic
labeling for k = 3, 4, . . . ,

⌊
n
2
⌋
+2 and d∗ ∈ {1, 2, 3, 4, 5, 6, 8, k −8, k −6, k −5, . . . , k +3, 2k −

6, 2k − 4, 2k − 2, 2k, 3k − 10, 3k − 8, 3k − 2, 3k}. �

Figure 5 illustrates a super (218, 1)-C8-antimagic labeling of the ladder P62P2 obtained
from (85, 0)-C5-antimagic labeling of the fan F6, (see Figure 1), by using the construction
described in the previous theorem.
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1 3 5 6 2 4

7 8 9 10 11 12

13 15 17 14 16

28 27 26 25 24

23 22 21 20 19 18

Figure 5. A super (218, 1)-C8-antimagic labeling of the ladder P62P2.

The following theorems show that the ladder also admits super cycle-antimagic labelings
with differences d = 0, 10, 12, 14, 16.

Theorem 3.2. Let n ≥ 3 be a positive integer and 2 ≤ k ≤
⌊

n
2
⌋

+ 1. Then the ladder
Pn2P2 admits a super C2k-magic labeling.

Proof. Let n ≥ 3 be a positive integer and 2 ≤ k ≤
⌊

n
2
⌋

+ 1. We consider the total
labeling f of ladder Pn2P2 defined in the following way.

f(vi) = i, for i = 1, 2, . . . , n,
f(ui) = n + i, for i = 1, 2, . . . , n,

f(vivi+1) = 3n − i, for i = 1, 2, . . . , n − 1,
f(uiui+1) = 4n − 1 − i, for i = 1, 2, . . . , n − 1,

f(viui) = 5n − 1 − i, for i = 1, 2, . . . , n.
It is easy to see that the labeling f is a bijection and the vertices are labeled with numbers
1, 2, . . . , 2n.

Every cycle C2k on 2k vertices in Pn2P2 is of the form Cj
2k = vjvj+1vj+2 . . . vj+k−1

uj+k−1uj+k−2 . . . ujvj , where j = 1, 2, . . . , n − k + 1. As k = 2, 3, . . . ,
⌊

n
2
⌋

+ 1 every edge
of Pn2P2 belongs at least to one cycle Cj

2k.
For the C2k-weight of the cycle Cj

2k, j = 1, 2, . . . , n − k + 1, under the total labeling f
we get.

wtf (Cj
2k) =

∑
v∈V (Cj

2k
)

f(v) +
∑

e∈E(Cj
2k

)

f(e)

=
k−1∑
s=0

f(vj+s) +
k−1∑
s=0

f(uj+s) +
k−2∑
s=0

f(vj+svj+s+1)

+
k−2∑
s=0

f(uj+suj+s+1) + f(vj+k−1uj+k−1) + f(vjuj).

We consider the difference of weights of cycles Cj+1
2k and Cj

2k for j = 1, 2, . . . , n − k

wtf (C2k
j+1) − wtf (Cj

2k) = f(vj+k) + f(uj+k) + f(vj+k−1vj+k)
+ f(uj+k−1uj+k) + f(vj+1uj+1) + f(vj+kuj+k) − f(vj)
− f(uj) − f(vjvj+1) − f(ujuj+1) − f(vjuj) − f(vj+k−1uj+k−1)

=(j + k) + (n + j + k) +
(
3n − (j + k − 1)

)
+
(
4n − 1 − (j + k − 1)

)
+
(
5n − 1 − (j + 1)

)
+
(
5n − 1 − (j + k)

)
− j − (n + j) − (3n − j) − (4n − 1 − j)

− (5n − 1 − j) −
(
5n − 1 − (j + k − 1)

)
= 0.

Thus the C2k-weights are the same. This means that the labeling f is super C2k-magic.
This concludes the proof. �
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Figure 6 depicts a super C8-magic labeling of the ladder P62P2.

1 2 3 4 5 6

7 8 9 10 11 12

17 16 15 14 13

22 21 20 19 18

28 27 26 25 24 23

Figure 6. A super C8-magic labeling of the ladder P62P2.

Theorem 3.3. Let n ≥ 3 be a positive integer and 2 ≤ k ≤
⌊

n
2
⌋

+ 1. Then the ladder
Pn2P2 admits a super (a, 10)-C2k-antimagic labeling.

Proof. Let n ≥ 3 be a positive integer and 2 ≤ k ≤
⌊

n
2
⌋

+ 1. We consider the total
labeling f of ladder Pn2P2 defined in the following way. The vertices are labeled with
numbers 1, 2, . . . , 2n such that

f(vi) = 2ak,n
i , for i = 1, 2, . . . , n,

f(ui) = 2ak,n
i − 1, for i = 1, 2, . . . , n,

where ak,n
i is an element of the sequence {ak,n

i }n
i=1, see (2.1).

The labeling f assigns numbers 2n + 1, 2n + 2, . . . , 5n − 2 to the edges of Pn2P2 in the
following way:

f(vivi+1) = 2ak−1,n−1
i + 2n, for i = 1, 2, . . . , n − 1,

f(uiui+1) = 2ak−1,n−1
i + 2n − 1, for i = 1, 2, . . . , n − 1,

f(viui) = 4n − 2 + i, for i = 1, 2, . . . , n,

where ak−1,n−1
i is an element of the sequence {ak−1,n−1

i }n−1
i=1 , see (2.1). It is easy to see

that the labeling f is a bijection.
As in the proof of the previous theorem we consider the difference of weights of cycles

Cj+1
2k and Cj

2k for j = 1, 2, . . . , n − k and we use (2.2)

wtf (C2k
j+1) − wtf (Cj

2k) = 2ak,n
j+k +

(
2ak,n

j+k − 1
)

+
(
2ak−1,n−1

j+k−1 + 2n
)

+
(
2ak−1,n−1

j+k−1 + 2n − 1
)

+
(
4n − 2 + (j + 1)

)
+
(
4n − 2 + (j + k)

)
− 2ak,n

j −
(
2ak,n

j − 1
)

−
(
2ak−1,n−1

j + 2n
)

−
(
2ak−1,n−1

j + 2n − 1
)

− (4n − 2 + j) −
(
4n − 2 + (j + k − 1)

)
=10.

The C2k-weights under the total labeling f form the arithmetic sequence with the difference
10. This concludes the proof. �

Figure 7 illustrates a super (210, 10)-C8-antimagic labeling of the ladder P62P2.



Ladders and fan graphs are cycle-antimagic 1103

2 6 10 12 4 8

1 5 9 11 3 7

14 18 22 16 20

13 17 21 15 19

23 24 25 26 27 28

Figure 7. A super (210, 10)-C8-antimagic labeling of the ladder P62P2.

Theorem 3.4. Let n ≥ 3 be a positive integer and 2 ≤ k ≤
⌊

n
2
⌋

+ 1. Then the ladder
Pn2P2 admits a super (a, d)-C2k-antimagic labeling for d = 12, 14, 16.

Proof. Let n ≥ 3 be a positive integer and 2 ≤ k ≤
⌊

n
2
⌋

+ 1. We consider the total
labeling fm, m = 12, 14, 16, of ladder Pn2P2 defined in the following way. The vertices
are labeled with numbers 1, 2, . . . , 2n such that

fm(vi) = ak,n
i , for i = 1, 2, . . . , n and m = 12, 14,

f16(vi) = 2ak,n
i , for i = 1, 2, . . . , n,

f12(ui) = 2n + 1 − ak,n
i , for i = 1, 2, . . . , n,

f14(ui) = ak,n
i + n, for i = 1, 2, . . . , n,

f16(ui) = 2ak,n
i − 1, for i = 1, 2, . . . , n,

where ak,n
i is an element of the sequence {ak,n

i }n
i=1, see (2.1).

The labeling fm assigns numbers 2n + 1, 2n + 2, . . . , 5n − 2 to the edges of Pn2P2 in
the following way

fm(vivi+1) = 3ak−1,n−1
i + 2n, for i = 1, 2, . . . , n − 1

and m = 12, 14, 16,

fm(uiui+1) = 3ak−1,n−1
i + 2n − 1, for i = 1, 2, . . . , n − 1

and m = 12, 14, 16,
fm(viui) = 2n − 2 + 3i, for i = 1, 2, . . . , n and m = 12, 14, 16,

where ak−1,n−1
i is an element of the sequence {ak−1,n−1

i }n−1
i=1 , see (2.1). It is easy to see

that the labeling fm is a bijection.
Again, we consider the difference of weights of cycles Cj+1

2k and Cj
2k for j = 1, 2, . . . , n−k,

under the labelings fm, m = 12, 14, 16.
For m = 12 we get

wtf12(Cj+1
2k ) − wtf12(Cj

2k) = ak,n
j+k +

(
2n + 1 − ak,n

j+k

)
+
(
3ak−1,n−1

j+k−1 + 2n
)

+
(
3ak−1,n−1

j+k−1 + 2n − 1
)

+
(
2n − 2 + 3(j + 1)

)
+
(
2n − 2 + 3(j + k)

)
− ak,n

j −
(
2n + 1 − ak,n

j

)
−
(
3ak−1,n−1

j + 2n
)

−
(
3ak−1,n−1

j + 2n − 1
)

− (2n − 2 + 3j) −
(
2n − 2 + 3(j + k − 1)

)
= 12.

The C2k-weights under the total labeling f12 form the arithmetic sequence with the dif-
ference 12.
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If m = 14 then
wtf14(Cj+1

2k ) − wtf14(Cj
2k) = ak,n

j+k +
(
ak,n

j+k + n
)

+
(
3ak−1,n−1

j+k−1 + 2n
)

+
(
3ak−1,n−1

j+k−1 + 2n − 1
)

+
(
2n − 2 + 3(j + 1)

)
+
(
2n − 2 + 3(j + k)

)
− ak,n

j −
(
ak,n

j + n
)

−
(
3ak−1,n−1

j + 2n
)

−
(
3ak−1,n−1

j + 2n − 1
)

− (2n − 2 + 3j) −
(
2n − 2 + 3(j + k − 1)

)
= 14.

The C2k-weights under the total labeling f14 form the arithmetic sequence with the dif-
ference 14.

Finally, for the labeling f16 we obtain
wtf16(Cj+1

2k ) − wtf16(Cj
2k) = 2ak,n

j+k +
(
2ak,n

j+k − 1
)

+
(
3ak−1,n−1

j+k−1 + 2n
)

+
(
3ak−1,n−1

j+k−1 + 2n − 1
)

+
(
2n − 2 + 3(j + 1)

)
+
(
2n − 2 + 3(j + k)

)
− 2ak,n

j −
(
2ak,n

j − 1
)

−
(
3ak−1,n−1

j + 2n
)

−
(
3ak−1,n−1

j + 2n − 1
)

− (2n − 2 + 3j) −
(
2n − 2 + 3(j + k − 1)

)
= 16.

Thus the C2k-weights under the total labeling f16 form the arithmetic sequence with the
difference 16. This concludes the proof. �

Figures 8, 9 and 10 give a super (a, d)-C8-antimagic labeling of the ladder P62P2 for
d = 12, 14 and d = 16.

1 3 5 6 2 4

12 10 8 7 11 9

15 21 27 18 24

14 20 26 17 23

13 16 19 22 25 28

Figure 8. A super (210, 12)-C8-antimagic labeling of the ladder P62P2.

1 3 5 6 2 4

7 9 11 12 8 10

15 21 27 18 24

14 20 26 17 23

13 16 19 22 25 28

Figure 9. A super (212, 14)-C8-antimagic labeling of the ladder P62P2.
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2 6 10 12 4 8

1 5 9 11 3 7

15 21 27 18 24

14 20 26 17 23

13 16 19 22 25 28

Figure 10. A super (214, 16)-C8-antimagic labeling of the ladder P62P2.

4. Conclusion
In this paper we prove the existence of super (a, d)-cycle-antimagic labelings of fan

graphs and ladders. Combining the results obtained in this paper and in [8,13] we get that
the fan graph Fn, n ≥ 3, admits a super (a, d)-Ck-antimagic labeling for k = 3, 4, . . . ,

⌊
n
2
⌋
+

2 and d ∈ {0, 1, 2, 3, 4, 5, 7, k−7, k−5, k−4, . . . , k+2, 2k−5, 2k−1, 3k−9, 3k−1}. Further,
we prove that the ladder Pn2P2, n ≥ 3, admits a super (a, d)-C2(k−1)-antimagic labeling
for k = 3, 4, . . . ,

⌊
n
2
⌋

+ 2 and d ∈ {0, 1, 2, 3, 4, 5, 6, 8, 10, 12, 14, 16, k − 8, k − 6, k − 5, . . . , k +
3, 2k − 6, 2k − 4, 2k − 2, 2k, 3k − 10, 3k − 8, 3k − 2, 3k}.

Though there are results on super (a, d)-cycle-antimagic labelings of fan graphs and
ladders for various differences d, still some values of d for which the problem of existence
of the corresponding labelings is not solved is a scope for further research.
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