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ON NEW BEZIER BASES WITH SCHURER POLYNOMIALS
AND CORRESPONDING RESULTS IN APPROXIMATION
THEORY

FARUK OZGER

ABSTRACT. A new type Bézier bases with A shape parameters have been de-
fined [30, Ye et al., 2010]. We slightly modify these bases to establish new
Bézier bases with Schurer polynomials and A shape parameters. We construct
a new type Schurer operators via defined new Bézier-Schurer bases. Also, we
study statistical convergence properties of these operators and obtain an esti-
mate for the rate of weighted A-statistical convergence. Moreover, we prove
two Voronovskaja-type theorems including a Voronovskaja-type approximation
theorem using weighted A-statistical convergence.

1. EXTENDED BEZIER BASES

In computer aided geometric design and computer graphics parametric represen-
tations of surfaces and curves have extensively been used for modeling miscellaneous
surfaces. It is important which basis functions are used if we want to preserve the
shape of the curve or surface when we demonstrate a parametric surface or curve.
This is why Bernstein-Bézier curve and surface representation have an important
role in computer graphics. Bernstein basis functions are used to construct classical
Bézier curves since they have a simple structure to use. They have also received
attention for their utility in the meshing of curved geometries and the numerical
solution of partial differential equations. We refer to [15} 22] [29] for recent computer
graphics studies including Bézier curves or bases.

A new type Bézier bases with shape parameters A were defined by Ye et al. in
2010 [30]. We slightly modify these bases to establish new Bézier bases with Schurer
polynomials, which were defined in [25], and shape parameters A.
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Let d > 0 be a given integer and shape parameters A € [—1,1]. We define the
following Bézier-Schurer bases

A

Sn70()\;$) = Sn,O(x) - mswﬂ,l(x),
A
gn,Z(A7 x) = Snﬂj(x) + m [(n —+ d— 2 + 1)Sn+1,i(x)
—(TL +d—2i— 1)Sn+17i+1<.’1}” (Z =1,2...,n+d— 1),
. A
5n,n+d(A;x) = 5n,n+d(x) - m571+1,n+d(m)7 (1)

where fundamental Schurer polynomials s, ;(x) of degree n + d defined as

d\ A
Spi(z) = (n Jr )zl (1—2)""" (1=0,1,...,n+d).
)
Lemma 1. New Bézier-Schurer bases have partition of unity property.
Proof. Tt is enough to show the equality Z:l:()d 8n,i(A,z) =1 holds.

n+d A A

~ni)‘7 = Sn — 7, 1°n n,n - 3 T
> i) = o) S (8) S sal) — —

ntdrl 3n+1,n+d($)

n+d—1 .
n+d—2i+1
+ ; [Sn,z‘(x) +A (W)glsnﬂ,z‘(x)

n+d—2i—1
—m3n+l,i+l($)

= $p.0(2) + sn1(T) + - + Snnta()

n+d-—1 n+d—3
A ————5n S M
(o) o)
n+d—3 n+d—>5
>\ (oL N2 1 n - T ~Ne 4 n 2 ...
" ((n Tap 1 T g “*‘(m)) -
ISV R I o
(n+d?2—1 n+1,n+d—2 n+d?—1 n+1,ntd—1
+>\ —Ld_gs (m)+L€HS (x)
(n + d)2 1 n+1l,n+d—1 (TL T d)2 1 n+1,n+d
A A
~araritrt @) = o s nea(®).
Since Schurer operators satisfy the equality Z?:Od $n,i(x) = 1 we get the desired
result. -

Rest of the paper is organized as follows: In Section 2, A-Schurer operators are
constructed and corresponding approximation results are obtained. In Section 3,
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some statistical approximation properties of defined operators are studied and an
estimate for the rate of weighted A-statistical convergence is established. In Section
4, two Voronovskaja-type theorems including a Voronovskaja-type approximation
theorem using weighted A-statistical convergence are proved. Final section of the
paper is devoted to give some concluding remarks including some future studies.

2. A-SCHURER OPERATORS AND CORRESPONDING RESULTS IN APPROXIMATION
THEORY

A new type A-Bernstein operators have been introduced by Cai et al. in [6]
based on Bézier bases defined by Ye et al. in [30]. We refer to [5l, [6] 20] 23] 26] for
recent studies about A-Bernstein type operators and [I3] [14] 28] for some Schuer
type operators.

Considering a given non-negative integer d, we introduce A-Schurer operators

A fi2): €01+ d] — C[0, 1]

S alfi1) = gjén,iu; 0 f(%) 2)

for any n € N, where new Bézier-Schurer bases 3, ;(A; ) are defined in .

Lemma 2. We have following results for \-Schurer operators:

A (o ntd 1— 2 4 g+l — (1 — g)ntdtl
Sn,d<t7x) = n T+ n(n+ - 1) )\’
n+ d)? n+d
Spa(tx) = ( 3 )2 + el —2)
2n + d)x — 1~ 4(n + d)a® 1 (2n + d) + Da"t 4 (1 @)
n?(n+d—1) ;

Proof. Using definition of operators and Bézier-Schurer bases §,, ;(A; z) (1)), we
write

n+d .
7
S t; *~ni )‘v
Raltia) = 3 aniliz)
_n+d (z) — n+d A (2)
- n Sn,n+d\T n n+d+ 15n+17n+d €T
n+d—1 . . .
n+d—2i+1 n+d—2i—1

P [ DA )~ T gy a0

- Z s i(2) + A (01 (1, d,2) — ool d, )
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where
n+d . .
in+d—2i+1
d = - n i 5
cpl(na ,l’) ;n (n+d)2—1 Sn41, (CC)
n+d—1

in+d—2i—1
Po(n,d, x) = Z *72_15714—1,%1(%)

—~ n (n+d)

Now we compute the expressions ¢, (n,d, z) and ¢4(n,d, x).

1 n-+d i 9 n+d 2.2
d - 7 4 n 1 T N9 1 —on ,1
<)Ol(na 71') n—I—d—lZ S+1() (n+d)2—1;ns+l’(z)
B x(n+d+ 1) n+d—1 % n+d—1
= n(n—l—d—l) ; Sn,z(x)* n(n—i—d—l) ; Sn,z(x)
B 22°(n+d) ni 2 .
n+d— 1) n—1 1
o (= ") (x (n +d)+z—2x) 2°(n+d)(1- i)
N n(n+d—1) n(n+d—1)
oz gtdtl B 2(n + d)(x? — gntdtl)
N n nin+d—1)
n+d—1 n+d—1
Po(n,d, x) = w((n+d2—1) Z i Spy1it (@
9 nerfl
2
T olntd2—1) Z & sna1i (@)
n((n+d)?—1)
n+d—1 9 n+d—2
2z 2z%(n + d)
B CEr eV SRR rer s VD DI
T n+d—1
+ - FZI Sni(2)
n+d—1 1 n+d—1
- ((nJr—d Z Sn+1, z+1 m Z 5n+1,i+1(x)
i=1
20 — 23?(1 _ x)n—i—d _ .,L.n-‘rd-‘rl B (n + d)(.’II2 xn—i—d-‘rl)
B nn+d—1) nn+d—1)
2= (=)t —2p(n 4 d 4+ 1)(1 — )™t — 2 A

n((n+d32—1)
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N r—atdtl 1 (1 —2)" T —p(n+d+1)(1 — z)ntd — gntdtl
n n(n+d—1) '

We obtain the result for Sf; 4(t;x) combining the results obtained for ¢, (n,d,z)
and @,(n,d, z) since Schurer operators are linear, and Schurer operators and fun-
damental Schurer bases satisfy the following equality:

n+d i d
Z —Spi(x) = <1 + ) T
~n n

We again use the definition of operators , Bézier-Schurer bases 5, ;(\; z) and
the following relations to prove the second part of the lemmas:

n+d -9 2 9
A (42 g) = Eoo oy (ntd) (n+d) A
Spa(t?ix) = ; —3ini(X 1) = T e snnrd(€) — g —— Y St na (%)
n+d—1 .o ) .
7 n+d—2i+1 n+d—2—1
nZ |7 M g Snt T 3o 7 Sn+li
+ ; n2 |:S ()+ ((n+d)215+17($) (n+d)218+1*+1($)>]
ntd o
=D 3sni(@) T A(p3(n, dyx) — ¢y (n, d, )
=0
where
n—+d 2
n+d—2i+1
@B(H,d, fIJ) - ; EWSTH_LZ'(%),
n+d—1 .9 .
“n+d—2i—1
@4(n,d,x): Z Em5n+l7i+l(5ﬁ),

i=1
Now we compute the expressions p4(n,d, z) and ¢,(n,d,x).

d . d .
1 s i2 2 s i3

d e — —5Sn 7 T 1o 4 —55Sn i
903(77‘7 7$) n+d—1 ;nzs +1, (LL') (Tl+d)2—1 ;nQS +1, (LE)
n+d—2 n+d—1
(n+d)(n+d+1)22 "% x
- n2(n+d—1) Z sn—1,i( 7 Z Sn,i(2)
=0
n+d3n+d3 n+d n+d—2
— Z Sn— 21 - n+d Z Sn— 1Z )
B (n-i-d)(n—i—d—i-l)(;v —$7‘+d+1) x—x’””“l
N n?(n+d-—1) n?

2(n + d)(z3 — g tdt) ~ 6(n+ d)(x? — gntdtl)
n? n?(n+d—1)
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2(7’L + d)(anrdJrl _ SCS) T — :L,n+d+1

n? n?
n (n + d)2 _ 5(TL + d)(il?Q _ x7z+d+1)
n?(n+d—1) '

1 n+d—1 Z.2 2 n+d—1 i3
d,x) = ————— —5 Sn+tl,i T —5 Sn+l
¢4(n, d, ) n+d+1 ; o2 Sntl +1(2) (ntd?_1 ; 2 Sntl +1()

d) n+d—2 n+d—1
_2n+d) z Sn1i(@) = 25 3 saale)
i=1
1 n+d71 3 n+d—3

n—i—d
+m ; 3n+1,z+1( ) Z Sp— 2z

n+d—1 n+d 1

2z

+ Enrd_1) ; Sni() — ((n+—d Z Snt1,i41(T
(n+d)(1 -zt (1 — ot
B n? n?

1—(1—a)" i —g(n4+d+1)(1 — g)td — gntd+l

n?(n+d—1)

2(n +d)z3(1 — z"+4=2)  2g(1 — 2" +9)

a n? n2(n+d—1)

n 2 — 2(1 _ a?)"+d+1 _ 2.%‘(% +d+ 1)(1 _ x)n—&-d _ an-l-d—i-l
n?((n+d)?-1) :

We get S; ;(t%; ) combining 3(n, d, z) and ¢, (n, d, ) since Schurer operators and
fundamental Schurer bases satisfy the following equality:

n+d .9

Z %snl(x) = n;;d {(n +d)z? +2(1 - x)} .
i=1

O

Corollary 3. We have the following relations for S;)d(t—x; x) and Sé)d((t—m)g; x):

d 1 — 2z 4+ antdtl — (1 — g)ntd+l
s z) =2 A
”d( 7 ) nx—!— nn+d-1) '
d? n+d 2" A2 2p(1 — g)ntdtl

A g2y 4 2 R
Snallt—2)%) R > #(1-2) n(n+d—1)

2dx — 1 — 4dx® + (2(n + d) + 1)zl 4 (1 — g)ntd+!
+ 2
n?(n+d—1)

A
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Corollary 4. We have the following relations for Sid(t—x; x) and S,)L"d((t—x)Q; x):

lim n S, ,(t — z;2) = du;

Jim 0 82 4((t - @)% ) = a(1 - ).
Remark 5. We have the following results for A-Schurer operators and Bézier-
Schurer bases:

o If we take d = 0, Bézier-Schurer bases reduce to the classical Bézier
bases defined in [30].

o If we take A = 0, A-Schurer operators @ reduce to the classical Schurer
operators defined in [25).

o If we take d, A =0, A-Schurer operators (@ with Bézier-Schurer bases

reduce to the classical Bernstein operators defined in [3].

The following theorem gives the uniform convergence property of A-Schurer op-
erators by the well-known Bohman-Korovkin-Popoviciu theorem:

Theorem 6. Let f € C[0,1+ d], then we have
lim 57 4(f;2) = f(2)

n—oo

uniformly on [0, 1], where C[0,14 d] denotes the space of all real-valued continuous
functions on [0,1 + d| endowed with the norm || f|co,1) = subgejo,14q |f(2)]-

We achieve a global approximation formula in terms of Ditzian-Totik uniform
modulus of smoothness of first and second order for A-Schurer operators , and
give a local direct estimate of the rate of convergence by Lipschitz-type function
involving two parameters.

Definition 7. Global approximation formula in terms of Ditzian-Totik uniform
modulus of smoothness of first and second order defined by

we(f, €)= sup sup ]{lf($+h£($))—f(w)|};

0<|h|<¢ z2+hé(z)€l0,1

w3 (f,¢) == sup sup  A{|f(z+h7(x)) = 2f(z) + f(x — h7(2))]},

0<|h|<¢ z,xzth7(2)€[0,1]

respectively, where T is an admissible step-weight function on [a,b], i.e. T(x)
[(z—a)(b—x)]"? ifx € [a,b], [[]. We write AC for absolutely continuous functions,
then K -functional is

Koro)(f:Q) = inf  {|If = gllcp + <IT°d"lcp 1 g € C?[0,1+d]},
geEW?2(1)

where ¢ > 0, W2(r) = {g € C[0,1+d] : ¢"%*¢" € C[0,1 +d]} and C?[0,1 +d] =
{geC[0,1+d]:¢,g"€Cl0,14d]}.
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Remark 8. It is known by [9] that there exists an absolute constant C' > 0, such
that

C Wi (f,V/€) < Ko () (£,¢) < Cw3 (£, /). 3)

First we obtain global approximation formula in terms of Ditzian-Totik uniform
modulus of smoothness of first and second order.

Theorem 9. Let f € C[0,1+d], z € [0,1] and A € [-1,1]. Then for C > 0,
A-Schurer operators (@ verify

Sha(fi0) — o) < Cug (5 W’A(;);)BM(@) !

where f3,, \(v) = Sfl‘,d(t—x; x) and o\ (x) = S;}yd((t—x)g; x) are given in Corollary
[3 and 7(z) (7 # 0) is an admissible step-weight function of Ditzian-Totik modulus
of smoothness such that T2 is concave.

Proof. Let f € C[0,1+d], x € [0,1] and A\ € [—1,1]. Defining the operators
d 1— 2z + gntdtl — (1 — g)ntdtl

Shalfiw) = Shalfsw) + f@) = [ o+ S+ " A)
)

we see that §7>1‘7d(1; z)=1and §27d(t; x) = x, that is S'fl‘,d(t —z;2) =0.
Let u = pz + (1 — p)t, p € [0,1]. Since 72 is concave on [0, 1], it follows that
2(u) > pr(z) + (1 - p)r(t) and

t—u T —t t—x
S T S ©)
Hence the following inequalities hold:
Spa(fix) = f(@)] < (53 4(f = g:2)| + |57 alg; 2) — 9(@)| + | f () — g(x)|  (6)
<4|f = gllewrra + 190 .a(g; ) — 9(2)].
Applying Taylor’s formula we obtain

192 (g5 ) — g(a))| (7)
t z+B, 5 (2)
< Sz,d( [t ul g ;m> ; \ / &+ B 2 (2) — u] |g"(w)] du

¢
i
< 7'29”||C[0,1+d157);4< /z T(u)du [z

I+Bn,>\(m) |$ + ﬁ" )\(;1;) — u| ‘
/ . du

72(u)

<77 2(@)17°9" [l 0,144 Sﬁ,d((t —z)%2) + 7_2(39)”7_2.9//||C[O,1+d]631,/\($)'

< +17%9" |l cpo,144)
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By definition of K-functional with relation (3) and inequalities (6)-(7), we have
|§7Az,d(f§ x) — f(x)] < 4|f = 9gllcio, 144 + 7'_2($)||7'29//|‘C[0,1+d] (an,,\(x) + Bi/\(w))

< O (f, \/Oén,x(;:(l‘)ﬁi,,\(x)).

Also, by Ditzian-Totik uniform modulus of smoothness of first order we have

e e =10 = (2460170 7) -] s {150 7)

Therefore, following inequality, which completes the proof, holds:

1S2 a(fi2) = f(@)] < |90 a(fi2) — F(@)] + | f(@ + Boa(2) — f(2)]

< Cuj <f ’ \/an’A(;)J)BiA(m)) e <f ’ ﬁzas(;))'

Theorem 10. The following inequality holds:

S a(F;2) = F@)] < [Bua@)] If ()] + 2y anp(@w(f', /ana(@) )

for f € CH0,1+d] and z € [0,1], where a, A(x) and B3, \(x) are given in Theorem
K]

Proof. For any t € [0,1] and « € [0, 1] we have
£ - @) = (=0 @)+ [ (7 - F@)du.

Applying operators S ,(f;x) to both sides of (??), we have
g n,d

Soa(f(t) = f(a);z) = f'(2)S) 4t —a32) + 52,d</ (f'(w) = f'(z))du; fc)

The following inequality holds for any ¢ > 0, u € [0,1] and f € C[0,1 + d]:
|u— x|

(@) - ()] < w(£.Q) << ; 1),

With above inequality we get

/ (f'(w) - f'(2))du

< w(f’,o((t —Ca:)2 + [t - a:)

Hence we have

[Spa(fiz) = f@) < |f' (@) IS5t — z52)]

Tl o{ész,d«t i)+ S (- w)}.
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Applying Cauchy-Schwarz inequality on the right hand side of above inequality, we
have

1Sy a(fiz) = f@)] < f(2)Ba()|
+w(f’,§){2 Sg\’d((t—x)Q;x)—i-l} 3 (|t — l; 7).
O

3. SOME STATISTICAL APPROXIMATION THEOREMS

In this section, we use weighted mean matrix method to establish statistical
approximation properties of A-Schurer operators. We also give an estimate for the
rate of weighted A-statistical convergence of A-Schurer operators.

Statistical convergence was first introduced in [§] and [27]. A new character-
ization in terms of weighted regular matrix and a Korovkin type approximation
theorem through statistically weighted A-summable sequences of real or complex
numbers have been given by Mohiuddine et al. [16] [I7]. For further results in
weighted statistical approximation theory we refer to [I1], [12] and for statistical
approximation papers to [2] .

All the following notions, notations and definitions which can be found in [2, 8]
1Tl [12], [I7), 27] are needed for the results of this part.

Definition 11. Natural density of K is denoted by ((K) = lim,, . = |K,| provided
that limit exists, where K, = {k <n:k € K}, K C Ny :=NU{0} and vertical bars
denote cardinality of the enclosed set. A sequence x = (x,) of numbers is called
statistically convergent to a number L, denoted by st-lim, .., x = L, if, for each

€e>0,¢{n:neNand |z, —L| 2 ¢} =0.

Definition 12. A-transform of x denoted by Ax := {(Ax),} is defined as (Ax), =
> heo @nkTk for a given non-negative infinite summability matriz A = (ank),n, k €
N. It is provided defined series converges for every n € Ny. If lim, o (Azx), = L
whenever lim,, . x, = L, we say that A is a reqular method. Then sequence x =
(z,,) is said to be A-statistically convergent to L, denoted by sta-lim, .o, = L,
provided that for each € > 0, lim,, Zk:\wk—lee ank = 0.

Remark 13. We have the following results for A-statistical convergence concept:

o Ifwe take A = (Cy), the Cesaro matriz of order 1, A-statistical convergence
becomes ordinary statistical convergence which was introduced in [10].

o [f we take A = I, the identity matriz, A-statistical convergence becomes
classical convergence.

e Fvery convergent sequence is statistically convergent to the same limit but
not conversely.

Definition 14. [16] Assume that ¢ = (gn) is a sequence of non-negative numbers
so that o > 0 and Q, = > ) _gqx — o0 as n — oo. Then x = (x,) is called
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weighted A-statistically convergent to L, if, for every e > 0,
L
A A doa Y, akm =0
k=0  m:|zm,—L|2e
In this case, we write SAN —lim, o0z, = L.

Remark 15. [16] The weighted A-statistical convergence generalizes A-statistical
convergence, which we recover by putting q, = 1 for all n € N.

We now give main results related to statistical approximation of operators in
(2)-

Theorem 16. Let A = (ani) be a weighted non-negative regular summability matriz
forn,k € N and q = (qn) be a sequence of non-negative numbers such that go > 0
and Qn =Y p_gqx — 00 as n — oo. For any f € C[0,1+ d], we have

SY = Jim I152u7) = Flloto.y =0

Proof. Consider sequence of functions e;(z) = 27, where j € {0,1,2} and x € [0, 1].
It is sufficient to satisfy

SA — lim [1S3 4(ej32) = ¢jllcpay =0, 5=0,1,2

From Lemma it is clear that

SX — Tim_ 182 uleo; 2) — el = 0. (8)
‘We have
d 1—92z+ $n+d+1 _ (1 _ x)"+d+1
S)\ : _ — _
155.a(e1; ) — etllcpo, i n(n+d—1)
d 4
< =

—n * nn+d-1)
by Lemma [2| We choose a number € > 0 for a given ¢’ > 0 such that € < €. If we
define following sets:

A = {neN:|S3 ler;a )—61||0[01 Ze

}
d 4

we see that the inclusion A C Ay holds and

0., ZQk Z Am < qu Z agm  for allm e N. 9)

k=0 meA = meN;
So we have
SA — lim [1S} 4(exsz) — eallcpo,ny =0 (10)
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as n — oo in (9). By Lemma [2] we have

2nd + d? n+d
||S;:,d(e2§$> —ea|lco) = sup 3 z? + 3 z(1—x)
z€(0,1] n n
+2(n +d)x—1—-4(n+ d)x2+>\
n?(n+d—1)
I (2(n + d) + 1)z 4 (1 — g)ntdtl \
n?(n+d—1)
- 2nd + d? N 2n+2d  8(n+d)+2
- n? n? n?(n+d—1)
We also obtain
SA = lim [ 4(e2;2) — eaflcpo) = 0 (11)
since
v . [2nd+d® 2n+2d  8(n+d)+2
SN —1 =0.
A nL)nolO n2 + n2 nZ(n _|_ d _ 1)
Combining , and , we get desired result. O

We now estimate rate of weighted A-statistical convergence of operators S;)’ J(frx).

Definition 17. Let A = (anx) be a weighted non-negative regular summability
matriz and let ¢ = (g,) be a sequence of non-negative numbers such that go > 0
and Q, = ZZ:O qr — 00 as n — oo. Also let (uy) be a positive non-decreasing
sequence. We say that a sequence x = (x,,) is weighted A-statistically convergent
to L with the rate o(uy) if
1 n
nh—>néo UnQn Z I Z (Hhm = 0

k=0  m:|z,,—L|2¢

This relation is denoted by [stata,qn] — 0 (uy) = T — L.

Theorem 18. Let A = (ank) be a weighted non-negative regular summability ma-
triz. Assume that following condition yields:

w(f,hy) = [stata, q,] — o (un) on [0, 1], where h,, = \/||Sfl‘d((s —z)%7)|lcp,144)-
Then for every bounded f € C[0,1+ d] we have

152 a(f) = fllc,) = [stata, gn] — o (un).
Proof. Let f € C[0,1+ d], then we have

1Sp.a(f2) = f(@)] < [S2.a(IF(8) = f(@)]s2) + A IS 4(L32) — 1]
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< w(f, C)S?L,d<|tgx| + 1;x>

= (£, 082 (15 2) +w(f, <>C1252,d ((t - 2)% 2)

for any x,s € [0, 1], where A = sup,¢(o 1) |f(2)|. Let ¢ := h,, for all n € N. Taking
supremum over x € [0,00) on both sides, we obtain

155.4(f) = fllcror < w(f ha) +w(f, hn)h%llsé,d((t —2)%2)|cp14a = 20(f, hn).-

We define the following sets for a given ¢ > 0:
€
§= {n : Hsé,d(f) - f||C[0,1] > 6} and £ = {n : w(f, hpn) > §}~

It is easy to see the following inequality holds:

1 n 1 n
O Z Z Qrakm < . Z Z qk A -

k=0meS k=0me&

Hence we are led to the fact that

152.4(f) = Flloro) = [stata, gn] — o (un)
by the hypothesis, as asserted by Theorem O

4. VORONOVSKAJA-TYPE APPROXIMATION THEOREMS

Two Voronovskaja-type theorems are established in this part: A quantitative
Voronovskaja-type theorem and a Voronovskaja-type approximation theorem by
5’;}7 4(f; ) family of linear operators using the notion of weighted A-statistical con-
vergence.

Theorem 19. Let (x,,) be a sequence of real numbers such that SX —lim, .oz, =
0, where A = (ank) is a weighted non-negative regular summability matriz. Also let
Sﬁyd(f;x) be a sequence of positive linear operators acting from Cgl0,1 4+ d] into
C[0,1 + d] defined by

Spalfiz) = (1+z0)Sp 4(f;2).
Then for every f € Cpl0,1+ d] we have
SAN — lim n{S’;}’d(f;m) — f(x)} =xd f'(x) +
where f', f" € Cp[0,1 4+ d].

Proof. Let x € [0,1] and f” € Cg[0,1 + d]. Applying §ﬁ7d(f;m) to both sides of
Taylor’s expansion theorem, we have

z(1—x)

2 f//(x),

S ufia)— fl@) = f (@5t —wa)+ L
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+Sn d((t - ‘T)Q'rx(t); .T),
which yields to
n{S)a(fiz) = f(@)} = nf @)1 +2,)8) 4t — ;)

n i

+5f @)1+ 2) S (8 = 2)%2) + 01+ 20) S5 o (E = 2)*ra(t); 2).
We also have from Corollary
1 + 2% + xn-&-d-{-l + (1 _ w)n-i—d—i—l

d
A — N < —_ =
Spalt —z;m) < nac—i— nntd—1) = E(n,d, z),

and again from Corollary
d2 n+d 2 Hd+2 4 9 (1 — )+l
A B <2 -
Snal(t z)% @) 2y + 3 z(l—z)+ it d 1)
+2d$ + 1+ 4dx? + (2(n + d) + 1)mn+d+1 + (1 _ x)"+d+1
2n(n+d—1)

A= F(n,d,x).

Hence we have
1—92¢ + mn+d+1 _ (1 _ x)n+d+1
n{Sndfa } f dx—f(x) ’I’L—|—d—1 A

& , n+d A2 (1 — g)ntdtl
_ 1) —
f()<2n$ Ty ) ntd—1
| 2o = 1= 4da® + (3n + d) + D™t 4 (1 @)t |
2n(n+d—1)
=nf (az)xns)‘ (t —z;2) + gf” (x)xngé\’d((t — %)
t);x)

A

+ Tl(l + zn)Sn d((t - x)zrm

< 2o{f (@) E(n,d,2) + Lo F(n, d, 2)} + 01+ 20)S2 4((t — 2)2ra(t); 2)
1

<zp{ sup |f'(z)|E(n,d,x)+ = sup |f"(z)|F(n,d,z)}
2€0,1] 2 2ef0,1]

+n(1+ xn)s;z\,d((t - x)zrz(t); ),
where E(n,d,z) =n E(n,d,z) and F(n,d,z) =n F(n,d,z). Since we have
SN = lim n (S 4((t — 2)%r,(t);2)) = 0

and S§ — limy, o z, = 0, we get desired result. [l

A quantitative Voronovskaja-type theorem for Sé’d( f;x) is established using
Ditzian-Totik modulus of smoothness defined as
h
o e pa),

wr(f,{) == sup {f(z+hT2($))f(th2(z)>

0<|hl<¢
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where 7(z) = (2(1 — 2))"/? and f € C[0,1 + dJ, and corresponding Peetre’s K-
functional is defined by

K (f,¢) = {I1f = gll +Cllrg 0,1+ d), ¢ > 0},

[0 1+d]

where W.[0,14d] = {g 0 g € AC15c[0,14d], ||7¢'|] < oo} and AC),.[0,1+d] is the
class of absolutely continuous functions defined on [a,b] C [0, 1+ d]. There exists a
constant C' > 0 such that

KT(faC) S CwT(f7C)
Theorem 20. Let f, f', f" € C[0,1 + d], then we have

. ’ O‘7l,/\(z)+1 " C 2 " 1
Salfio) = 50) = ua) (@) = 22D i) < g, (7,2

for every x € [0,1] and sufficiently large n, where C is a positive constant, o, (z)
and 3,, \(x) are defined in Theoremlg

Proof. Consider following equality

£t~ f(@) — (¢ —2)f'(x) = / (t — ) f" (u)du

for f € C[0,1+ d]. It means we have

£0 - 5@ — (=0 @) - T2 (@02 41) < [ -0l - @l
(12)

Applying S} 4(f;x) to both sides of , we obtain

Salfix) — @)~ Shallt — 22 @)~ LE S ol - )%0) + 8 (1:0)

<5 d( : 16—l |f"(w) — () du\;x). (13)

The quantity in right hand side of can be estimated as

t
t—ul [f"(u) = f"(2)] du| <2 f" + 2|79 ()|t — 2], (14)

where g € W, [0,1 + d]. There exists C' > 0 such that
C C
Dallt—2%2) < C2@) and St —2)a) < pri(e)  (19)

for sufficiently large n. Using Cauchy-Schwarz inequality, we have
"
S alfix) @) = Shallt — 22 )~ TE S (0~ )% 0) + 8 (1:0)

< 2| "~ gllShal(t — 2)* 2) + 279 (2) nd(lt—xl x)
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< —a(l—2)|f" = gll +2rg " @) {Sh.a((t — )% )} /2 {8 a((t — 2) % 2)} /2

< =@ {|If" g1}

by (13)—(15). Taking infimum on the right-hand side over all g € W.[0,1 + d], we
deduce

Qs3Q

(z)+1

2 alfi@) = f(@) = B (@) (@) = AT 1 (x)

Finally we obtain the following theorem applying Taylor’s expansion theorem
and as an immediate consequence of Lemma , Corollary and Corollary :

Theorem 21. Let f € Cg[0,1+ d], then for each x € [0,1]

T n{$4(f50) — f(@)} = ad /(@) + 22

2 pay
uniformly on [0, 1], where f', f € Cp[0,1 + d]

As an immediate consequence of Theorem [20] we have the following result.
Corollary 22. Let f € C[0,1+ d], then

Tim 1|82 4(f:2) — £(2) ~ B a(@)f () - 22D F L prgy] g,

where f', f" € Cgl0,1 +d], and o, x(x) and B, \(x) are defined in Theorem B

5. CONCLUDING REMARKS

A Korovkin type approximation theorem via K,-convergence on weighted spaces
is studied by Yildiz et al. in [3I] and a new concept, statistical e-convergence, is
introduced by Sever and Talo in [I8| 24} B2]. As a future work we may study the
approximation properties of operators defined in this article and other Bernstein
type operators using those convergence types. The results of the paper will also be
extended to A-Schurer-Kantorovich and A-Schurer-Stancu operators using A-Bézier-
Schurer bases defined in ().
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